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Abstract

A new relaxed multi-direct-forcing immersed boundary-cascaded lattice Boltz-

mann method (MDF IB-CLBM) is proposed in this paper. This new technique

improves the efficiency and accuracy of implementing no-slip boundaries on a

single graphics processing unit (GPU). The traditional MDF-IBM method es-

sentially solves a linear system iteratively with a relaxation parameter 1.0. By

introducing an estimated optimal relaxation parameter, no-slip boundary is ful-

filled after only one iteration in a typical case of flow around a fixed cylinder.

This is a 7-fold speed-up over the traditional method. Since it is computa-

tionally expensive to calculate the estimated optimal relaxation parameter for

moving boundaries in every time step, the impact of many factors on the value

of the estimated optimal relaxation parameter is investigated. The studied pa-

rameters include the discrete delta function, shape of no-slip boundary, the

relative distance between several no-slip boundaries, the spacing size between

the Lagrangian points, and the relative movement of boundaries over underlying

lattices. It is found that the first three factors have a more pronounced influ-

ence. Therefore, by considering these three key factors, an appropriate constant
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relaxation parameter can be determined before starting the simulations. More-

over, the relaxed method provides significant improvement to the traditional

MDF-IBM with only a few modifications. The effectiveness of the method is

demonstrated by dealing with the flow around a fixed cylinder, the flow past

several obstacles, a particle moving in a linear shear flow, and the sedimentation

of multiple particles in an enclosure.

Keywords: immersed boundary method, Graphics Processing Unit, fluid-solid

interaction, cascaded lattice Boltzmann method
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1. Introduction

The immersed boundary method (IBM) is a powerful tool for fluid-solid

interaction problems since first proposed by Peskin [1] in the 1970s for the

simulation of blood flow through heart valves. The method enforces the no-slip

boundary condition on any complex immersed surface by adding a force density5

term to the underlying flow equations (such as the Navier-Stokes equations

or the lattice Boltzmann equation) which are discretised on a fixed Cartesian

grid. IBM is also a popular technique for the fully resolved simulation of a

large number of particles moving in fluid since it provides several advantages

compared to the body conformal mesh methods [2]. For example, by using IBM10

in fully resolved particle laden flows, one avoids re-meshing of complex physical

domains, which is required if a conventional body conformal grid is adopted [2–

5]. In IBM, it is vital to find an accurate forcing scheme that can fulfil no-slip

boundary condition on surfaces of immersed objects accurately and efficiently.

In this work, the multi-direct-forcing immersed boundary method (MDF-IBM)15

first proposed by Wang et al. [6] is adopted. The body force for implementing

no-slip boundary condition is solved iteratively until a given criterion is satisfied.

Other methods proposed for the fully resolved simulation of particle-laden

flows include the partially saturated computational cells Noble and Torczynski

[7] and the homogenised lattice Boltzmann method Krause et al. [8] which only20
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use a fixed Cartesian grid. However, the IBM employs a moving Lagrangian

grid to represent the particle, which makes it easier to track the evolution of

the immersed surface independently. Despite the availability and development

of these methods [7–9], the IBM remains a promising technique for the fully

resolved simulation of particle-laden flows.25

The lattice Boltzmann method (LBM) is inherently parallelizable [10–12]

and can yield the Navier-Stokes equations with second order accuracy [13]. The

cascaded lattice Boltzmann method (CLBM), proposed by Geier et al. [14],

considerably improves the numerical stability of the LB schemes while preserving

the accuracy and simplicity of LBM [15, 16]. The MDF-IBM was first coupled30

with LBM by Suzuki and Inamuro [17]. They have validated the MDF-IBM

with experimental and theoretical results [17, 18]. Minami et al. [19] applied it

in the simulation of butterfly and dragonfly-like flapping wings. Then, De Rosis

and Lévêque [20] proposed to couple the MDF-IBM with CLBM to deal with

fluid-solid interaction problems. The flexibility, stability, and accuracy of the35

coupled MDF-IB-CLBM scheme have been demonstrated by various fluid-solid

interaction problems [20].

The MDF-IBM has been applied to numerous fluid-solid interaction prob-

lems, and hence, there is an ever-increasing interest for improving its accuracy

and efficiency. It is especially true while considering the rapid development on40

heterogeneous computer platforms. A Graphics Processing Unit (GPU) has a

massively multi-threaded architecture and is attractive for the parallel compu-

tation of data-dense simulations such as fluid-solid interactions. Furthermore,

the compute unified device architecture (CUDA) library provided by NVIDIA

significantly reduces the development time of a GPU enabled software suite.45

A very efficient parallel computational performance of LBM as the flow solver

could be achieved on GPU [21, 22]. The GPU implementation of MDF-IBM

has been analysed in detail by Zhang et al. [23], and in their simulations a

maximum speed-up 23.7 of the MDF-IBM on a GPU over that on a single core

of CPU is achieved. However, despite these efforts to accelerate MDF-IBM on50

GPU [23, 24], the performance bottleneck on GPU remains due to its itera-
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tive nature. To improve the convergence rate and the parallel efficiency of the

MDF-IBM, an analysis of the characteristic of MDF-IBM is required.

Different distribution functions have been proposed to improve the accuracy

and stability of the MDF-IBM [25, 26]. Moreover, how to choose a suitable55

Lagrangian mesh size and place a fixed object on lattices are still the subjects

of intense research to obtain a better accuracy [18]. The appropriate number

of iterations for MDF-IBM has been discussed by Wang et al. [6], Suzuki and

Inamuro [17], and Falagkaris et al. [27] to satisfy the required accuracy. Hu et al.

[28] introduced an iterative technique to the momentum exchanged-based IB-60

LBM and proved that the distribution of Lagrangian points has little influence

on the numerical results. However, there are still some questions regarding the

iterative nature of the MDF-IBM that need detailed answers. For example,

how to optimise the iteration process to enforce the no-slip boundary condition

efficiently, and how the accuracy and efficiency of the method is influenced by65

different factors such as the distribution functions, Lagrangian mesh size.

The first purpose of this work is to introduce a relaxation technique by

analysing the traditional MDF-IBM iteration for the efficient and accurate im-

plementation of no-slip boundaries, and to derive an estimated optimal param-

eter and validate its convergence rate. The influence of five factors on the esti-70

mated optimal relaxation parameter is then studied in the four typical cases. To

be specific, we investigated the impact of spacing size between the Lagrangian

points considering the flow around a fixed cylinder, the influences of the shape of

no-slip boundaries by considering the flow over multiple obstacles, the relative

movement over the underlying lattices by considering a particle in a linear shear75

flow, the relative distance between several no-slip boundaries by considering the

sedimentation of particles in an enclosure, and the impact of choice of delta

function for all the aforementioned benchmark problems. The calculation for

the estimated optimal relaxation parameter should be performed in every time

step for simulations involving moving immersed bodies which is computationally80

expensive and could incur another bottleneck for the parallel computation on

GPU. Therefore, determining the impact of various factors facilitates choosing
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an appropriate constant parameter ensuring a balance between the accuracy

and efficiency.

The rest of the paper is organised as follows. The IB-CLBM approach and85

the algorithm of the relaxed MDF-IBM are presented in Section 2. The relaxed

MDF-IBM scheme is investigated and validated in Section 3 by considering the

flow around a fixed cylinder, the flow over multiple obstacles, the particle in a

linear shear flow, and the sedimentation of particles in an enclosure. The effect

of different factors is studied in detail. The GPU performance of the relaxed90

MDF-IBM is also demonstrated in the last case. The concluding remarks are

presented in Section 4.

2. Numerical method

2.1. The immersed boundary-cascaded lattice Boltzmann method

In CLMB, the computational domain is discretised with a fixed Eulerian

grid. The fluid is represented by imaginary particles, which stream along a

uniform lattice grid on a fixed reference frame and collide with each other on a

moving reference frame. The particles are modelled with a set of distribution

functions which evolve according to the following equation:

f(x + eδt, t+ δt) = f(x, t) + Ω(x, t) + Sδt, (1)

where f is the vector of the particle distribution functions representing the

probability of finding a particle at a position x with a discrete velocity e at the

time t. The vector of the discrete collision operators, the vector of the discrete

force terms, and the time step are represented by Ω, S, and δt, respectively.

The discrete velocity set e of the nine-velocity square lattice model for two-

dimensional flows (D2Q9) purposed by Qian et al. [29] is

e =

 0 1 0 −1 0 1 −1 −1 1

0 0 1 0 −1 1 1 −1 −1

 . (2)

The forcing term is incorporated in the central-moment collision operators

Ω, which is calculated by Ω = K · k, where, K is a transformation matrix and
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k is the moment space of the distribution functions f [16]. The discrete forcing

term S is determined by the body force F [16]. Similar to Guo et al. [30],

Premnath and Banerjee [16] implemented the forcing terms in CLBM with a

split forcing approach. In this approach, the body forcing term is calculated

in two steps, collision and velocity modification. In the evolution from t to

t+ δt, the macroscopic density ρ and unmodified velocities u∗ can be obtained

as follows,

ρ(x, t) =

8∑
α=0

fα(x, t), (3)

ρ(x, t)u∗(x, t) =

8∑
α=0

eαfα(x, t) +
1

2
F(x, t)δt. (4)

Then, the colliding and the streaming procedures of CLBM are performed to

update the flow field,

CLBM colliding: f ′(x, t) = f(x, t) + Ω(x, t) + Sδt, (5)

CLBM steaming: f(x + eδt, t+ δt) = f ′(x, t), (6)

where f ′ is the post-collision distribution function.95

The kinematic shear viscosity ν is related to the relaxation parameters ωα

as below,

ν = c2s(ω
−1
4,5 − 0.5), (7)

ω4 = ω5, (8)

where the other relaxation parameters are set to unity [16]. In Eq. (7), cs =

1/
√

3 is the sound speed of the D2Q9 model [13]. The Mach number Ma = u/cs

should be smaller than 0.1 to limit the compressibility errors in the LBM.

In the IBM, the surface of solid particles is represented by a moving La-

grangian grid. The no-slip boundary is imposed accurately with an appropriate

body forcing term Fib to ensure the fluid velocities u at the location of La-

grangian points xl are equal to the boundary velocities ul,

u(xl, t) = ul(xl, t). (9)
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In this work, the variables in the Lagrangian frame are represented with a

subscript l and the variables in the Eulerian frame do not have any subscript.

The two grids communicate via the interpolation and distribution schemes. The

fluid velocity at the Lagrangian points xl is interpolated from the surrounding

lattices using

u(xl, t) =
∑
x

u(x, t)Φ(x− xl)δx
2, (10)

where δx is the lattice spacing. The body force Fib is obtained by distributing

the forces on the Lagrangian points Fib,l to the background lattices near the

solid particle boundaries

Fib(x, t) =
∑
xl

Fib,l(xl, t)Φ(x− xl)δs, (11)

where δs is the spacing between neighbouring Lagrangian points used to rep-

resent the solid surface. In Eq. (10), the information of the adjacent lattices100

around a Lagrangian point are used to calculate the velocity u(xl). The distri-

bution function in Eq. (11) distributes Fib,l(xl) from a Lagrangian point to the

surrounding fluid lattices.

The discrete delta function Φ is

Φ(x, y) =
1

δx2
φ(

x

δx
)φ(

y

δx
). (12)

The interpolation and distribution operations are vital to the global accuracy of

the simulation, even though they are only applied in regions near boundaries.105

Since the choice of delta function can significantly affect the accuracy of simu-

lation [2], some frequently-used delta functions are examined in this work. The

following functions are considered,

• a 4-point regularized piecewise function φ4r,

φ4r(r) =


1
8 (3− 2|r|+

√
1 + 4|r| − 4r2), |r| ≤ 1

1
8 (5− 2|r| −

√
−7 + 12|r| − 4r2), 1 < |r| ≤ 2

0, otherwise;

(13)
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• a 4-point cosine function φ4c,

φ4c(r) =


1
4 (1 + cos(π|r|/2)), |r| ≤ 2

0, otherwise;

(14)

• a smoothed 4-point piecewise function φ4s [25],

φ4s(r) =



3
8 + π

32 −
r2

4 , |r| ≤ 0.5

1
4 + 1.0−|r|

8

√
−2 + 8|r| − 4r2 − 1

8arcsin(
√

2(|r| − 1)), 0.5 < |r| ≤ 1.5

17
16 −

π
64 −

3|r|
4 + r2

8 + |r|−2
16

√
(− 14 + 16|r| − 4r2) + 1

16arcsin(
√

2(|r| − 2)), 1.5 < |r| ≤ 2.5

0, otherwise.

(15)

By adding Fib(x) to the right-hand side (RHS) of Eq. (4), a corresponding

velocity correction δu(x) is obtained as follows:

ρ(x, t)(u∗(x, t) + δu(x, t)) =

8∑
α=0

eαfα(x, t) +
1

2
(F(x, t) + Fib(x, t))δt. (16)

Thus, Fib(x) can be calculated from δu(x) by subtracting Eq. (4) from Eq. (16)

as

Fib(x, t) =
2ρδu(x, t)

δt
, (17)

and Fib,l(xl) can be expressed in a similar form of

Fib,l(xl, t) =
2ρδul(xl, t)

δt
. (18)

Then, the distribution operation in Eq. (18) is transformed into

δu(x, t) =
∑
xl

δul(xl, t)Φ(x− xl)δs, (19)

and the no-slip boundary is satisfied when

ul(xl, t) =
∑
x

(u∗(x, t) + δu(x, t))Φ(x− xl)δx
2. (20)

The total hydrodynamic force Fh and torque Th exerted on an object are then

calculated by

Fh(x, t) = −
∑
xl

Fib,l(xl, t)δs+ Fin, (21)
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Th(x, t) = −
∑
xl

(xl −X)× Fib,l(xl, t)δs+ Tin, (22)

where X is the mass centre of the object, Fin and Tin represent the effect of

internal mass [31].110

2.2. The traditional MDF-IBM

Two algorithms used by De Rosis and Lévêque [20] and Zhang et al. [23]

are available for the MDF-IB-CLBM. The first algorithm used by De Rosis and

Lévêque [20] is directly based on Eqs. (19) and (20),

Interpolation: uk(xl, t) =
∑
x

uk(x, t)Φ(x− xl, t)δx
2, (23)

δukl (xl, t) = δuk−1l (xl, t) + ul(xl, t)− uk(xl, t); (24)

Distribution: δuk(x, t) =
∑
xl

δukl (xl, t)Φ(x− xl)δs, (25)

uk+1(x, t) = u∗(x, t) + δuk(x, t); (26)

where k is the loop counter. The boundary forces Fib,l(xl) and Fib(x) can be

computed from Eq. (17) and Eq. (18), respectively. In Eq. (26), both the values

of u∗(x) and uk+1(x) should be stored. Considering the limited global memory

on GPU, Zhang et al. [23] used a cumulative correction procedure to reduce

memory consumption,

δukl (xl, t) =

k∑
0

∆ukl (xl, t). (27)
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The iteration is conducted following Eqs. (28)–(33) as

Interpolation: uk(xl, t) =
∑
x

uk(x, t)Φ(x− xl, t)δx
2, (28)

∆ukl (xl, t) = ul(xl, t)− uk(xl, t), (29)

Fkib,l(xl, t) = Fk−1ib,l (xl, t) +
2ρ∆ul(xl, t)

δt
; (30)

Distribution: ∆uk(x, t) =
∑
xl

∆ukl (xl, t)Φ(x− xl)δs, (31)

uk+1(x, t) = uk(x, t) + ∆uk(x, t), (32)

Fkib(x, t) = Fk−1ib (x, t) +
2ρ∆u(x, t)

δt
. (33)

Both algorithms require a relatively large number of iterations, otherwise they

cannot fulfil the no-slip boundary with high precision. However, the multiple

invocations of interpolation operation using Eqs. (23) and (28), and the distri-

bution operation using Eqs. (25) and (31) cause a significant overhead on the115

computations and reduce the parallel efficiency on the GPU.

When substituting Eqs. (23), (26) and (25) into Eq. (24), and Eqs. (28),

(32) and (31) into Eq. (29), the two MDF-IBM algorithms, Eqs. (23)–(26) and

Eqs. (28)–(33), can be expressed respectively as

δukl (xl) = δuk−1l (xl)+{ul(xl)−
∑
x

[u∗(x)+
∑
xm

δuk−1m (xm)Φ(x−xm)δsm]Φ(x−xl)δx
2},

(34)

∆ukl (xl) = ul(xl)−
∑
x

[uk−1(x) +
∑
xm

∆uk−1m (xm)Φ(x− xm)δsm]Φ(x− xl)δx
2.

(35)

In Eq. (27), ∆ukl (xl) is given by

∆ukl (xl) = δukl (xl)− δuk−1l (xl). (36)

Moreover, the fluid velocity uk−1(x) in Eq. (35) is obtained from the multi-

distribution of ∆um(xm),

uk−1(x) = u∗(x)+
∑
xm

∆u0
m(xm)Φ(x−xm)δsm+...+

∑
xm

∆uk−2m (xm)Φ(x−xm)δsm.

(37)
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Substituting Eqs. (36) and (37) in Eq. (35), it turns out that Eqs. (34) and (35)

are in fact equivalent and follow the same linear structure

Xk = Xk−1 + (b−AXk−1), (38)

where A is a sparse metrics of size N ×N , X and b are vectors of size N , and

N is the number of Lagrangian points. In Eq. (38), the components of matrix

A and vectors X and b are given as follows,

Alm =
∑
x

Φ(x− xm)Φ(x− xl)δsmδx
2, (39)

Xm = δum(xm), (40)

bl = ul(xl)−
∑
x

u∗(x)Φ(x− xl)δx
2. (41)

This analysis shows that the MDF-IBM is an explicit iteration scheme to the

linear system: AX = b. Wu and Shu [32] solves the equation with a direct

method requiring matrix inversions, which makes it infeasible for simulations

involving multiple moving particles due to the computational complexity of120

matrix inversions. Here the MDF-IBM explicit iteration for solving Eq. (38)

will be improved to obtain a faster convergence rate.

2.3. The relaxed MDF-IBM

In the traditional MDF-IBM, Eq. (38) takes the iteration form as

Xk = BXk−1 + b, (42)

where B = I − A is the iteration matrix, I is the N × N identity matrix.

Following Hu et al. [28], the Richardson iteration with the relaxation parameter

ω is introduced to accelerate the convergence rate,

Xk = (I− ωA)Xk−1 + ωb = Xk−1 + ω(b−AXk−1), (43)

where B = I − ωA. It is noteworthy that the traditional MDF-IBM uses the

Richardson iteration with a relaxation parameter ω = 1.0. ω is introduced into

Eqs. (24) and (29),

δukl (xl) = δuk−1l (xl) + ω(ul(xl)− uk−1(xl)), (44)
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∆ukl (xl) = ω(ul(xl)− uk−1(xl)), (45)

while the other steps remain the same. Therefore, for both MDF schemes only

limited modification is required to transform the traditional MDF-IBM to a125

relaxed scheme. The convergence rate can be significantly increased with a re-

laxation parameter ω, and more accurate results can be obtained after a limited

number of iterations.

As A is a symmetric positive-definite matrix, the optimal relaxation param-

eter is ωopt = 2/(λmax + λmin) and the convergent range is 0 < ω < 2λ−1max,

where λ is an eigenvalue of A. However, it is computationally expensive to

calculate the eigenvalues of A especially when the number of Lagrangian points

N is large. There is the relationship between the maximum eigenvalue λmax

and the infinity norm ||A||∞, λmax ≤ ||A||∞. Then an estimated optimal value

is obtained,

ω̃ = ||A||−1∞ ≤ λ−1max ≤ ωopt, (46)

and a convergent range

0 < ω < 2||A||−1∞ . (47)

The closer the value of ω is to the estimated optimal relaxation parameter

||A||−1∞ , the faster the convergence rate is.130

To examine the imposition of the no-slip boundary, the fluid velocity at the

Lagrangian points is interpolated with Eq. (28) after the relaxed iteration. The

numerical error E, to assess the quality of the no-slip boundary quantitatively,

is defined as

E =

∑
N ||ul(xl)− uNitr (xl)||

N
, (48)

where Nitr is the number of iterations. The algorithm of the relaxed MDF

IB-CLBM is listed as follows.

1. The distribution functions f at each fluid lattice are initialized as the

equilibrium distribution state.

2. Distribute Lagrangian points xl evenly on the predefined boundaries and135

determine δs.
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3. Calculate ||A||−1∞ and determine the relaxation parameter ω.

4. CLBM: Calculate the macroscopic fluid variables with Eq. (3) and Eq. (4).

5. The relaxed MDF-IBM:

(a) Update the relaxation parameter ω, ω = ||A||−1∞ .140

(b) Set k = 0, u0(x) = u∗(x), Fib,l(xl) = 0, and Fib(x) = 0.

(c) Interpolation in Eqs. (28), (45) and (30).

(d) Distribution in Eqs. (31)–(33).

(e) Advance k to k + 1 and repeat step 5c to 5d while k < Nitr.

6. Calculate the boundary numerical error E with Eq. (48).145

7. Obtain the hydrodynamic force Fh and torque Th according to Eqs. (21)

and (22)

8. Update the locations and velocities of Lagrangian points of moving bound-

aries.

9. Perform CLBM colliding and streaming according to Eq. (5) and Eq. (6).150

10. Advance to time step n+ 1 and repeat steps 4 to 9 until the simulation is

finished.

When dealing with the stationary boundaries, the matrix A needs to be

calculated once at Step 3 and no further update is required. However, for

moving objects the position of Lagrangian points should be updated at Step155

8 at every time step. Therefore, theoretically, A should be solved in every

evolution at Step 5a, which will increase the computational effort. Especially

when the number of Lagrangian points N is quite large, the limited global

memory available on a GPU may not be enough to store the matrix A. For the

same reason, in this work the iteration does not follow the form of Eq. (43) that160

includes the matrix-vector operations.

A value of ω that is close to the estimated optimal relaxation parameter

||A||−1 could also reach a fast convergence rate. Thus, an appropriate constant

ω can help to avoid the frequent update of A at Step 5a for moving objects. The

investigation of the influence of factors including the delta functions, the shape165

of boundary, the relative location between boundaries, the spacing between
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Lagrangian points, and the relative movement of boundaries over underlying

lattice, on the value of ||A||−1 will help to explore the possibility of employing

such a constant relaxation parameter. In the following content, the estimated

optimal relaxation parameter is used when ω = ||A||−1, the appropriate con-170

stant relaxation parameter is used when ω equals to a certain constant, except

ω = 1.0, which refers to the traditional MDF-IBM.

2.4. The GPU implementation details

The algorithm on GPU is programmed with C language under the Compute

Unified Device Architecture (CUDA). In the CUDA architecture, GPU is re-175

garded as the device and the code running on it is launched by the host (CPU).

The GPU implementations of the LBM and the traditional MDF-IBM have

been fully discussed in previous literature [21–24], where Steps 4, 5c, 5d, 7 and

9 have been analysed extensively. Moreover, the introduction of the relaxation

parameter in Eqs. (44) and (45) has little influence on the GPU implementation180

and performance of Steps 5c and 5d. Therefore, the focus here is to calculate an

estimated optimal relaxation parameter ||A||−1∞ on a GPU during Steps 3 and

5a. All the involved variables are stored on the device global memory as one-

dimensional arrays to facilitate the coalesced memory access. The elements of A

are stored linearly in a dense vector format. The frequently accessed constants,185

such as δx, are stored in the device constant memory.

In the computation of the matrix A on a GPU, every thread deals with one

element according to Eq. (39). The number of threads launched is determined

by the square of the number of Lagrangian points N2. Due to the two-level

management of threads, the threads are organized into two-dimensional blocks190

with sizes, BLOCKX and BLOCKY. The number of threads in a block is

BLOCKX* BLOCKY. The element Alm is not zero only when the distance

between the two Lagrangian points satisfies ||Xl − Xm|| < 4δx. The value

of non-zero elements is related to the overlap zone of two Lagrangian points as

demonstrated in Fig. 1. Thus, the support lattice nodes of the Lagrangian point195

xl can be included in the calculation to reduce the calculations done by a single
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Figure 1: Schematic of the support lattices of Lagrangian points, Lagrangian points: , , ;

the support lattice nodes: and ; the overlap zone: .

thread. The pseudo-code section A1 for calculating the matrix A is illustrated

in Algorithm 1.

As the infinite norm ||A||∞ = maxl
∑
mAlm, the row-sum

∑
mAlm, which

is the sum of all elements in the l-th row, should be computed first. The ker-200

nel RowSum reduce() performing a parallel sum-reduction operation is used as

presented in the pseudo-code section A2 in Algorithm 2. The infinite norm

||A||∞ is then obtained with a parallel comparison-reduction operation over

the obtained row-sums (the kernel ColMax reduce() in Algorithm 3). The

threads inside a block in the function RowSum reduce() are organized with205

a one-dimensional form with sizes, BLOCK 1D, and the blocks are organ-

ised into a two-dimensional grid, while both the blocks and the threads inside

in ColMax reduce() are indexed with a one-dimensional form. The memories

mem device and mem host are allocated on the device and the host, respectively.

Their sizes are Bx×N×sizeof(double) in Algorithm 2, and Bx×sizeof(double) in210

Algorithm 3. The parallel comparison-reduction operation implemented in the

kernel ColMax reduce() is illustrated in Fig. 2, where the sequential addressing

is used to achieve a coalesced read/write. In the parallel sum-reduction oper-

ation of RowSum reduce(), the comparison between elements is replaced with
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Algorithm 1: The pseudo-code section A1 for calculating A

Host:

dim3 blockA( BLOCKX, BLOCKY, 1);

dim3 gridA(ceil(N/ BLOCKX), ceil(N/ BLOCKY), 1);

ComputeA<<< gridA, blockA >>> (N,x,xl,A);

Device:

global void ComputeA(N,x,xl,A):

A thread is assigned to calculate Alm;

Alm = 0;

if ||xl − xm|| < 4δx then
for the support lattices x of xl

Alm+ = Φ(x− xl)Φ(x− xm)δslδx
2;

end

addition.215

3. Numerical simulations

The relaxed MDF-IBM will be validated considering several numerical ex-

amples. In Section 3.1, the flow over a fixed cylinder is simulated and its results

are compared with those obtained from the traditional MDF-IBM. The case of

flow past several obstacles of different shapes is presented in Section 3.2. In Sec-220

tion 3.3 a particle in a shear flow is considered to study the variation of ||A||∞−1

as the particle moves over the underlying lattices. In Section 3.4, the influence

of the relative locations between moving boundaries on ||A||∞−1 is revealed in

the simulation of the sedimentation of multiple particles. These cases will help

us identify the contribution of different factors to the variation of ||A||∞−1 and225

focus on the key to determining an appropriate constant relaxation parameter ω

in order to achieve a high convergence rate by ensuring ω close to ||A||∞−1. In

Section 3.4, the parallel computational performance of the relaxed MDF-IBM

on a single GPU is presented and compared with the traditional MDF-IBM.
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Algorithm 2: The pseudo-code section A2 for calculating the row-

sums of A
Host:

int Bx = ceil(N/ BLOCK 1D);

dim3 blockB( BLOCK 1D, 1, 1);

dim3 gridB(Bx, N , 1);

RowSum reduce<<< gridB, blockB >>> (N,mem device,A);

cudaMemcpy(mem host, mem device, Bx*N*sizeof(double),

cudaMemcpyDeviceToHost);

for j →all the Lagrangian points do

RowSum host[j] = 0;

for i→Bx do

RowSum host[j] += mem host[i+j*Bx];

end

end

cudaMemcpy(RowSum device, RowSum host, N*sizeof(double),

cudaMemcpyHostToDevice);

Algorithm 3: The pseudo-code section A3 for calculating the infinite

norm of A
Host:

int Bx = ceil(N/ BLOCK 1D);

ColMax reduce<<< Bx, BLOCK 1D >>>

(N,mem device,RowSum device);

cudaMemcpy(mem host, mem device, Bx*sizeof(double),

cudaMemcpyDeviceToHost);

Norm = 0;

for i→Bx do

Norm = max(Norm, mem host[i]);

end

ω = 1/Norm;
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Figure 2: The illustration of parallel comparison-reduction operation implemented in the

kernel ColMax reduce().

3.1. Flow over a fixed cylinder230

A circular cylinder with diameter D is fixed at the location (8D, 10D) of the

computational domain of size 28D× 20D. The fluid density is ρ = 1.0 in lattice

units. A zero-gradient boundary condition is applied at the upper, the lower,

and the outlet of the channel while a velocity inflow boundary condition with

U0 = 0.05 in lattice units at the inlet. The Reynolds number is calculated with235

Re = U0D/ν. There are 50 lattice spacings over the particle’s diameter. The

drag and the lift coefficients respectively, Cd = 2Fd/ρU
2
0D and Cl = 2Fl/ρU

2
0D,

are calculated for comparison. The Strouhal number St = fqD/U0 depends on

the frequency of the vortex shedding fq, which is obtained by applying a fast

Fourier transform to Cl curves.240

In the studies of Suzuki and Inamuro [17] and Suzuki et al. [18] with the

traditional MDF-IBM, the number of iterations Nitr is usually taken as 5, which

is assumed sufficient to accurately enforce the no-slip boundary condition. The

spacing size δs between the Lagrangian points should be chosen to avoid unnec-

essary computational overhead induced by an excessive meshing and eliminate245
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Table 1: Effect of delta functions at Re = 20.

Delta functions φ4r φ4c φ4s He and Doolen [34] Calhoun [35]

ω = ||A||∞−1 2.593 2.605 2.801

E 3.364e-6 1.331e-5 6.497e-6

Cd 2.163 2.163 2.170 2.152 2.19

fluid flux through the no-slip boundaries [33]. In this case, the influence of δs

and delta functions on the value of ||A||∞−1, and ω and Nitr on accuracy of the

no-slip boundary will be studied. Here all the Lagrangian points are distributed

evenly on the surface of the cylinder with δs ≈ (0.5, 1.0, 1.5)δx.

Table 1 shows the effect of different delta functions on the drag coefficient250

Cd, where Nitr = 5 and δs = 1.0δx at Re = 20. The drag coefficients Cd are

compared with each other and the published results. It shows that Cd values

of the delta functions Φ4r and Φ4c are similar and that of Φ4s is larger, and all

of them are within the range of results from He and Doolen [34] and Calhoun

[35]. However, the delta function Φ4r satisfies the no-slip boundary condition255

with the highest accuracy. The grid convergence study is conducted as shown in

Table 2. Evidently, the numerical error E and the drag efficient Cd converge as

the grid resolution increases. The experimental order of convergence (EOC) [8],

EOC(D1, D2) = log(E1/E2)/log(D2/D1), is computed to show an approximate

linear convergence, which is close to the result of Krause et al. [8]. Fig. 3 depicts260

the variation of ||A||−1 with δs. It seems that ||A||∞−1 varies in a small interval,

i.e. (2.58, 2.61) for Φ4s, and Φ4r and (2.78, 2.80) for Φ4s, with the average values

2.6 and 2.8, respectively.

Simulations are also performed at Re = 200 to further verify the influence

of δs and Nitr on E, Cd, and Cl when the average relaxation parameter ω = 2.6265

is employed with Φ4r. Table 3 shows the numerical error E in the no-slip

boundary conditions of the relaxed and traditional MDF-IBM. By increasing

Nitr, generally the error E is reduced for both schemes. The parameters Cd, Cl,

and St remain constant as Nits is increased for the relaxed approach whereas
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Table 2: Grid convergence study with Re = 20, U0 = 0.05, and φ4r.

D/δx ν ω = ||A||∞−1 Cd E EOC

20 0.05 2.587 2.205 8.510e-6 EOC(20,30): 1.4

30 0.075 2.589 2.181 4.782e-6 EOC(30,40): 0.7

40 0.1 2.592 2.172 3.896e-6 EOC(40,50): 0.7

50 0.125 2.593 2.163 3.364e-6 Average: 1.0

Figure 3: Variation of the value of ||A||−1 with the spacing δs.
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Table 3: Effect of Nitr and δs for Re = 200.

The traditional MDF-IBM (ω = 1.0) The relaxed MDF-IBM (ω = 2.6)

Nitr δs E Cd Cl St E Cd Cl St

1 0.5 1.131e-5 1.411 0.830 0.200

1 1.0 1.008e-4 1.424 0.844 0.200 1.089e-5 1.411 0.830 0.200

1 1.5 6.171e-6 1.411 0.831 0.200

2 1.0 5.245e-5 1.418 0.840 0.200 9.317e-6 1.411 0.830 0.200

5 1.0 1.553e-5 1.412 0.837 0.200 7.738e-6 1.411 0.830 0.200

7 1.0 1.053e-5 1.411 0.830 0.200

a decreasing trend is observed for the traditional MDF-IBM. It seems that an270

acceptable no-slip boundary can be obtained with a smaller number of iterations

Nitr and an arbitrary Lagrangian point spacing δs within the range (0.5−1.5)δx.

The error E of the traditional MDF with Nitr = 7 is comparable with that of the

relaxed MDF with Nitr = 1. Therefore, it is reasonable to ignore the influence of

δs on the estimated optimal relaxation parameter and use an average relaxation275

value. Moreover, it has been validated that a reduced iteration time Nitr is

needed by the relaxed MDF-IBM in the simulations of steady and unsteady

flow over a fixed cylinder.

Fig. 4 shows the streamlines when flow reaches the steady state for Re = 20

and Re = 200, where the streamline behaves differently depending on the280

Reynolds number. At the low Reynolds number Re = 20, a pair of symmetrical

vortexes appears behind the cylinder, while at Re = 200, a von karman vortex

street is observed at the vorticity contour displayed in Fig. 5. Fig. 6 demon-

strates the pressure distribution on the surface of the fixed cylinder at Re = 20,

which is in an excellent agreement with that from Wu and Shu [32]. Evolution285

of the drag and the lift coefficients for Re = 200 and Re = 1000 with a dimen-

sionless time t∗ = tU0/D are displayed in Fig. 7. Tables 4 and 5 compare the

characteristic parameters with the previous numerical simulations.
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(a) Re = 20 (b) Re = 200

Figure 4: The streamlines of flow over a fixed cylinder at Re = 20 and Re = 200.

Figure 5: The vorticity contour of flow over a fixed cylinder at Re = 200.

Figure 6: The pressure distribution on the surface of the fixed cylinder at Re = 20, results

from Wu and Shu [32]: ; present results: .

Table 4: Comparison of coefficients Cd and St for Re = 200.

The relaxed MDF-IBM Braza et al. [36] Benson et al. [37] Le et al. [38]

Cd 1.41 1.38 1.45 1.38

St 0.20 0.19 0.193 0.192
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(a) Re = 200 (b) Re = 1000

Figure 7: Time history of the drag and the lift coefficients Cd and Cl, Cd: ; Cl: .

Table 5: Comparison of coefficients Cd and St for Re = 1000.

The relaxed MDF-IBM Haeri and Shrimpton [4] Mittal et al. [39] Apte et al. [40]

Cd 1.43 1.48 1.45 1.50

St 0.235 0.238 0.231 0.238

3.2. Flow past multiple obstacles

This section applies the relaxed MDF-IBM in a flow past several fixed obsta-290

cles. The size of the computational domain and the boundary conditions are the

same as these in the previous section. Here a circular cylinder and two diamonds

of different sizes are embedded. The circular cylinder with a diameter D = 50δx

is fixed at the location (9D, 10D). The diamond is defined with a length L and

a height H as illustrated in Fig. 8. The diamond with size (H,L) = (60, 60)295

is fixed at (10D, 11D) and the narrow diamond with size (H,L) = (10, 100)

at (10D, 9D). The Reynolds number based on the diameter D and the inlet

velocity U0 = 0.05 is 100.

Fig. 9 shows the variations of ||A||−1 of different delta functions versus the

relative hight H/L and δs ≈ δx. It shows that as H/L grows from 0.1 to 1.0,300

||A||−1 increases from 1.42 to 2.31 for Φ4r and Φ4c, and from 1.52 to 2.48 for Φ4s.

Thus, compared to δs, the shape of boundary has a more significant influence on

the value of ||A||−1. As discussed in the previous section, the average relaxation

parameter of a circular cylinder over δs is ω = 2.6. If ω = 2.6, the iteration of
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Figure 8: The sketch of diamond immersed in a viscous flow.

Figure 9: Variation of the value of ||A||−1 with the shape parameter H/L.

the diamond with a small H/L will converge slowly.305

Fig. 10 displays the structure of matrix A corresponding to three obstacles

marked with a, b, and c. When the Lagrangian point Xm of obstacle a comes

into a distance shorter than 4δx from the Lagrangian point Xl of obstacle b,

the elements Aml and Alm are non-zero. On the contrary, when any two La-

grangian points belonging to different obstacles have a distance larger than 4δx,310

only the diagonal blocks aa, bb, and cc, each representing the boundary of an

obstacle, contain non-zero elements. Thus, each obstacle can have its estimated

optimal relaxation parameter, ||aa||−1, ||bb||−1, and ||cc||−1. At the same time,

the overall estimated optimal relaxation parameter of the matrix A should be

min(||aa||−1, ||bb||−1, ||cc||−1).315

Here the delta function Φ4r is employed. Because the distances between

any two obstacles exceed 4δx, the estimated optimal relaxation parameters

corresponding to the cylinder, the big diamond, and the narrow diamond are

(2.60, 2.31, 1.42), respectively. Fig. 11 displays the variation of E with the non-
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Figure 10: The sparsity pattern of matrix A corresponding to three objects (a, b, c), non-zero

element: .

dimensional time t∗, where ω = (1.42, 1.42, 1.42) is the overall relaxation param-320

eter of matrix A and ω = (1.0, 1.0, 1.0) represents the traditional MDF-IBM.

The case with ω = (2.60, 2.31, 1.42) and Nitr = 1 produces the smallest error E,

which is equivalent to the traditional MDF-IBM with Nitr = 3. The vorticity

contour of the flow past the three obstacles can be seen in Fig. 12.

3.3. Particle in a linear shear flow325

For moving objects, the matrix A should be updated in every time step as

the relative locations between the no-slip boundaries and underlying lattices

keep changing. Therefore, the movement of a circular particle in a linear shear

flow is considered here to explore the influence of moving objects on the value

of ||A||−1. Fig. 13 shows the sketch of the neutrally buoyant particle in a330

linear shear flow. The parameters for this simulation are set to ρp = ρf = 1.0,

W = 4D and L = 100D [41]. The upper and the lower walls of the channel

are set as half-bounce-back boundaries moving with the same magnitude but in

the opposite directions, and the inlet and the outlet are periodic. The Reynolds

number is Re = UwW/ν = 40 with W = 80 and Uw = 0.0125 in lattice units.335

Initially, the particle is placed at the position (10D,D) of a resting flow field.

Because the centreline is an equilibrium state, once the particle is released, it

will move upward and migrate to the centreline gradually with a dimensionless
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Figure 11: Time history of the numerical error E of flow past three obstacles, ω = (1.0, 1.0, 1.0)

corresponds to the traditional MDF-IBM.

Figure 12: The vorticity contour of flow past three obstacles: a cylinder, a big diamond and

a narrow diamond.
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Figure 13: The sketch of a particle in a linear shear flow between walls.

(a) (b)

Figure 14: Variations of the vertical velocity and displacement of the particle in a shear flow,

results from Niu et al. [41]: ; present results with delta functions Φ4r: ; Φ4c: ; Φ4s:

.

time t∗ = tUw/W .

Fig. 14 shows the vertical movement of the particle and the results from Niu340

et al. [41], where a good agreement is achieved between the results from the delta

functions Φ4r and Φ4c. However, the maximum vertical velocity obtained from

Φ4s is slightly lower. It should be noted that in Fig. 14a, Vp/Uw of the delta

functions Φ4c and Φ4s shows an oscillation, while Vp/Uw of Φ4r does not. It

turns out that for moving boundaries, the delta function Φ4r is the most stable345

among the delta functions investigated here. Fig. 15 shows the development of

E during this process, where for Nitr = 5, the delta function Φ4r works better

than the others. In addition, when the iteration times Nitr of Φ4r is reduced

to 2 and 1 (see Fig. 15), the reduction of E is relatively small. Therefore, the

error E with ω = ||A||−1 and Nitr = 5 will be used to assess the performance350

of the relaxation MDF-IBM with a constant ω.
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Figure 15: Variations of E as the particle moves in the shear flow, ω = ||A||−1.

Figure 16: Variations of ||A||−1 as the particle moves in the shear flow.

Fig. 16 shows that when the particle moves across the underlying lattices,

||A||−1 vibrates in a small interval, approx. (2.794, 2.801) for Φ4s, (2.599, 2.613)

for Φ4c, and (2.583, 2.604) for Φ4s. With the constant relaxation parameters

ω = 2.6 for Φ4s and Φ4c, ω = 2.8 for Φ4s, the time variations of E are plotted355

in Fig. 17a. E is slightly higher for the cases of a constant ω and Nitr = 1 than

those of a variable ω and Nitr = 5. It demonstrates that despite the relaxed

MDF-IBM that takes ω = ||A||−1 and Nitr = 5 is more accurate, the cases

with a constant ω and Nitr = 1 can still achieve reasonably accurate no-slip

boundary. Fig. 17b shows that the performance of the relaxed MDF-IBM with360

Nitr = 1 is slightly better than that of the traditional MDF-IBM with Nitr = 7.
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(a)

(b)

Figure 17: Variations of E as the particle moves in the shear flow, ω = 1.0 corresponds to the

traditional MDF-IBM. (For interpretation of the colours in the figures, the reader is referred

to the web version of this article.)
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Figure 18: The initial arrangement of 540 particles.

3.4. The sedimentation of multiple particles in an enclosure

As discussed in Section 3.2, the relative location between objects has a sig-

nificant influence on the structure of matrix A. For the cases with several365

moving objects, non-zero elements appear in non-diagonal blocks of matrix A

as the objects come close to each other. To study the influence of the relative

location between objects on the value of ||A||−1, multiple circular particles are

released in a two-dimensional enclosure filled with a viscous fluid. Initially, the

fluid and particles are stationary; then the particles will move under the gravity370

of 9.81 m/s
2
. The size of the cavity is 25.6 mm × 25.6 mm, the diameter of

particles is D = 0.625 mm. The fluid density is ρf = 1.0 g/cm
3
, the particle’s

density ρp = 1.01ρf . The fluid viscosity is 1 g/ms. The initial gap between

the neighbouring particles in the same row and column is D/2. There are 79

Lagrangian points over the surface of every circular particle. The size of the375

computational domain is 1024×1024 in lattice units. Fig. 18 shows the original

arrangement of 540 particles.

Our simulations on GPU executes a similar strategy for the single and mul-

tiple body movements. The only difference is that the latter requires a reliable

collision strategy to model the kinetic energy transfer between the colliding par-

ticles. The discrete element method (DEM) [42] [43], which is combined with

IB-CLBM in Ref. [23], is used here to resolve the collision of particles with the
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walls and each other. Here, a spring-dashpot model of DEM [44] is employed,

where the total contact force Fc exerting on a particle i by the other particles

and the walls is

Fc =

p,wall∑
(Fcnn + Fctt). (49)

In this case, considering the aim of preventing the non-physical overlap between

particles, the tangential contact force Fct, which contributes to the tangential

sliding of particles, can be ignored. The normal contact force Fcn is calculated

from

Fcn = knδn + cnvrn, δn > 0 (50)

where kn and cn are the normal spring and damping coefficients, respectively.

Collision between the particles i and j occurs when the overlap length δn =

(Ri+Rj + εc)−|Xi−Xj | is positive, where εc is a critical distance and R is the380

radius of particles. The total relative velocity at the contact point of particles

is Vr = Ui − Uj + Rin × Ωci + Rjn × Ωcj . The relative velocity in normal

direction is vrn = −Vr ·n. The unit normal vector is n = (Xi −Xj)/|Xi −Xj |.

The model handles the particle-wall collisions in a similar fashion, where δn =

(Ri + εc)− |Xi −Xwall|, Uwall = 0, and ωwall = 0. In this work, the values of385

kn and cn are chosen to yield a theoretical restitution coefficient of rc = 0.98.

This collision strategy allows overlap of the particles to represent the phys-

ical deformation of particles. However, an overlap translates to possible inter-

sections between boundaries, which makes the structure of matrix A experience

a dramatic change and hence, a considerable variation of ||A||−1.390

For multi-particle simulations, all the simulations are carried out on a host

CPU (Intel(R) Xeon(R) CPU E5-2670 0 @ 2.60GHz) and a device GPU (NVIDIA

Tesla K20m, compute capability 3.5, memory size 5GB) with the same compu-

tational domain. The code is compiled by NVIDIA C-Compiler (NVCC) with

the compilation option (nvcc -arch sm 30 -m 64 -Xptxas -O3 X.cu -o X ) and395

runs on Linux operation system (Red Hat Enterprise Linux Server release 6.3

(Santiago)). It can be seen from Fig. 19 that the time consumed by the func-

tions A1 and A2 grows rapidly as the number of Lagrangian points N increases,
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Figure 19: The time consumed by different functions to calculate ||A||−1 for 104 time steps

with 256 threads in each block.

while the computational time required to evaluate the function A3 consistently

remains negligible. Moreover, the large size of matrix A N2 will put signifi-400

cant pressure on the global memory available on the GPU. To be specific, the

simulation of 540 particles, which involves 42660 Lagrangian points, results in

a matrix A of size 13.56GB in a double-precision floating-point computation.

Thus, two/three-particle collision events are considered in Fig. 20 to explore

the possibility of determining an appropriate constant relaxation parameter be-405

fore the simulation. The variation of ||A||−1 for different delta functions as a

function of distance between the particles is presented.

For the two particles that come toward each other, initially, ||A||−1 val-

ues are close to 2.6 and 2.8 respectively, representing the convergent ranges of

(0, 5.2) and (0, 5.6), consistent with the single cylinder in the previous section;410

then, as the particles come closer to each other, the values drop quickly to 1.3

and 1.5, representing the convergent ranges of (0, 2.6) and (0, 3.0). For the three

particles arranged in an equilateral triangular pattern, ||A||−1 experiences one

more collapse when a severe overlap happens, where ||A||−1 = 0.9 when the

distance is −3.4δx for Φ4r, representing the convergent range of (0, 1.8). These415

two shifts of the convergent range from (0, 5.2) to (0, 1.8) could cause the sim-
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Figure 20: Variations of ||A||−1 as the particles move toward each other. ||A||−1 over the

collision procession is marked with lines: and .

ulation to diverge when any two or three particles come into contact with each

other if a constant ω = 2.6 or 2.8 is used. Since the smallest ||A||−1 appears

when the severest overlap occurs, the difficulty can be alleviated by increasing

the value of εc. For example, in Fig. 20 when the particles come into a distance420

shorter than εc = 3δx, the contact force Fc is exerted to separate the particles.

Two sets of parameters εc = 3δx and εc = 0, based on the delta function

Φ4r, are tested in Fig. 21 for the numerical simulation involving multiple moving

particles. Fig. 21a shows that with Nitr = 1 as ω increases from 2.0 to 2.4, the

error E becomes smaller. Moreover, E with Nitr = 1 and ω = 2.4 is similar425

to that of the traditional MDF-IBM with Nitr = 5. On the other hand, when

εc = 0 (see Fig. 21b), E with Nitr = 2 and ω = 1.4 is similar to that of the

traditional MDF-IBM with Nitr = 3. Fig. 22 depicts several snapshots of the

sedimentation of 540 particles. In the beginning, the cases with different εc

values show similar movement patterns. Then, the particles fall in a random430

distribution until settling in the bottom of the container, where it is clear that

the particles with a smaller εc = 0 form a denser packing.

In this work, the efficiency improvement of the relaxed MDF-IBM part

mainly comes from the reduced iteration time when reaching a similar numerical
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(a) εc = 3δx

(b) εc = 0

Figure 21: Variations of E as the 540 particles fall, ω = 1.0 corresponds to the traditional

MDF-IBM.
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(a) t = 4 s, εc = 0 (b) t = 4 s, εc = 3δx

(c) t = 6 s, εc = 0 (d) t = 6 s, εc = 3δx

(e) t = 20 s, εc = 0 (f) t = 20 s, εc = 3δx

(g) t = 40 s, εc = 0 (h) t = 40 s, εc = 3δx

Figure 22: The sedimentation of 540 particles in an enclosure filled with a viscous fluid.
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error E. Moreover, as the constant relaxation parameter is predetermined, no435

extra computational burden is incurred. In Fig. 21a the relaxed MDF-IBM with

Nitr = 1 obtains similar accuracy with the traditional method with Nitr = 5.

The efficiency of the relaxed MDF-IBM with Nitr = 1 is compared with the tra-

ditional MDF-IBM with Nitr = 5 in Fig. 23a, where the efficiency is quantified

by the computational time on GPU. It is obvious that the computational time440

increases linearly with the number of Lagrangian points. As the iteration time

reduces from 5 to 1, the speed-up of the relaxed MDF-IBM on a single GPU

over the traditional method is always around 5 times for different number of

threads/block as shown in Fig. 23b. Thus, for the cases presented in Fig. 21b

when aiming for a similar accuracy, the speed-up of the relaxed MDF-IBM over445

the traditional MDF-IBM is supposed to be close to 1.5.

Adopting the GPU and CPU implementation strategies of Zhang et al. [23],

the speed-ups of the relaxed and the traditional MDF-IBM parts on a single

GPU and their sequential counterparts on a single CPU processor core are also

presented in Table 6, where the time is obtained from 104 time steps. It is450

shown that the maximum speed-up of the relaxed method 17.3 is larger than

that of the traditional method of 15.1. This could be due to the cache mem-

ory on CPU, which benefits the multiple iterations of the traditional method.

Furthermore, to facilitate the comparison with other numerical approaches, the

value MLPUPS – million Lagrangian points updated per second – is presented455

in Table 6. The maximum MLPUPS is 9.94 when the relaxed MDF-IBM is

used to update 42660 Lagrangian points on GPU. The corresponding MLUPS

– million lattices updated per second – is 184.78 based on the computational

time 56.75 seconds for the LB solver on a 1024× 1024 lattice.

4. Conclusion460

In this work, a relaxed MDF-IBM has been proposed with the objective of

enforcing a much higher quality no-slip boundary and improving the compu-

tational efficiency of MDF-IBM when dealing with fluid-solid interactions on a
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(a) The time consumed for 1× 104 time steps.

(b) The speed-ups.

Figure 23: The computational performance of the traditional MDF-IBM with Nitr = 5 and

the relaxed MDF-IBM part with Nitr = 1 on GPU.
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Table 6: The speed-up of the relaxed and the traditional MDF-IBM methods (GPU vs. CPU.)

Number of Lagrangian points 11060 18960 26860 34760 42660 50560

The relaxed MDF-IBM with Nitr=1

CPU
Time (second) 185.9 329.7 475.6 575.1 714.8 771.7

MLPUPS 0.59 0.58 0.56 0.60 0.60 0.66

GPU
Time (second) 11.3 23.8 27.5 38.4 42.9 54.3

MLPUPS 9.76 7.96 9.77 9.04 9.94 9.31

The speed-up 16.4 13.8 17.3 15.0 16.7 14.2

The traditional MDF-IBM with Nitr=5

CPU
Time (second) 831.6 1422.0 2110.9 2624.9 3249.7 3813.4

MLPUPS 0.13 0.13 0.13 0.13 0.13 0.13

GPU
Time (second) 56.6 117.9 139.4 192.4 215.5 266.5

MLPUPS 1.95 1.61 1.93 1.81 1.98 1.90

The speed-up 14.7 12.1 15.1 13.6 15.1 14.3

single GPU. More specifically, the convergence rate of the MDF-IBM is accel-

erated significantly, where the iteration number reduces at least between 3 and465

7 times for different problems considered in this work.

The traditional method is analysed and found to be equivalent to a relaxed

linear system iteration with a constant relaxation parameter of 1.0. When

employing an estimated optimal relaxation parameter in a typical case of flow

around a fixed cylinder, no-slip boundary is fulfilled after only one iteration470

and reaches a much smaller deviation. As it is computationally expensive to

update the relaxation parameter for moving boundaries in every time step, the

possibility of using an appropriate constant relaxation parameter is explored.

The contributions of different factors, including the delta functions, the spacing

size between the Lagrangian points δs, the shape and relative location of no-slip475

boundaries, the displacement of moving boundary over underlying lattices, are

studied in the four typical cases, i.e. the flow around a fixed cylinder, flow cross

multiple obstacles, the particle in a linear shear flow, and the sedimentation
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of many particles in an enclosure. It turns out that the first three factors

are the most influential. Thus, it is feasible to predetermine an appropriate480

constant relaxation parameter according to the used delta function and the

no-slip boundary shape, and also by predicting the possible relative movement

between boundaries.

In this work, the efficiency improvement of the algorithm firstly comes from

the reduction of iteration time when reaching a similar deviation. Secondly,485

the employment of a predetermined constant relaxation parameter simplifies

the algorithm which minimises the computational burden. Moreover, the par-

allel implementation of the relaxed MDF-IBM on a single GPU is described in

detail. The pseudo-codes of calculating the estimated optimal parameter are

presented in this work. The potential of our relaxed MDF-IBM for solving490

complex fluid-solid interactions efficiently with GPU parallel implementation

has been demonstrated. Compared to the traditional MDF-IBM, the relaxed

method has the following advantages:

1) improved efficiency and accuracy for no-slip boundaries in a viscous fluid.

2) a simple and appropriate constant relaxation parameter for moving bound-495

aries.

3) can be adopted for use in conjunction with the traditional MDF-IBM.
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