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Micro-cavity based frequency combs, or ‘micro-combs’ [1,2], have enabled many fundamental 

breakthroughs [3-21] through the discovery of temporal cavity-solitons. These self-localised 

waves, described by the Lugiato-Lefever equation [22], are sustained by a background of radiation 

usually containing 95% of the power [23]. Simple methods for their efficient generation and 

control are currently being investigated to finally establish micro-combs as out-of-the-lab tools 

[24].  

Here, we demonstrate micro-comb laser cavity-solitons. Laser cavity-solitons are intrinsically 

background free and have underpinned key breakthroughs in semiconductor lasers [22,25-28]. 

By merging their properties with the physics of multi-mode systems [29], we provide a new 

paradigm for soliton generation and control in micro-cavities. We demonstrate 50 nm wide bright 

soliton combs induced at average powers more than one order of magnitude lower than the 

Lugiato-Lefever soliton power threshold [22], measuring a mode efficiency of 75% versus the 

theoretical limit of 5% for bright Lugiato-Lefever solitons [23]. Finally, we can tune the repetition-

rate by well over a megahertz without any active feedback.  

Optical frequency combs based on micro-cavity resonators, also called ‘micro-combs’, offer the promise of 

achieving the full capability of their bulk counterparts, yet in an integrated footprint [1, 2]. They have 

enabled major breakthroughs in spectroscopy [3,4], communications [5,6] microwave photonics [7], 

frequency synthesis [8], optical ranging [9,10], quantum sources [11, 12], metrology [13,14] and 

astrocombs [15,16].  

Of particular importance has been the discovery of temporal cavity-solitons in micro-cavities [17-21]. 

Temporal cavity-solitons [2,17-23] are an important example of dissipative solitons – self-confined waves 

balancing dispersion with the nonlinear phase-shift in lossy systems [30]. Practical applications of these 

pulses for micro-combs, however, still face significant challenges. In particular, they achieve a limited 

mode efficiency, defined as the fraction of optical power residing in the comb modes other than the most 

powerful one. Solitons in micro-cavities exist as localised states upon a background, usually a continuous-

wave (CW) [2,17-23], which results in a dominant mode in the comb spectrum. In this configuration, 

described by the well-known Lugiato-Lefever equation, bright solitons have a mode efficiency 



theoretically bounded to 5% [23], limiting the efficiency of state-of-the-art micro-combs based on this 

operating principle [2,23-24,31].  

Furthermore, controlling their fundamental parameters, such as repetition-rate, has posed a challenge. 

Currently, tuning their repetition-rate requires either complex methods involving fast detection, 

microwave signal processing and fast cavity actuation, or novel approaches such as pulsed [16,32] or 

counter-propagating [33] pumping, or heterodyning with coupled micro-resonators [34]. Finding a 

solution to these fundamental issues has attracted significant effort [24, 31]. 

Here, we demonstrate a distinct class of solitary pulses in micro-combs – temporal laser cavity-solitons – 

that directly addresses these challenges. Laser cavity-solitons [22,25-28] have been largely studied in 

spatial configurations such as semiconductor lasers [25], where they enabled breakthroughs such as all-

optical reconfigurable memories [26]. More recently, they have been observed in both temporal [28] and 

spatio-temporal [35] contexts. They are fundamentally different to externally driven cavity-solitons, 

which are sustained by the energy of the pumping background. Laser cavity-solitons, in contrast, receive 

energy directly from the gain of the lasing medium. As result, they exist without any background light and 

are intrinsically the most energy efficient class of cavity-solitons.  

By nesting a Kerr micro-resonator in a fibre loop with gain, we harvest the intrinsic capability of laser 

cavity-solitons, demonstrating that they can be used to achieve highly efficient, broadband micro-comb 

generation. We excite bright solitons having a bandwidth of more than 50 nm, using average powers less 

than 6% of the threshold for Lugiato-Lefever solitons in an equivalent resonator. Our background-free 

solitons have a mode efficiency of 75%, with a theoretical maximum predicted to be 96%. Furthermore, by 

exploring the properties of multi-mode systems, recently investigated for spatio-temporal mode-locking 

[29] and spatial beam self-cleaning [36], we show that the repetition-rate of our pulses can be adjusted by 

reconfiguring simple parameters such as the laser cavity-length. Without the use of active control, we 

succeed in modifying their repetition-rate by more than a megahertz.  

The principle of operation is shown in Fig. 1a. A nonlinear micro-cavity (cavity ‘a’) is embedded within a 

longer amplifying fibre cavity (cavity ‘b’). The pulse propagating in the fibre loop, spectrally limited by the 

laser-gain bandwidth, sustains in the micro-cavity the existence of a pulse which is broadened by the Kerr 

nonlinearity over the gain bandwidth [25,37]. This architecture is inspired by the concept of a filter-

driven four-wave mixing laser [38]. Our present analysis allows us to define the solitary state existence 

and understand the nature of previous observations [2,38,39]. In particular, we show that the relative 

position of the oscillating modes within the micro-cavity resonances is critical to realise this new class of 

broadband solitary pulses.  

Temporal cavity-solitons can be effectively modelled using mean-field approaches, such as the Lugiato-

Lefever equation [17], where the field in the micro-cavity is described as a pulse propagating in time, 

along with a spatial coordinate periodically looped within the micro-resonator length. Here, we build a set 

of multi-component (or ‘vectorial’) laser mean-field equations [29,36] by coupling together the micro-

cavity field with the main-cavity ‘super-mode’ fields. (Supplementary/Methods). A super-mode is an 

optical radiation formed by a set of equally-spaced modes of the main-cavity, whose relative spacing (in 

frequency) is set by the micro-cavity free-spectral range (FSR) 𝐹𝑎. Quantitively, the mth resonance 𝑓𝑚
(𝑏)

of a 

super-mode can be linked to the micro-cavity resonances 𝑓𝑚
(𝑎)

 by the relation 

𝑓𝑚
(𝑏)

= 𝑓𝑚
(𝑎)

− (Δ − 𝑞 − 𝑚 𝛿) 𝐹𝑏,      (1) 

where 𝐹𝑏 is the main-cavity FSR and q is an integer defining the order of the super-mode (see Fig. 1b). In 

general, the q-order super-mode is frequency detuned with respect to the micro-cavity resonance by (Δ −

𝑞) 𝐹𝑏 , where Δ is the cavity-frequency offset, normalised against 𝐹𝑏 .  The key features of the laser are 

determined by the leading-order super-mode, defined for q = 0, which possesses the largest spectral 



overlap with the micro-cavity resonances. Higher-order super-modes (q ≠ 0) typically experience greater 

coupling losses. Because 𝐹𝑏 is not necessarily an integer divisor of 𝐹𝑎, we introduce the variable δ, 

normalised against 𝐹𝑏 , representing the FSR detuning. 

Two numerical examples of linear and solitary propagation are reported in Fig. 2. We use a spatial 

coordinate periodically closed over the micro-cavity length because the temporal waveform of every 

super-mode is periodic with the micro-cavity round-trip time 𝑇𝑎 , with a period slightly detuned by δ (Eq. 

(1)). The parameters 𝛥 − 𝑞 and δ play the role of the frequency and group velocity mismatches between 

the micro-cavity and super-mode fields. A key property of solitary waves in vectorial equations, also 

recently shown for spatio-temporal mode-locking [29], is that all the coupled fields lock to a single group 

velocity (or repetition-rate detuning) 𝑣 (Fig. 2a and b) and carrier frequency offset 𝜙 (Fig. 2c, see also 

model Equations in the Methods). Practically, the system provides a well-defined soliton comb, with the 

nth frequency tooth 𝑓𝑛
(𝑆)

expressed as 

𝑓𝑛
(𝑆)

= 𝑓𝑛
(𝑎)

+ ( 𝜙 − 𝑛 𝑣) 𝐹𝑏 .      (2) 

The parameters 𝜙 and 𝑣 are selected by 𝛥 and δ, together with the normalised saturated gain 𝑔 

(Methods/Supplementary).  

The measurements of laser cavity soliton micro-combs at different intra-cavity powers are in Fig. 3a-f. 

The spectra exhibit a bandwidth of up to 50 nm - comparable to the cavity-solitons observed in 

resonators with similar dispersion properties [9,20,21] - and, together with the corresponding 

autocorrelations (Fig. 3a, c, e and inset), are in excellent agreement with theory.  

We used intra-cavity laser-scanning spectroscopy (see Methods) (Fig. 3b, c and f) to measure the 

frequency of the oscillating modes and their position within the micro-cavity resonance, obtaining 

important insights into the solitary nature of the solution.  

A bistable system can display both localised and non-localised coherent waves [22]. Solitons are localised 

states that can appear in groups of non-equidistant pulses, such as the triplet seen in Fig. 3e-f.  The 

stability of their tails requires the stability of the background, which is theoretically expected for 

oscillating modes that are red-detuned with respect to the micro-cavity resonance (Methods, 

Supplementary and Fig. 4a).  These facts are in excellent agreement with the measurements shown in 

Figs. 3b, d and f. We attribute the small, blue-detuned mode found only in the central resonance to a 

perturbation on the soliton tails, against which localised pulses are robust (Supplementary).  

Conversely, coherent patterns are non-localised, periodic waves which fill the entire cavity. Type I [2] and 

type II combs in the Lugiato-Lefever system are characteristic examples of patterns that typically have a 

narrower bandwidth than solitons. Earlier observations, [2,38-40] limited to picosecond pulse durations 

and displaying Type I ([39] and Supplementary) and II [40] comb shapes, are consistent with this picture. 

Furthermore, laser scanning spectroscopy measurements (see Supplementary and [40]) on these types of 

pulses reveal blue-detuned modes, for which the theory forbids stable solitons but while allowing 

patterns originating from the modulational instability of the background state [22].  

Our experiments demonstrate the inherently higher efficiency of our class of laser cavity-solitons 

compared to Lugiato-Lefever solitons that feature a dominant comb mode, located at the pump 

wavelength, comprising the energy of the CW background (Fig. 4b-c). For Lugiato-Lefever solitons, the 

mode efficiency has a theoretical limit of 5% and 50% for bright and dark solitons, respectively [23]. Our 

mode efficiency in the experiments of Fig. 3 is greater than 75% for bright solutions. Further, we 

theoretically predict a maximum mode efficiency of 96% for bright laser cavity-solitons. This contrasts 

with state-of-the-art devices based on bright Lugiato-Lefever solitons that have mode efficiencies on the 

order of 1.6% to 5% [23,31]. Lugiato-Lefever solitons feature a minimum power excitation threshold 



above which the Kerr nonlinearity induces bistability, yielding the two CW states necessary for the 

soliton’s existence (Fig.4a). Our laser cavity-solitons, in contrast, require a zero background with a single 

CW state and exist below the Kerr bistability threshold. By comparing experiment with theory, we find 

that our peak powers injected into the micro-cavity are below 50% of the input power threshold of a 

Lugiato-Lefever soliton for the same micro-resonator. Because our injected field is pulsed, the injected 

average power to the micro-resonator is less than 6% of this threshold power (Supplementary).  

To demonstrate the capability of changing the soliton repetition-rate using simple methods, we varied the 

main-cavity FSR detuning 𝛿 with a delay line that modified the fibre cavity length, and hence the mode-

spacing 𝐹𝑏 . Gain and loss were also adjusted to maintain the solitary state. Fig. 5 shows the repetition-rate 

variations for three cases (Fig. 5a). We measured the frequency position of the comb modes against the 

mode number using laser-spectroscopy. We then calculated the best-fit for the first case (Comb 1) and 

subtracted the frequency positions for the three cases, obtaining the residual frequency versus mode 

number in Fig. 5b. This shows a change in repetition-rate of over a megahertz. The theoretical results 

(Fig.5c and Supplementary) demonstrate that, by changing δ within the experimentally achievable range, 

the soliton stability is maintained while its velocity is modified – thus varying the repetition rate. 

Finally, we achieve these localised states by manual adjustment of the fibre cavity parameters, such as 

cavity length, gain current and polarisation losses, in a similar fashion to passively mode-locked lasers. 

This approach enables the use of powerful methods, such as genetic algorithms, that have been 

instrumental in achieving adaptive control of the soliton properties and self-starting operation in passive 

mode-locking [41]. 

In conclusion, we report the observation of temporal laser cavity-solitons in optical micro-combs. Our 

results merge the powerful physics of optical Kerr micro-combs and their ability to generate large 

bandwidths with the unique properties of laser cavity-solitons and multi-mode systems. In contrast to 

conventional coherently-driven cavity-solitons, this new class of cavity-solitons is intrinsically 

background free, making them extremely energy efficient. Furthermore, thanks to a tailored two-cavity 

configuration, crucial properties, such as the repetition-rate, can be controlled with simple elements such 

as a delay line. Laser-cavity solitons represent a new and powerful mode of operation for micro-combs, 

offering many advantages that will help pave the road towards enabling these devices to move out of the 

laboratory towards real-world applications. 

 

 

 



 

 

Figure 1. Principle of operation of micro-comb laser cavity-soliton formation. a. A short pulse (green) 

propagates in the micro-cavity (blue) sustained by a longer pulse (red) and a weak higher-order ‘super-mode pulse’ 

(purple) in the amplifying loop (yellow). This depicts the fundamental operation of a single soliton per cavity. b. Cold-

cavity spectral distribution. Micro-cavity resonances are depicted in green, amplifying-cavity resonances are in black, 

with leading and first-order super-modes highlighted in red and purple, respectively. The normalised frequency 

offset between the central frequency of the leading super-mode and the micro-cavity resonance is Δ; similarly, the 

frequency offset is Δ-1 for the central frequency of first-order super-mode. In the convention used here and in Eq. (1), 

positive values of Δ correspond to a leading order super-mode red-detuned with respect to the micro-cavity 

resonances. The variable δ is the normalised FSR detuning, appearing when the two cavities are not commensurate.  

  



 

 

Figure 2. Theoretical propagation of linear and solitary pulses. Micro-cavity and gain cavity have a group velocity 

mismatch δ = 0.03. In these examples we used Δ =0.47; g= 0.14 and N=30 in Eqs. (3) and (4) in the Methods. a. Evolution 

of the micro-cavity and multi-modal amplifying-cavity fields in the linear case. The quantities in the upper and lower 

panels are the overall field intensities in the two cavities are   |𝑎(𝑡, 𝑥)|2  and ∑ |𝑏𝑞(𝑡, 𝑥)|
2𝑁

−𝑁 , with reference to Eq. (3) 

and (4) in the Methods. The group velocity of the fields is better shown in the insets, where the direction of the field is 

marked with an arrow. The mismatch between such group velocities causes a periodical decoupling of the fields. b. 

Solitary propagation: both fields lock to the same group velocity v. c. Equivalent spectral distribution of the super-

modes within a resonance of the micro-cavity (Supplementary). Such a spectrum, for the linear case (orange), 

highlights the presence of many frequency components, one for every super-mode with frequency offset Δ − 𝑞. In the 

case of solitary propagation (blue), conversely, all the modes lock to the frequency 𝜙.  

 

 

  



Figure 3. Temporal laser cavity-soliton measurement. a. Soliton generation, for two equidistant solitons per round-

trip. Intra-cavity power at the output of the amplifier is 100 mW and at the output of the micro-cavity is 20 mW. 

Spectrum (in logarithmic scale) and autocorrelation (left inset). The experimental measurements (blue) are compared 

to the theoretical solitary state (red). Fit parameters are Δ = 0.49; g= 0.1. The theoretical normalised soliton frequency 

is 𝜙 = −0.475, corresponding to a red-shifted frequency of 36 MHz (Eq. 2) for 𝐹𝑏 = 77 MHz (Methods). The right inset 

reports the theoretical intensity profile in the micro-cavity. b. Intra-cavity spectrum (blue), evidencing within each 

micro-cavity resonance the lasing modes (red dots, red-shifted of approximately 32 MHz from the micro-cavity centre, 

in excellent agreement with the theory). The three plots correspond to the comb wavelengths highlighted in panel (a) 

by different colour shading. c, d. The same measurements at higher fibre gain for two equidistant solitons per round-

trip, leading to 150 mW intra-cavity power at the output of the amplifier and 30 mW at the output of the ring, showing 

that the bandwidth of the soliton increases with the gain. Fit parameters are Δ =0.47; g= 0.14, with 𝜙 =  −0.474. The 

shape of the spectrum diverges from the sech-like, triangular shape of the case a,b. The formation of the lateral wings 

can be qualitatively related to a modulational instability effect on the peak of the pulse,  shown in the theoretical 

intensity pulses in the right inset [22]. e, f. The same measurements for three solitons per round-trip for the same intra-

cavity power of case c, d. Fit parameters are Δ = 0.49; g = 0.11, with 𝜙 = −0.477. Because there is an additional soliton 

in the cavity, the energy per soliton is lower than the case c,d, leading to a narrower spectrum. The autocorrelation 

shows that the solitons are not equidistant, highlighting the localised nature of the solution. 

 

 

  

 

 



 

Figure 4. Temporal laser cavity-soliton and Lugiato-Lefever cavity-soliton comparison. a. Plot of laser cavity-

soliton input field peak power versus normalised offset Δ, calculated for various gain values (g=0.05 to 0.14 for plots 

from purple to green). Thick lines mark the stable self-localised solutions, both in the main graph and the inset, where 

it is reported the soliton frequency 𝜙. Note that negative values of 𝜙  correspond to red-shifted frequencies with respect 

to the micro-cavity centre, in agreement with the experiments. The grey region marks the region of existence of the 

Lugiato-Lefever bright solitons. b. Intensity profile in the micro-cavity for a laser cavity-soliton (Δ =0.47; g= 0.14, blue 

line) and a Lugiato-Lefever cavity-soliton at the power threshold (orange line), highlighting the presence of a strong 

background in the Lugiato-Lefever case. c. Spectrum of the theoretical cases in b. The strong background of the Lugiato-

Lefever cavity soliton results in a dominant comb mode at the centre of the spectrum. Laser cavity-soliton line generally 

possess higher power spectral density.  

 

 

 



 

 

Figure 5. Temporal laser cavity-soliton repetition-rate control. a. Spectra. The fibre cavity length is changed within 

a broad range of 150 µm. Gain and losses had been readjusted to maintain the solitary state showing two equidistant 

solitons per round-trip; intra-cavity powers are 20 mW, 25 mW and 30 mW, in blue, orange and black, respectively. b. 

Residual frequency shift against mode number with respect to the best-fit for the Comb 1 case (blue). Combs 2 and 3 

show a change in FSR and, hence, repetition-rate variations of 1.9MHz and 3.2MHz with respect to Comb 1. c. Calculated 

propagation of a stationary solitary solution when Δ =0.49 and g= 0.1, for 𝛿 = 0; 0.01; 0.02. The solitary wave is 

maintained in all three cases.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Methods 

Experimental Setup 

The experimental setup is built around a high index doped silica integrated resonator with FSR~48.97 

GHz and linewidth Δ𝐹𝐴 <140MHz (within the experimental measurement uncertainties), corresponding to 

a Q factor of ~1.3 million. The micro-resonator has a minimum in the transmission spectrum around 

1552 nm, which is visible also in the comb generation and features transmission losses of 60%.  

The micro-ring was inserted in an anomalous dispersion, polarisation-maintaining Ytterbium-Erbium co-

doped fibre-cavity. This cavity comprised a delay line, polarisation optics, an optical isolator as well as a 

10 nm tuneable bandpass filter (resulting, when matched to the amplifier spectral response, in a Gaussian 

linewidth of Δ𝐹𝐹 =650 GHz). Note that the soliton spectra in Fig. 3 and 4 well exceed such a bandwidth. 

The FSR of the cavity was about 77 MHz. 

 In sharp contrast to passively mode-locked lasers that intrinsically need a gain-dampening mechanism, 

cavity-solitons do not necessitate a fast-saturable absorption because they arise from the bistability of the 

system [22]. For this reason, we used a full polarisation-maintaining loop to prevent any effect related to 

fast gain saturation and standard passive mode-locking, further confirming the bistable origin of the 

pulses. Note that the fibre amplifier had a recovery time in the order of 10 ms [42], well above the soliton 

repetition-rate and main-cavity round-trip.  

The intra-cavity lines were measured by laser-scanning spectroscopy (Supplementary). The scanning 

laser was calibrated with a 6.95 MHz Mach-Zehnder and by beating it with a 250MHz reference comb 

[43]. The micro-comb output was extracted at the drop-port of the micro-ring and was characterised with 

a second harmonic generation, background-free, non-collinear autocorrelator, optical spectrum-analyser 

and radio-frequency detection, obtained with a fast oscilloscope. The intra-cavity energy was measured 

with two monitors at the drop-port of the micro-resonator  and the output of the amplifier before all 

system losses. 

The soliton cases presented in the experiments show the presence of multiple pulses in the cavity. Our 

present setup could not run at a lower saturation powers which would allow for the observation of single 

soliton states.  

Soliton states could be maintained over a time scale of minutes. The long-term stability of the solitary 

state was limited by mechanical and acoustical perturbations. Electronic feedback and proper packaging 

to screen mechanical and acoustical perturbations is expected to improve the system stability.  

 

Model 

The main features of the laser can be obtained by a simple mean-field model (see Supplementary for the 

complete derivation) that, in its normalised form, reads:  

𝜕𝑡𝑎 +
𝑖𝜁𝑎

2
𝜕𝑥𝑥𝑎 + 𝑖 |𝑎|2𝑎 =  −𝜅𝑎 + √𝜅 ∑ 𝑏𝑞

𝑁

𝑞=−𝑁

 (3) 

𝜕𝑡𝑏𝑞 + 𝛿𝜕𝜏𝑏𝑞 +
𝑖𝜁𝑏

2
𝜕𝑥𝑥𝑏𝑞 − 2𝜋 𝑖 (𝛥 − 𝑞)𝑏𝑞 =  𝜎𝜕𝑥𝑥𝑏𝑞 + 𝑔 𝑏𝑞 − ∑ 𝑏𝑝

𝑁

𝑝=−𝑁

+ √𝜅𝑎, (4) 

where a and bq are the optical field envelopes for the micro-resonator and amplifying cavities, 

respectively, and are expressed as a function of the normalised propagation time t and space coordinate x. 



Here we have considered the generic interaction with 2N+1 super-modes bq, for |𝑞| ≤ 𝑁; the mode with 

q=0 corresponds to the leading mode. 

The time t accounts for the propagation over different round-trips and is normalised against the main-

cavity round-trip Tb=1/Fb=12.5 ns. The space coordinate x, defined for |x|<1/2, is associated to the frame 

moving with the pulse and is normalised against the micro-cavity round-trip length, which corresponds to 

a round-trip time Ta=1/Fa =20 ps. 

The left- and right-hand sides of the equations contain the conservative and dissipative terms: ζ(a,b) >0, Δ 

and δ are the normalised coefficients for the cavity (anomalous) dispersions, the cavity-frequency offset 

and the group velocity mismatch. The latter term considers the effective FSR detuning between the two 

cavities as in Eq. (1); κ, g and σ represent the coupling, saturated gain and bandwidth of the spectral-

filtering, respectively.  

Specifically (see Supplementary for the derivation), the normalised coupling parameter is 𝜅 =  𝜋 Δ𝐹𝐴𝑇𝑏 ≈

2 𝜋, being the micro-cavity linewidth Δ𝐹𝐴 approximately twice the FSR of the main-cavity (in the 

experimental condition). The normalised dispersions are 𝜁(𝑎,𝑏) = −𝛽(𝑎,𝑏)𝑣(𝑎,𝑏)𝑇𝑏/𝑇𝑎
2 for which 𝑣(𝑎,𝑏) and 

𝛽(𝑎,𝑏) are the group-velocities and group velocity dispersions of the two cavities, respectively. In the 

simulations, we used 𝜁𝑎 = 1.25 × 10−4, 𝜁𝑏 = 3.5 × 10−4 , obtained with values |𝛽𝑎|≈-20 ps2/km and |𝛽𝑏|≈-

60 ps2/km (within our experimental constraints). We used a gain bandwidth 𝜎 = (2𝜋𝑇𝑎Δ𝐹𝐹)−2 ≈ 1.5 ×

10−4, based on a 650 GHz intra-cavity spectral filter. The gain g, considered as the saturated-gain of the 

amplifier, is normalised against the main-cavity length and, together with Δ and 𝛿 in Eq. (1), is an 

adjustable parameter in our numerical datasets.  

The stationary states are defined as 𝑎(𝑡, 𝑥) = 𝑎𝑆(𝑥 − 𝑣𝑡) exp[2𝜋𝑖𝜙𝑡], 𝑏𝑞(𝑡, 𝑥) = 𝑏𝑞,𝑆(𝑥 − 𝑣𝑡) exp[2𝜋𝑖𝜙𝑡], 

where the normalised frequency offset 𝜙 and the normalised velocity 𝑣 are as in Eq. (2). Solitary solutions 

are found by numerical continuation considering 11 super-modes (i.e. with N=5), while stability is 

investigated with linear perturbation analysis and propagation considering 61 super-modes (i.e. with 

N=30). 
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