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9 ABSTRACT: Shakedown assessment is an important task in determining the load-bearing capacity of 

10 structures and evaluating their safety. The traditional shakedown analyses, which are based on the upper or 

11 lower bound shakedown theorem to establish the mathematical programming formulation and solve an 

12 optimisation problem, are difficult to apply in engineering practice owing to limitations of the computing scale 

13 and computational efficiency. In this study, a numerical shakedown analysis using the recently developed stress 

14 compensation method (SCM) is performed for a torispherical head with a piping nozzle, which is a typical 

15 structural component of pressure vessel equipment. The loads applied to the structural component include an 

16 internal pressure, axial force, twisting moment, out-of-plane and in-plane bending moments, and thermal 

17 loading, all of which vary independently of each other. Two- and three-dimensional strict shakedown boundaries 

18 for the torispherical head under different combinations of these loads are presented and analysed. In addition, 

19 the effect of a temperature-dependent yield strength on the shakedown domain is also investigated. These 

20 investigations demonstrate that the proposed SCM is capable of solving the practical shakedown problem for 

21 structures under complicated combined loads in industrial applications. The obtained results can provide 

22 guidance for the safe structural design of torispherical heads with piping nozzles.
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26 Nomenclature

x Coordinate vector of a material point
, tu

u
Nodal displacement rate, nodal 

displacement increment

, t it Time, time point (or load vertex i)  C tσ Compensation stress vector

,  ,tσ x  tσ Total stress vector  t von Mises equivalent stress

, , ,E tσ x Eσ

 E tσ

Fictitious elastic stress vector, its 

increment, its rate
K Structural global stiffness matrix

, , ,tρ x ρ
, , tρ  1

0
mρ

 
0
mρ

Residual stress vector, its increment, its 

rate, new residual stress vector for 

shakedown , old residual stress vector 

for shakedown

, y 

0y

Yield strength depending on temperature 

, yield strength at 20 °C

NV Number of load vertices aD Outer diameter of the cylindrical vessel

 ,i tP x ith load vector et Thickness of the cylindrical vessel

, , i t i 
i  Time-dependent factor of ith loading, 

its lower bound, its upper bound
r Radius of the knuckle

 0
iP x Base load vector of ith loading R Radius of the head crown

 ,tP x Total load vector st Thickness of the nozzle

 0
iσ x

Fictitious elastic stress vector of a body 

under  0
iP x id Inner diameter of the nozzle

 ,i tσ x
Fictitious elastic stress vector of a body 

under  ,tP x ac Offset of the nozzle

 Load multiplier ,P 0P Internal pressure, its fundamental load

f Yield function ,F 0F Axial force, its fundamental load

 Temperature ,T 0T Twisting moment, its fundamental load

  Divergence operator
,outM

out0M

Out-of-plane bending moment, its 

fundamental load

n Unit outward normal
,inM

in0M

In-plane bending moment, its 

fundamental load

 tε Total strain rate
,

0

Temperature difference, its fundamental 

load

 E tε Fictitious elastic strain rate E Young’s modulus

,  tε

 itε

Thermal strain rate, thermal strain 

increment
v Poisson’s ratio

 p tε Plastic strain rate α Coefficient of thermal expansion

 e
r tε Residual elastic strain rate c Specific heat capacity

D Elastic coefficient matrix k Thermal conductivity

B Strain-displacement matrix ρ Density

27
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28 1. Introduction

29 During the structural design and integrity assessment of pressure vessels and pipelines, it is very important 

30 to predict the long-term behaviour and load-bearing capacity of their structural components accurately. Owing 

31 to the startup, shutdown, and load fluctuation of these equipment, they are usually subjected to variable repeated 

32 loads during their service life. If the applied load is much higher than the design value, the structural components 

33 may experience instantaneous plastic collapse. Often, the structure may fail after some working time through 

34 two mechanisms: one is incremental plasticity (or ratcheting), in which the structure bulges and plastic 

35 deformation accumulates continually with increasing of load cycles; the other is alternating plasticity (or low 

36 cycle fatigue), in which plastic strains appear alternately, but their sum is equal to zero over a load cycle. If the 

37 applied load is lower than a certain value, the plastic deformation will vary through some number of initial load 

38 cycles, after which the structure will respond with elastic behaviour. This stabilisation of the plastic deformation 

39 is called a strict shakedown (or elastic shakedown) and allows the structure to maintain a long-term safety status. 

40 Therefore, many engineering design specifications, such as the ASME Code, R5 and R6 procedures, RCC-MR 

41 standard, and European pressure vessel EN 13445-3 standard, include a shakedown assessment as one of the 

42 criteria for a structural design and safety evaluation.

43 In addition to the simplified assessment criteria given in the relevant standards, there are two further methods 

44 used to determine the shakedown limit: step-by-step incremental analysis and the direct method [1-4]. As a 

45 general approach, the former method first predicts the cyclic behaviour of structures under a given loading 

46 history, and then adjusts the applied load to approach to the shakedown limit via a series of trial-and-error 

47 procedures [3]. However, the calculation process for this method is very complicated and the computational 

48 cost is excessive, especially when large-scale structures under multiple variable loads are considered. As a better 

49 alternative, the direct method can calculate the shakedown limit load directly and efficiently. In general, the 

50 shakedown analysis in this method is based on the lower or upper shakedown theorem [1, 2], through which the 

51 shakedown problem is transformed into the solution of an extreme function with a large number of equality and 

52 inequality constraints. Different optimisation methods such second-order cone programming [5], the complex 

53 method [6], interior point method (IPM) [7-9], and Newton-like iteration method [10-13] are utilised to solve 

54 the mathematical programming problem. Some applications of these methods for engineering structures have 

55 been reported in literature [13-15]. There are also some other shakedown analysis methods with more physical 

56 arguments, such as the m(alpha)-method [16], elastic compensation method [17, 18], non-cyclic shakedown 

57 method [19-21], residual stress decomposition method [22], linear matching method (LMM) [23, 24], and stress 
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58 compensation method (SCM) [25]. Among these numerical methods, LMM and SCM have been implemented 

59 in commercially available finite element software and proven to be suitable for solving practical complex 

60 engineering problems.

61 A cylindrical pressure vessel with torispherical heads is a typical equipment component in the petroleum 

62 and chemical industries. Owing to the requirements of its producing function, pressure vessels are often 

63 manufactured with a piping nozzle attached to the torispherical head. Some nozzles are placed in the knuckle 

64 region. The presence of these piping nozzles weakens the load-bearing capacity of the pressure vessel. On one 

65 hand, the stress level in the knuckle region of the torispherical head with nozzles is increased due to stress 

66 concentration. On the other hand, additional forces are generated between the nozzle and torispherical head due 

67 to their mutual restraint when the temperature and load change. However, in practical engineering design, it is 

68 difficult to consider these loading conditions fully and to investigate the effects of random variation in these 

69 loads on the load-bearing capacity of the structure. Therefore, it is necessary to determine the strict shakedown 

70 limit or shakedown domain of the torispherical head with a piping nozzle under some possible loading scenario.

71 Assessment of the shakedown limit and plastic collapse load of such structures is attractive to many 

72 researchers and has been incorporated in some design codes [15]. Saal et al. [26] investigated the flexibility 

73 factors for nozzles in the knuckle region of a torispherical head to enable the restraint moments and forces acting 

74 on the nozzles to be properly considered in the design. Hsieh et al. [27, 28] calculated the elastic limits and 

75 plastic collapse loads of structures subjected to combined pressure and piping loads. Considering the cyclic 

76 load, some two- and three-dimensional shakedown domains of the heads were determined by Tran et al. [15] 

77 and Simon et al. [14]. However, in these studies, only parts of the loading conditions are considered, and 

78 shakedown analyses with a temperature-dependent yield strength have not been reported.

79 In this study, the recently proposed SCM is utilised to investigate the shakedown domains of a torispherical 

80 head with a piping nozzle under an internal pressure, axial force, twisting moment, out-of-plane and in-plane 

81 bending moments, and thermal loading. More comprehensive loading conditions and more sophisticated finite 

82 element models are considered, and the effect of the temperature-dependent yield strength on the shakedown 

83 domain of the structure is also analysed. The remainder of this paper is outlined as follows: Section 2 describes 

84 the procedure for the shakedown analysis based on the SCM. Next, the model and some elastic stress 

85 calculations are presented, and verification of the shakedown and limit analyses of the structure under a single 

86 load are performed in Section 3 using the elastic-plastic incremental method in the Abaqus finite element 

87 software [29]. Then, the shakedown domains of the torispherical head with a piping nozzle under different 

88 combined loads are presented and discussed in Section 4. Finally, conclusions from the results of these 
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89 numerical investigations are drawn in Section 5.

90 2. SCM for shakedown analysis

91 2.1. Melan’s static shakedown theorem

92 Considering a structural body, , subjected to thermomechanical loading. If plastic deformation occurs in V

93 the body, the total stress, , of a material point, , can be decomposed into the fictitious elastic stress,  ,tσ x x

94 , and the residual stress, , as follows: ,E tσ x  ,tρ x

95  (2)     , , ,Et t t σ x σ x ρ x

96 where  is the stress solution of the fictitious elastic reference body, , under the same load  ,E tσ x EV

97 conditions. The structural body, , may be subjected to multiple loading cases, , where V  , , 1,2, ,i t i NP x 

98 each loading case, , is represented as the product of a time-dependent factor, , and a base load,  ,i tP x  i t

99 . Thus, the loading history, , is expressed as combinations of these  loading cases: 0
iP x  ,tP x N

100  (3)       0

1 1
, ,

N N

i i i
i i

t t t
 

  P x P x P x

101 Referring to Eq. (3), the fictitious elastic stress, , can also be decomposed according to the loading  ,E tσ x

102 cases as follows:

103  (4)       0

1 1
, = ,

N N
E

i i i
i i

t t t
 

 σ x σ x σ x

104 where the base stress, , is calculated through an elastic finite element analysis of the body under the base  0
iσ x

105 load, ;  is the corresponding stress case. 0
iP x  ,i tσ x

106 The static shakedown theorem for a structural body composed of materials with a temperature-dependent 

107 yield strength is stated as follows: the structural body will shake down if there exists a time-independent self-

108 equilibrated residual stress field, , such that its superposition with the fictitious elastic stress field,  ρ x

109 , results in a safe stress state, , at every point of the body, i.e. the structural body responds  ,E t  σ x  ,tσ x

110 elastically after several loading cycles [30].

111  (5)     , ,Et t  σ x σ x ρ x

112  (6)

    
 

 

, 0

0 in  

0 on  

y
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113 where  is the load multiplier;  is the yield function;  is the yield strength, which is dependent on  f  y 

114 the temperature, ;  is the divergence operator; and  is the unit outward normal to the surface, .   n tS

115 It is worth noting that in practical situations the loading histories, , are usually unknown but their  i t

116 bounds are known. If the bounds of each loading case are assumed as follows:

117  (7) i i it    

118 the bounding envelope of the loading history can also be determined. Then, all of the possible loading histories 

119 within this bounding envelope define a loading domain, , which is often a polyhedron containing  Ω 2NNV 

120 vertices. As an example, considering three loads that vary independently of each other within their own limits, 

121 the loading history, , must be within a loading domain with eight vertices (i.e. B1, B2, B3, B4, B5, B6, B7  ,tP x

122 and B8) in the three-dimensional loading space, as shown in Fig. 1.

123
124 Fig. 1. A loading domain with eight vertices in the three-dimensional loading space.

125 According to the theorem proposed by König [3], the shakedown boundary for a structure subjected to three 

126 loads varying independently can be determined by estimating the shakedown limit of the structure under a 

127 specific loading history that traverses the eight vertices of the brick loading domain. A more detailed explanation 

128 of this process are available in Reference [25].

129 2.2. SCM

130 The SCM has been detailed in previous studies [25]. For convenience, a basic overview is presented here. 

131 The key idea of a static shakedown analysis is to search for the optimal residual stress field.

132 The total strain rate, , includes the elastic strain rate, , thermal strain rate, , plastic strain  tε  E tε  tε

133 rate, , and residual elastic strain rate, , as follows: p tε  e
r tε
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134  (8)         E p e
rt t t t t      ε ε ε ε ε    

135 The finite element global equilibrium equations can then be established as the following:

136  (9)         T T E T p

V V V
dV t t t dV t dV              B D B u B D ε ε B D ε   

137 The term  is replaced by the compensation stress, , which is calculated with the following: p tD ε  C tσ

138  (10)       
   

      

    0

y
yC

y

t
t

tt t t t
t

  
  

 
  

 
   

 

σ σ ，

139 where  is the von Mises equivalent stress of the stress state, , Eq. (9) can then be written as follows: t  tσ

140  (11)       T E T T C

V V V
t t dV t dV t dV          K u B σ B D ε B σ 

141 where  is the structural global stiffness matrix. The residual stress field for the shakedown T

V
dV  K B D B

142 analysis can be calculated with the following:

143  (12)         E Ct t t t t       ρ D B u σ D ε σ  

144  (13)     
t t

t
t t t t dt


    ρ ρ ρ

145 For each load vertex i (or time point, ti), the total stress at every Gauss point of a body is determined as 

146 follows:

147  (14)     E
i i it t t σ σ ρ

148 The compensation stress, , is calculated using Eq. (10). Considering that Eq. (11) is solved for NV load  C
itσ

149 vertices, the NV expressions of Eqs. (11) and (12) are superposed over a load cycle, yielding the following 

150 expressions:

151  (15)      
1

NV
T E T C

i i iV V
i

t t dV t dV


             K u B σ D ε B σ

152  (16)     
1 1 1

NV NV NV
E C

i i i
i i i

t t t 
  

            ρ D B u σ D ε σ

153 For the inner iteration, m, the residual stress, , for shakedown can be updated as follows: 1
0
mρ

154  (17)       1 1 1 ( 1)
0 0 0 0

1, wherem m m m m

NV
        ρ ρ ρ ρ ρ

155 where  is the new residual stress,  is the old residual stress, and  is the residual stress  1
0
mρ  

0
mρ  1

0
mρ

156 increment. Using the same iteration control technique as that in [25], the numerical procedure of the SCM for 

157 shakedown analysis considering the temperature-dependent yield strength is shown in Fig. 2.
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158

159 Fig. 2. Flowchart of the SCM for shakedown analysis.

160 3. Model and validation

161 3.1. Geometry and material

162 Fig. 3 shows the geometry of the Klöpperböden torispherical head with a piping nozzle, which has been 

163 studied previously by several authors [14, 15, 26, 27]. The outer diameter and thickness of the cylindrical vessel 
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164 are  and , respectively. The radii of the knuckle and the head crown are  and , respectively. The aD et r R

165 inner diameter and thickness of the nozzle are  and , respectively. The axial line of the nozzle is parallel id st

166 to the axial line of the cylindrical vessel, and the distance of the farthest point on the middle surface of the 

167 nozzle shell from the axial line of the cylindrical vessel is . Detailed dimensions of the torispherical head ac

168 with a piping nozzle are listed in Table 1. A uniform pressure, , acts on the inside surfaces of the cylindrical P

169 vessel and the nozzle. An axial force, , twisting moment, , out-of-plane bending moment, , and in-F T outM

170 plane bending moment, , are applied to the end of the nozzle. In addition, thermal loading is applied by inM

171 defining a temperature difference, , between the inside and outside surfaces of the cylindrical vessel and 

172 the nozzle. The structure is constructed of an elastic-perfectly plastic material, and its basic material properties 

173 are listed in Table 2.

174       
175 Fig. 3. Geometry of the torispherical head with a piping nozzle.

176 Table 1 Dimensions of the torispherical head with a piping nozzle [mm].

Outer diameter of the cylindrical vessel, aD 2000

Thickness of the cylindrical vessel, et 14

Radius of the knuckle, r 200

Radius of the head crown, R 2000

Thickness of the nozzle, st 13.6

Inner diameter of the nozzle, id 400

Offset of the nozzle, ac 910

177

178
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179 Table 2 Material properties of the torispherical head with a piping nozzle.

Yield strength,  [MPa]
0y 340 

Young’s modulus, E [MPa] 2.0×105

Poisson’s ratio, v 0.3

Coefficient of thermal expansion, α [/°C] 1.6×10-5

Specific heat capacity, c [J/(kg·°C)] 500

Thermal conductivity, k [W/(m·°C)] 15

Density, ρ [kg/m3] 7900
180

181 3.2. Finite element model and elastic stress calculation

182 3.2.1. Finite element model

183 Although the geometry of the torispherical head with a piping nozzle is symmetrical, its loading condition 

184 does not meet the requirements for a symmetric model owing to the existence of the out-plane bending moment 

185 and twisting moment. Therefore, a full finite element model is established for the structural stress analysis. As 

186 shown in Fig. 4, the mesh discretisation of the model includes 10,809 20-node quadratic brick elements (Abaqus 

187 C3D20R) and 54,804 nodes with 3 elements in the thickness direction of the head crown and the nozzle.

188 To eliminate the influence of the boundary conditions on the mechanical behaviour of the nozzle junction, 

189 the lengths of the cylindrical shell and of the nozzle are approximately  and , respectively. The 1 aD 3 id

190 end of the cylindrical vessel is restrained in the vertical direction, but the nodes on this end can move in the 

191 radial direction. The fundamental mechanical loads include , , , , and . The fundamental 0P 0F in0M out0M 0T

192 thermal load is determined by the temperature difference, , where the temperatures of the outside and inside 0

193 surfaces are 20 °C and 138 °C, respectively. The values of these fundamental loads are listed in Table 3. It 

194 should be noted that when considering the internal pressure, an additional equivalent axial tension is applied to 

195 the end of the nozzle. For convenience in applying the loads, the end surface of the nozzle is coupled to a master 

196 node using the Beam-type MPC constraint option within Abaqus. Thus, all of the nozzle loads are applied to 

197 this master node.



 11 / 26

198
199 Fig. 4. Finite element model of the torispherical head with a piping nozzle with an enlarged view of the intersection 

200 between the torispherical head and nozzle.

201 Table 3 Fundamental loads applied to the torispherical head with a piping nozzle.

Internal pressure,  [MPa]0P 5

Axial force,  [kN]0F 2000

In plane bending moment,  [kN·m]in0M 400

Out-of-plane bending moment,  [kN·m]out0M 400

Twisting moment,  [kN·m]0T 1000

Temperature difference,  [°C]0 118

202

203 3.2.2. Elastic stress calculation

204 To obtain the fictitious elastic stress field, , for the shakedown analysis, elastic analyses of the  Eσ x

205 torispherical head with a piping nozzle under an internal pressure, axial force, twisting moment, out-of-plane 

206 and in-plane bending moments, and thermal loading are individually completed using Abaqus software. 

207 Calculation of the thermal elastic stress field is performed via an indirect coupling thermomechanical analysis 

208 as follows: 1) a heat transfer analysis is conducted to compute the temperature field of the structure; and 2) a 

209 structural stress analysis is performed to calculate the corresponding elastic stress field based on the obtained 

210 temperature distribution. The von Mises equivalent stress contours for the torispherical head with a piping 

211 nozzle under the six different individual loads are shown in Fig. 5.



 12 / 26

212   
213 (a) internal pressure                   (b) axial force                  (c) twisting moment

214   
215 (d) out-of-plane bending moment       (e) in-plane bending moment             (f) thermal loading

216 Fig. 5. Elastic stress contours of the torispherical head with a piping nozzle under six different individual loads.

217 3.3. Validation

218 The shakedown analysis algorithm can calculate the plastic limit load. When the number of load vertices is 

219 reduced to one, the calculated shakedown limit load is equal to the plastic limit load. SCM is used to calculate 

220 the plastic limit loads (one load vertex in Fig. 6a) and shakedown limit loads (two load vertices in Fig. 6b) of 

221 the torispherical head with a piping nozzle under six different individual loads, and the results are listed in Table 

222 4. It is known that the shakedown limit load of a structure under a single load is the minimum of either its double 

223 elastic limit load or its plastic limit load. It should be noted that when the elastic-plastic incremental method in 

224 Abaqus is utilised to calculate the plastic limit loads, the 15-times elastic slope criterion [27] is adopted. The 

225 obtained results are compared in Table 4.

226 It can be observed from Table 4 that the shakedown limit loads calculated with the SCM are very close to 

227 the double elastic limit loads calculated with Abaqus and are less than the corresponding plastic limit loads. 

228 This indicates that the failure mechanisms of the torispherical head with a piping nozzle under the six different 

229 single cyclic loads are all alternating plasticity. The plastic limit loads calculated with the SCM also agree well 

230 with those calculated with the elastic-plastic incremental method. For the first five loading cases in Table 4, the 



 13 / 26

231 maximum relative error of the plastic limit loads calculated with the two methods is only 1.36%. It should be 

232 noted that thermal loading does not lead to plastic collapse of the structure.

233 Several researchers [14, 15, 27] have performed elastic stress, plastic limit and shakedown analyses of a 

234 torispherical head with a piping nozzle using different methods. For comparison, the available numerical results 

235 for this structure under different single loads are summarised in Table 5. It can be observed from Table 5 that 

236 the results of this study are approximately in agreement with the results reported by Hsieh et al. [27], Tran et al. 

237 [15], and Simon et al. [14], but the results of different results exhibit some discrepancies in the numerical values. 

238 These discrepancies result not only from the different methods used, but also from the different types of finite 

239 elements and sizes of element meshes selected. A simple way to illustrate these reasons is that different 

240 researchers have reported the different elastic limit loads listed in Table 5.

241
1P 1P

2P
2P

242 (a) loading path for the plastic limit load    (b) loading path for the shakedown limit load

243 Fig. 6. Two loading paths under a single load.

244 Table 4 Shakedown limit and plastic limit loads calculated with two different methods.

SCM Abaqus

Loading case Shakedown 

limit load

Plastic 

limit load

Double elastic 

limit load

Plastic 

limit load

Pressure, P [MPa] 3.004 3.511 3.004 3.523

Axial force, F [kN] 833.8 1451.8 833.9 1463.2

Twisting moment, T [kN·m] 364.5 546.4 364.5 551.9

Out-of-plane moment, Mout [kN·m] 127.9 237.8 127.9 239.2

In-plane moment, Min [kN·m] 107.6 248.7 107.7 252.1

Thermal loading,  [°C] 236.0 --- 236.0 ---

245

246 Table 5 Comparison of the present results with results from literature.

Type Loading case Present Hsieh [27] Tran [15] Simon [14]

Pressure [MPa] 1.502 1.370 1.600 1.524

Axial force [kN] 416.9 450.0 399.0 483.1

In-plane moment [kN·m] 53.9 64.7 64.6 55.4

Elastic 

limit load
Out-of-plane moment [kN·m] 64.0 66.5 69.1 ---
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Twisting moment [kN·m] 182.3 193.8 195.3 ---

Pressure [MPa] 3.004 --- 3.200 3.047

Axial force [kN] 833.8 --- 798.0 965.9

In-plane moment [kN·m] 107.6 --- 129.2 110.7

Out-of-plane moment [kN·m] 127.9 --- 138.2 ---

Shakedown 

limit load

Twisting moment [kN·m] 364.5 --- 390.6 ---

Pressure [MPa] 3.511 3.54 3.93 ---

Axial force [kN] 1451.8 1630.0 1492.0 ---

In-plane moment [kN·m] 248.7 282.6 256.0 ---

Out-of-plane moment [kN·m] 237.8 265.8 247.2 ---

Plastic 

limit load

Twisting moment [kN·m] 546.4 625.0 614.2 ---

247

248 Table 6 Two-dimensional loading domains of interest for five loading combinations.

Loading combination Loading domain

Pressure (P) and axial force (F)
 
 

1 0 2 0

1 0 2 0

i 0 and 0

ii 0 and 0

F F P P

F F P P

 

 

 

 

   

   

Pressure (P) and in-plane 

moment (Min)

 
 

in 1 in0 2 0

1 in0 in 2 0

i 0 and 0

ii 0 and 0

M M P P

M M P P

 

 

 

 

   

   

Pressure (P) and out-of-plane 

moment (Mout)

 
 

out 1 out0 2 0

1 out0 out 2 0

i 0 and 0

ii 0 and 0

M M P P

M M P P

 

 

 

 

   

   

Pressure (P) and twisting 

moment (T)

 
 

1 0 2 0

1 0 2 0

i 0 and 0

ii 0 and 0

T T P P

T T P P

 

 

 

 

   

   

Pressure (P) and thermal 

loading ( )
1 0 2 0(i) 0 and 0 P P         

249

250 4. Results and discussion

251 4.1. Shakedown domains under two-dimensional loading domains

252 The internal pressure, , is the main load acting on the torispherical head with a piping nozzle. Here, the P

253 shakedown domains of the structure are investigated for combinations of the internal pressure with the five other 

254 loads, i.e. the internal pressure, , with the axial force, ; internal pressure, , with the in-plane bending P F P

255 moment, ; internal pressure, , with the out-of-plane bending moment, ; internal pressure, , inM P outM P

256 with the twisting moment, ; and internal pressure, , with the thermal loading, . The two loads in each T P 
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257 of these combinations vary independently of each other within a quadrilateral loading domain (see Fig. 7). The 

258 five loading combinations and the corresponding loading domains of interest are listed in Table 6.

259 SCM is utilised to calculate the shakedown domains of the torispherical head with a piping nozzle under 

260 these five loading domains. The resulting two-dimensional shakedown domains are shown in Fig. 8Fig. 12. For 

261 comparison, the available numerical results from literature [14, 15, 27] are also plotted in these figures. It is 

262 observed from Fig. 8-Fig. 12 that for the five loading combinations, the shapes of the shakedown boundary 

263 curves reported by different authors are all similar. The shakedown boundary curves obtained in this study are 

264 smooth, and the data points are evenly distributed in the line segment. This indicates that the numerical 

265 shakedown analysis results obtained with SCM are of high accuracy.

266 The shakedown boundary curves are all dominated by alternating plasticity, and the inflection points in the 

267 curves indicate that the failure appears in different locations on the structure. The points of intersection between 

268 the shakedown boundary curves and the coordinate axes represent the shakedown limit loads of the torispherical 

269 head with a piping nozzle under the corresponding single cyclic load, and these shakedown limit loads are the 

270 same as those given in Table 5.

271 As stated in Introduction, other numerical methods can be used to solve the shakedown problem. To clarify 

272 the differences in terms of the accuracy and computational cost of these methods, an LMM shakedown analysis 

273 is carried out. Taking a typical loading combination as an example, the shakedown domain of the torispherical 

274 head with a piping nozzle under the combination of an internal pressure and axial force is investigated. The two-

275 dimensional shakedown domain calculated with LMM is shown in Fig. 8. It can be observed that the shakedown 

276 boundary curve obtained with LMM is very close to that obtained with SCM. These results illustrate that both 

277 methods have good accuracy. For the same loading case and finite element model, the CPU time needed to 

278 calculate the shakedown limit with LMM is approximately three times that required for SCM.

279 To verify that the failure behaviour of the structure is alternating plasticity when the magnitude of the applied 

280 load exceeds the computed shakedown limit, a step-by-step elastic-plastic incremental analysis is carried out. 

281 Two loading points (points “A” and “B” in Fig. 8) are selected as reference points. The effective plastic strains 

282 of a material point on the torispherical head with a piping nozzle over the first 30 load cycles for loading points 

283 “A” and “B” are shown in Fig. 13. For loading point “A”, a stable alternating plasticity behaviour is observed, 

284 while there is no further change in the effective plastic strain after the initial load cycles for loading point “B”.
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285

286  Fig. 7. Two loads vary independently of each other within a quadrilateral loading domain.

287

288 Fig. 8. Two-dimensional shakedown domains: internal pressure versus axial force.

289

290 Fig. 9. Two-dimensional shakedown domains: internal pressure versus in-plane bending moment.
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291

292 Fig. 10. Two-dimensional shakedown domains: internal pressure versus out-of-plane bending moment.

293

294 Fig. 11. Two-dimensional shakedown domains: internal pressure versus twisting moment.

295

296 Fig. 12. Two-dimensional shakedown domains: internal pressure versus thermal loading.
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297

298 Fig. 13. Effective plastic strains of a point on the torispherical head with a piping nozzle over the first 30 load 

299 cycles for loading points “A” and “B” plotted in Fig. 8.

300 4.2. Shakedown domains under three-dimensional loading domains

301 The shakedown domains of the torispherical head with a piping nozzle were also investigated under three-

302 dimensional loading domains. Each loading combination includes three loads, which are applied at the same 

303 time and vary from zero to a maximum value independently of each other. The loading domain is same as that 

304 shown in Fig. 1. Four loading combinations and the corresponding loading domains of interest are listed in 

305 Table 7.

306 Table 7 Three-dimensional loading domains of interest for the four different loading combinations

Loading combination Loading domain

Pressure (P), axial force (F), and 

in-plane moment (Min)
1 0 2 0 in 3 in00 , 0 and 0P P F F M M         

Pressure (P), axial force (F), and 

out-of-plane moment (Mout)
1 0 2 0 out 3 out00 , 0 and 0P P F F M M         

Pressure (P), axial force (F), and 

twisting moment (T)
1 0 2 0 3 00 , 0 and 0P P F F T T         

Pressure (P), axial force (F), and 

thermal loading ( )
1 0 2 0 3 00 , 0 and 0P P F F             

307

308 SCM is utilised to calculate the shakedown limit loads of the torispherical head with a piping nozzle under 

309 different loading combinations. The three-dimensional shakedown domains corresponding to the four loading 

310 domains of interest are shown in Fig. 14-Fig. 17. To sketch the shakedown boundary surface, more than 100 
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311 points representing the load vertex B8 in Fig. 1 are selected. It should be noted that dimensionless coordinate 

312 values normalised to the yield strength are adopted to depict the shakedown boundary surface. In these figures, 

313 the red lines represent the intersections between the shakedown boundary surface and the coordinate planes. 

314 These red lines actually denote the shakedown boundary curves for the torispherical head with a piping nozzle 

315 under the specific two-dimensional loading domains. The residual stress field is also calculated when using 

316 SCM to perform the shakedown analysis. A typical von Mises equivalent residual stress field for the 

317 torispherical head with a piping nozzle is shown in Fig. 18.

318
319 Fig. 14. Three-dimensional shakedown domain: in-plane bending moment, internal pressure, and axial force.

320
321 Fig. 15. Three-dimensional shakedown domain: out-of-plane bending moment, internal pressure, and axial force.
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322
323 Fig. 16. Three-dimensional shakedown domain: twisting moment, internal pressure, and axial force.

324
325 Fig. 17. Three-dimensional shakedown domain: thermal loading, internal pressure, and axial force.
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326

327 Fig. 18. Typical von Mises equivalent residual stress field for the torispherical head with a piping nozzle.

328 4.3. Shakedown domains considering the temperature-dependent yield strength

329 In the above examples, the material properties of the torispherical head with a piping nozzle are constant 

330 with respect to temperature (Table 2). To investigate the effect of a temperature-dependent yield strength on the 

331 shakedown domain, the yield strength, , is considered as a linear function of the temperature, , as  y  

332 follows:

333  (18)   
0

0.3 20y y       ℃

334 For simplicity, only one loading case is considered. As expressed in Eq. (19), an internal pressure, , axial P

335 force, , and thermal loading, , are applied at the same time, and vary from zero to a maximum value F 

336 independently of each other.

337  (19)1 0 2 0 3 00 , 0 and 0P P F F             

338 In the shakedown analysis procedure, the temperature-dependent yield strength, , is implemented at  y 

339 each Gauss integration point for all load vertices of a loading domain. The temperature field is updated at every 

340 iteration during calculation of the shakedown load multiplier. Both the mechanical and thermal loads are scaled. 

341 The resulting three-dimensional shakedown domain of the torispherical head with a piping nozzle considering 

342 the temperature-dependent yield strength, , is shown as the green surface in Fig. 19. For comparison, the  y 

343 corresponding three-dimensional shakedown domain with a constant yield strength, , is also shown in Fig. 0y

344 19 (the cyan surface).
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345
346 Fig. 19. Three-dimensional shakedown domain with a temperature-dependent yield strength: thermal loading, 

347 internal pressure, and axial force.

348 4.4. Discussion

349 To obtain the shakedown domains of the torispherical head with a piping nozzle under different loading 

350 combinations, approximately 700 shakedown analyses were performed using the SCM. For all of these 

351 shakedown analyses, the iterative SCM yielded good convergence. All of the calculations in this study were 

352 carried out in an Intel i7 computer environment with 16 GB of RAM.

353 According to the numerical results in Table 4, the shakedown limit loads calculated using SCM and the 

354 Abaqus elastic-plastic incremental method are in good agreement for the same finite element model, which 

355 illustrates the validity and high accuracy of the SCM. From Fig. 8-Fig. 12, it can be observed qualitatively that 

356 the shapes of the shakedown boundary curves under two-dimensional loading domains obtained in this study 

357 are similar to those reported by Hsieh et al. [27], Tran et al. [15], and Simon et al. [14]. The differences between 

358 the numerical values are due to the different methods and finite element models employed. In addition, two 

359 loading points located at different sides of the shakedown boundary curve are selected to validate the failure 

360 behaviour of the structure using Abaqus step-by-step cyclic loading simulations. For the loading cases 

361 considered in this study, the shakedown boundary curves are dominated by alternating plasticity.

362 It can be observed from Fig. 14-Fig. 17 that the three-dimensional shakedown boundary surfaces are smooth 

363 and convex, and the data points on these surfaces are evenly distributed. This indicates the stability and 

364 reliability of the numerical results. The three-dimensional shakedown boundary surface contains some 



 23 / 26

365 information: 1) the points of intersection between the shakedown boundary surface and the coordinate axes can 

366 be used to determine the allowable range of a single load; 2) if the range of a specific load is known, the 

367 allowable ranges of the other two loads can be determined; 3) if the ranges of two specific loads are known, the 

368 allowable range of the third load can be determined. This information is of significance for safe engineering 

369 design.

370 It is evident from Fig. 19 that the shakedown domain is decreased when the temperature-dependent yield 

371 strength, , is considered. However, there is some discrepancy in the amplitudes of this reduction in the  y 

372 shakedown limit loads for different loading cases. An explanation for these discrepancies is that the maximum 

373 stress point is not consistent with the maximum temperature point. Specifically, when the failure point is located 

374 on the outside surface of the torispherical head with a piping nozzle, at which the temperature remains constant 

375 at 20 °C, the shakedown limit load with consideration of the temperature-dependent yield strength is the same 

376 as that with a constant yield strength. When the failure point is located on the inside surface of the torispherical 

377 head with a piping nozzle, where the temperature changes with time, the shakedown limit load with 

378 consideration of the temperature-dependent yield strength is smaller than that with a constant yield strength.

379 Differing from the shakedown analysis methods using optimisation solvers, in which the running times are 

380 largely dependent on the loading scenario [9, 14], SCM is an iterative procedure based on a general finite 

381 element code, and the computing time has little relationship to the number of independent loads. To the best of 

382 the authors’ knowledge, evaluation of the shakedown domain of a structure of comparable scale under a three-

383 dimensional loading domain has only previously been reported in [14]. For a finite element model consisting of 

384 6376 linear elements and 9645 nodes, the running time reported in [14] is less than 10 h. However, for the finite 

385 element model consisting of 10,809 quadratic elements and 54,804 nodes in this study, the CPU time for the 

386 SCM varies from 0.2 h to 0.4 h. Therefore, it can be said that SCM has huge computational advantages and is 

387 capable of solving the shakedown problem for large-scale practical engineering structures in a reasonable 

388 amount of time.

389 5. Conclusions

390 In this study, shakedown analyses of a torispherical head with a piping nozzle under the influence of an 

391 internal pressure, axial force, twisting moment, out-of-plane and in-plane bending moments, and thermal 

392 loading were carried out using the recently proposed SCM. Different loading combinations and a temperature-

393 dependent yield strength are considered. Some conclusions are summarised as follows.
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394 1. The numerical SCM is successfully implemented into the Abaqus platform and used to determine the 

395 shakedown domain of a torispherical head with a piping nozzle. The numerical results for the structure 

396 under a single load are validated with the elastic-plastic incremental method using Abaqus. The shakedown 

397 domains of the structure under two-dimensional loading domains calculated using SCM are compared with 

398 results from literature. The good agreement of the results with those in literature demonstrates the validity 

399 and high accuracy of the SCM.

400 2. The shakedown boundary surfaces of the torispherical head with a piping nozzle are analysed under four 

401 three-dimensional loading domains. These shakedown boundary surfaces can provide valuable guidance 

402 for the design and safety assessment of this structure.

403 3. The shakedown analysis of the torispherical head with a piping nozzle is investigated with consideration 

404 of a temperature-dependent yield strength. The observed reduction in the shakedown domain due to the 

405 effect of temperature on the yield strength is related to the position of the maximum stress point and the 

406 maximum temperature point.

407 4. The SCM overcomes problems involving dimensional obstacles that exist in most lower bound shakedown 

408 analysis methods. Its running time has little relationship with the dimension of the loading domains. All 

409 the numerical calculations yield a good convergence of the iterative process and demonstrate the 

410 applicability of the procedure. SCM is a powerful tool possessing huge computational advantages and is 

411 suitable for the shakedown analysis of large-scale structural components under complex multi-loading 

412 systems.
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