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Abstract:

Thermal barrier coatings (TBCs) usually have complex structures and operate in

cyclic high temperatures. The cracking phenomenon is usually observed at the

interface with microscopic imperfections between the bond and the thermally grown

oxide (TGO) layer owing to the cyclic plasticity around the defect interface under the

temperature cycling. Shakedown limits of TBCs considering the impacts of interface

imperfections are investigated based on the linear matching method. The

temperature-dependent yield stress, geometric parameters ho, R/ho and H/R as well as

the thermal expansion coefficient ratio α/αr are discussed in detail. Results present that

the thickness of the TGO has no effect and the geometric factor R/ho shows a little

influence on shakedown limits of the multilayered systems. However, the geometric

parameter H/R and the thermal expansion coefficient ratio α/αr have a remarkable

impact on shakedown limits. This indicates that the depth of the defect influences

shakedown limits greatly, whereas the transition radius at the corner of the

imperfection shows slight effect. This is obviously different with the common

phenomenon that the transition radius usually has an important influence on

shakedown limits. Based on the calculated data, the assessment approach of

shakedown limits for TBCs considering various factors mentioned above is proposed.

It is of great interest that the simulated effective plastic strain above the shakedown

limit load occurs at the defect interface between the TGO and the bond layer, which is
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the same crack failure position comparing with the microscopic morphology

observation for cracked TBCs.
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1. Introduction

Until now, hundreds of different types of coatings are developed to protect

various engineering structures from wear, corrosion, erosion, thermal failure and so

on. In these coatings, TBCs usually have the most complex structure and operate in

very high temperature condition. TBCs are usually used to insulate turbine and

combustor engines from the high-temperature stream, and enhance the service life and

energy efficiency of these components [1]. Generally, TBCs are typical multilayered

systems and are mainly composed by four parts: TBC itself, the superalloy substrate,

the bond coat between the TBC and the substrate, and TGO that produces between the

bond layer and the TBC. The TBC is the insulator of the multilayered systems, the

bond coat is the protection layer from oxidation, and the superalloy substrate is the

main structure to resist the external loads. In fact, the TGO is the product of oxidation

reaction between the bond layer and the TBC during the operating process at high

temperature. Therefore, extremely large stresses are always produced due to the

thermal expansion mismatch between the substrate layer, the bond layer and the TGO

layer. In this case, the cracking behavior is usually observed at the interfaces of these

layers, especially at the interface between of the bond layer and the TGO layer with

microscopic imperfections caused by the stress concentration effect. It is of more

importance that severe ratcheting or accumulated plastic strain will take place in these

regions due to cyclic thermal loads during the operation process. It is considered as

the main factor for the cracking failure of multilayered systems near the interface

imperfections [2, 3], as shown in Fig.1. Karlsson et al. simulated the displacement

instabilities of the TGO coat produced by interface imperfections to discuss the cyclic



plasticity around the defects of the bond layer. Results indicate that the plastic zone

depends on the temperature cycling. The work is very helpful for explaining the

failure mechanism and establishing the safety assessment approach of TBCs under

repeated thermal loads.

Until now, many researches have been performed for the stress distribution of

multilayered systems under thermal and mechanical loads. To obtain the elastic stress

state of multilayered systems, Hsueh [4] and Zhang [5] proposed a three-variable and

a two-variable analytical model, respectively. Sometimes, the local plastic

deformation is inevitable due to the thermal mismatch for multilayered structures. Hu

[6] and Zhang [7] developed the closed-form formulations of multilayered systems

taking into consideration the linear strain-hardening to solve the stress distribution

under the local plastic strain condition. Moreover, creep and relaxation behaviors of

multilayered systems take place even at room temperature, but that will be much more

significant at relatively high temperature [8]. Chen and Xuan [9, 10], Limarga [11]

deduced the time-dependent creep deformation and stress state of multilayered

systems considering the elastic-creep condition. Mao [12] developed the theory to

obtain the plastic-creep behaviors of multilayered structures subjected to cyclic

thermal loads based on the elastic-perfectly plasticity. Additionally, for the sake of

predicting the more realistic elastic-plastic-creep behaviors of multilayered systems,

Eslami and Mahbadi [13] introduced the Prager kinematic hardening model, and

Nakane and Ohno et al. [14, 15] considered the more appropriate kinematic

strain-hardening constitutive modes to describe the cyclic stress-strain relationships

under elastic-plastic-creep conditions. However, according to the best knowledge of

authors, very few investigations on the shakedown boundaries of multilayered

systems have been addressed, especially for the TBCs with interface imperfections. It

is known that the shakedown limit is an important index to guard against the

accumulated plastic deformation or ratcheting effect of structures under cyclic loads

[16, 17, 18]. Accordingly, it is still necessary to discuss the shakedown limits of

multilayered TBCs with interface imperfections for the safety evaluation.



Fig.1 Damage mechanism of TBCs induced by ratcheting deformation

Actually, the ratcheting and shakedown limit assessment is hard to incorporate

the design process for engineering applications due to the complexity of classical

shakedown theory and geometrical structures. One typical estimation method for

complex engineering structures in the existed code EN13445 is to simulate the cyclic

elastic-plastic strain response directly by incremental finite element analysis under the

given loading conditions, even over 500 cycles [19]. The best advantage of this

approach are simple for engineering design and applicable for various complex

structures and load histories. However, it is thought to be considerably time

consuming. To decrease the numerical expense, a direct cyclic analysis method is

proposed and incorporated into the ABAQUS by Nguyen-Tajan et al. to obtain the

stabilized feature [20]. Whereas, both approaches mentioned above are only used to

estimate the shakedown behavior of engineering structures under a specified load

history, such as elastic shakedown, plastic shakedown or ratcheting state, and are not

applicable for the prediction of ratcheting and shakedown boundaries. Therefore, a



large number of simulations should be performed under various load histories to

assess the ratcheting and shakedown limits approximately. Generally, the shakedown

limit can be calculated directly based on classical static or kinematic theorem. This

alternative direct analysis approach is considered to be better than the full step-by-step

method mentioned above due to the high efficiency. Recently, the direct analysis

approaches based on classical static or kinematic theorem developed rapidly, such as

the linear matching method [21, 22], the non-cyclic method [23, 24], the elastic

compensation method [25], the generalized local stress strain τ-node method [26] and

some other mathematical programming methods [27, 28]. Among this direct analysis

approaches, the linear matching method based on the kinematic theory of Koiter [29]

has been verified to calculate the precise upper bound shakedown boundaries with

relatively high efficiency [30].

In this work, the linear matching method based on the kinematic theory is

utilized to analyze shakedown limits of multilayered TBCs with interface

imperfections. The influences of key geometric parameters and thermal expansion

coefficients are investigated systematically to discuss the shakedown assessment

approach of multilayered systems with imperfections for engineering applications.

Considering the material performance of the bond layer is typical

temperature-dependent, which impacts the shakedown limit of structures obviously,

the temperature-dependent yield stress of the bond layer is considered to discuss the

shakedown boundaries of TBCs subjected to cyclic temperature loads.

2. Basic theory for shakedown limit analysis by the linear matching method

Assuming the material of the bond layer is elastic-perfectly plastic and meets the

von Mises yield condition, the TGO layer and the substrate is totally linear-elastic.

Taking account of the cyclic high temperature cases of multilayered systems, the

temperature-dependent yield stress of the bond layer, )(Tbc
y , is considered. To

achieve the temperature-dependent yield stress changing with the current temperature

T, the yield stress )(Tbc
y is updated during the iterative calculation process.



If a cyclic temperature field ),( txi for the whole inner body and the surface

loads ),( txP ii acting on the specified area TS are applied. Where,  represents

a load factor, which is used to calculate all of the load histories. On the surface

without surface loads, rS , the displacement equals zero. Moreover, if the elastic

thermal stress histories  ij
~ under temperature loads ),( txi and the elastic

mechanical stress histories p
ij~ under surface loads ),( txP ii can be solved, the

linear elastic stress histories of the structure under combined thermal-mechanical

loads can be calculated by the superposition principle:
P
ijijij   ~~~  (1)

Under cyclic temperature loads, the stress histories during a typical cycle

Δtt 0 is

),(~)(),(~),( txxtxtx i
r
ijiijiijiij   (2)

Here, ),(~ txi
r
ij represents the residual stress components changing with time, and

)( i
r
ij x is a constant residual stress in equilibrium with external surface loads on TS .

It should be noted that ),(~ txi
r
ij is equal to zero for the shakedown condition.

Therefore, the cyclic stress field under the shakedown condition becomes

)(),(~),( iijiijiij xtxtx   (3)

Taking into account the temperature-dependent yield criterion, the relationship

between the strain rate i
ij , the shear modulus G and the temperature-dependent yield

stress is

ibc
y GT  

2
3)(  (4)

Where, i is the equivalent strain rate, and i
ij

i
ij

i   3
2 .

For a given shear modulus G, the incompressible relationship at each instant is

proposed under a constant residual stress field f
ij in a cycle, as the following
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Where, the load factor i
ub is the upper bound for i

ij . The constant residual stress

field f
ij can be calculated by integrating Eq.(5) over the whole cycle. Accordingly,

the increment of plastic strain over the cycle f
ijΔ and f

ij shows the following

linear relationship:

0),(1
 f

kk
f

ij
in
ij

f
ij Δ

G
Δ  (6)

Here,   
Δt

ij
i
UBtG

in
ij dttG

0 )(
1 )(~ and 

Δt

tG dt
G 0 )(

1
1

Therefore, the upper bound on the shakedown limit is obtained by
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The minimum upper bound can be achieved by repeating the above process. To

analyze the shakedown boundaries of multilayered TBCs with compex imperfections

easily, the above numerical algorithm is implemented into the general commercial

finite element software ABAQUS [31] by UMAT user subroutine. The iterative

algorithm assesses a varying shear modulus G firstly by matching the stress produced

by the linear model proposed above and the temperature-dependent yield criterion at

the strain rate i
ij is calculated by the previous iterative step.

3. Finite element model of TBCs with imperfections

Taking into consideration the relatively low stiffness of TBC [32], the minor

effect of TBC on the shakedown behavior is neglected. Therefore, the multilayered

TBCs can be simplified as the trilayered systems. The geometrical models of

trilayered systems with and without interface imperfections are shown in Fig.2.

According to the experimental observation in thermal barrier coatings, the thickness

ho of TGO generally changes from 1μm to 8μm, and the thickness of bond coat is



50μm [2]. The geometrical parameters studied in this research are listed in Table 1.

Especially, R/ho=0 and H/R=0 in Table 1 represents that there is no imperfection at

the interface of TGO and Bond layer, as shown in Fig.2a.

The simulations are conducted by the commercial code ABAQUS with the

subroutine implementation of the upper bound shakedown analysis based on the linear

matching method proposed in the above section. Axisymmetric finite element models

are established according to the practical applications, and the axis of symmetry is at

the center of the model. The surface boundary of the TGO facing the TBC is

considered to be free and the Y-direction displacement at the bottom surface is

constrained because the substrate is considered to be deep enough to suppress the

overall bending. Typical finite element mesh models for different geometries are

shown in Fig.3.

Fig.2 Geometrical models of multilayered systems with and without imperfections

Table 1 Geometrical parameters of multilayered system (μm)

ho hb hs R/ho H/R W/ho W1/R

1 50 25 0 0 2 5

2 50 25 1.25 0.5 2 5

4 50 25 1.5 1 2 5

6 50 25 1.75 1.5 2 5

8 50 25 2 2 2 5



Fig.3 Finite element models under different geometries for ho=8μm

In this work, the bond coat is assumed to be a elastic-perfectly plastic material

with significant temperature dependence. The substrate and TGO are considered to be

linear elastic to investigate the cyclic thermal deformation of multilayered TBCs. It

should be noted that the impact of the TGO growth on the shakedown behavior is

simplified as the thickness effect, and the TGO thickness changes from 1μm to 8μm

in this research. The main material parameters of multilayered systems are listed in

Table 2.

Table 2 Material parameters of multilayered systems [2, 3]

TBC

(ZrO2/Y2O3)
TGO Substrate Bond layer

Young’s modulus (GPa) 5-60 380 190 190

Poisson ratio -- 0.2 0.3 0.3

Thermal expansion

coefficient (×10-6/ºC)
13.2 8.4 14.3 14.3



As reported in the literature [2], the yield strength of the bond layer is typically

temperature dependent, as shown in Fig.4. Based on the experimental data, the

temperature-dependent yield stress can be described by the Boltzmann function, as

shown in Eq.(8).

)))(exp(1()( 4321 AATAATbc

y
 (8)

The constants defined in Eq.(1) can be obtained easily by fitting the experimental

data. Namely, A1=57, A2=963, A3=582, A4=81.

Fig.4 Temperature-dependent yield strength of the bond material

4. Results and discussions

When the fixed boundary is applied at the right-hand side of the finite element

model, the thermal stresses are produced by constraining the thermal expansion

deformation for multilayered TBCs without interface imperfections. In his case, the

difference of thermal expansion coefficients has no effect on the thermal stress

because there’s no relative deformation produced between different layers.

Accordingly, the thermal stress for each layer can only be influenced by its thermal

expansion coefficient and can be calculated by Eq.(9).

)1()(   TETth (9)



If the interface imperfections are considered, a significant stress concentration

phenomenon will take place due to the local geometric discontinuity. The difference

between thermal expansion coefficients of different layers shows an important

influence near the discontinuity area. Based on the proposed iterative algorithm

mentioned above, the convergence processes of shakedown limit load factor λ for two

cases are described in Fig.5. Results show that the proposed approach has very high

efficiency to obtain the shakedown limit loads under different load conditions. It

should be noted that the shakedown limit factor λ decreases gradually with increasing

number of iterations for the temperature-independent material based on the upper

bound shakedown theory and the linear matching method. When the

temperature-dependent material is used, the shakedown limit factor λ with respect to

number of iterations may show the numerical fluctuation phenomenon. The reason is

that the reduction of the shakedown limit factor λ causes the decrease of the applied

temperature, but the yield stress significantly increases with reducing the temperature,

then the shakedown limit factor λ increases during the following iteration step. The

numerical fluctuation phenomenon lasts until a reasonable and steady shakedown

limit factor λ is obtained. The shakedown limits of multilayered TBCs with interface

imperfections under different TGO thicknesses are shown in Fig. 6. Noting that the

reference temperature Tr of this research is defined as 500ºC, and the reference stress

is the yield stress corresponding to the reference temperature, namely σr=761MPa.

The calculated shakedown limits are normalized with respect to the reference

temperature Tr in the longitudinal coordinates, and are divided by the reference stress

σr in horizontal ordinates in the following work. Results present that the thickness has

no effect on shakedown limits (Fig.6a). This is reasonable because the TGO is

considered to be linear elastic and the fixed boundary is assumed in this research. The

deformation in the TGO is much less than that produced in the bond layer. Hence, the

thickness of the TGO has little effect on the stress state of the bond layer and also the

shakedown limits of the TBCs. However, the shape of interface defect shows a

remarkable impact on the shakedown limits of structures, as illustrated in Fig. 6b.

Based on the simulated data, the impact of geometric parameters at interface



imperfections on shakedown limits can be formulated in Eq.(10), which can be used

to estimate the shakedown limits simply for R/ho=2.

152.0)/1(94.0/  RHTT r (10)

Fig.5 Convergence process of the proposed iterative algorithm for shakedown limits

Fig.6 Shakedown limits of multilayered systems under different thicknesses

To investigate the effect of geometric parameters R/ho on the shakedown

boundaries, four different geometric parameters R/ho of 1.25, 1.5, 1.75 and 2 are

further discussed. The thickness of TGO for each case is 8μm and the calculated

shakedown limits are illustrated in Fig.7. It should be stressed that the Eq.(11) is

independent of thickness of TGO layer, and is appropriate for the shakedown



assessment of multilayered systems with various interface imperfections since the

thickness has no effect on the shakedown limit.

)/028.0096.0( 0)/1(94.0/ hR
r RHTT  (11)

Fig.7 Shakedown limits of multilayered TBCs under different geometries of

imperfections

The thermal expansion coefficient of the bond layer may change in a reasonable

range due to a slight variation of contents and production technology. Five different

thermal expansion coefficient ratios α/αr of 0.8, 0.9, 1, 1.1 and 1.2 are researched to

analyze the impact of the thermal expansion coefficient of the bond layer on

shakedown limits of multilayered TBCs. It is noting that the reference thermal

expansion coefficient αr is defined as 14.3×10-6/ºC in Table 1 for comparison. The

calculated shakedown boundaries for different thermal expansion coefficients and

geometric parameters are presented in Fig.8. Results clearly show that the thermal

expansion coefficient ratio has a remarkable impact on the shakedown limits for

different R/ho. It is predictable because the higher thermal stress will occur near the

defect region ascribing to the greater thermal mismatch induced by the larger

difference of thermal expansion coefficients in different layers. However, the

geometric parameter R/ho seems to have a slight influence on the shakedown limits,

whereas H/R impacts the shakedown limits greatly under various cases simulated, as



illustrated in Fig.9. The results are different with the common phenomenon that the

transition radius usually has an important action on shakedown limits. This

phenomenon can be interpreted by the elastic thermal stress field mainly produced by

the geometrical discontinuity for ho=8μm and α/αr=1 at 300ºC, as shown in Fig. 10.

The maximum von-Mises equivalent stress of the bond layer is 676.5MPa, 610.9MPa,

497.2MPa and 382.9MPa when R/ho equals 2, 1.5, 1 and 0.5 for H/R=2, but it is

676.5MPa, 660.5MPa, 643.9MPa, and 627.9MPa when H/R equals 2, 1.75, 1.5 and

1.25 for R/ho=2, respectively. This indicates that the geometrical parameter R/ho

obviously has a greater effect on the maximum von-Mises equivalent stress

comparing with the geometrical factor H/R. Moreover, the position of the maximum

von-Mises equivalent stress goes up obviously along the defect boundary when R/ho

changes from 2 to 0.5, but it varies very slightly when H/R decreases from 2 to 1.25.

This indicates the maximum von-Mises equivalent stress locates at the imperfection

surface and near the middle-right of the defect boundaries for various geometries

models, and the depth of the defect is the main factor for the maximum von-Mises

equivalent stress. Actually, the geometrical parameter R/ho influences the defect depth

greatly, but H/R mainly changes the transition radius at the upper-right corner of the

imperfection. According to the simulated results, the stress near the upper-right corner

of the imperfection is significantly smaller comparing with that in the other region.

This implies that the transition radius at the upper-right corner of the imperfection has

only a little influence on the stress distribution. According the above discussion, the

shakedown limit of multilayered TBCs, which is influenced by the maximum

von-Mises equivalent stress directly, reduces markedly by increasing the defect depth

described by R/ho, but changes slightly with varying the transition radius of the

imperfection represented by H/R.



Fig. 8 Effect of the thermal expansion coefficients on the shakedown limits

Fig. 9 Effect of the geometric parameter R/ho on the shakedown limits



Fig. 10 Elastic thermal stress field of the bond layer with interface defects for ho=8μm

and α/αr=1 at 300ºC

To assess the shakedown limits of multilayered structures with interface

imperfections easily, the shakedown limits are fitted according to the calculated data,

as presented in Eq. (12). Since the geometrical parameter R/ho has little effect on the

shakedown limits, the parameter R/ho is not considered in Eq. (12) for simplicity. It is

worth noting that the more accurate estimation can also be achieved easily similar to

Eq. (11), but the Eq. (12) is definitely acceptable for shakedown evaluation in

practical engineering owing to the sufficiently small error. It should be noted that the

effect of the elastic modulus on shakedown limits is the same as that of the thermal

expansion coefficient, which is not further discussed in the following work.

)/31.041.1()/1()/38.046.2(/ RH
rr TTRHTT  (12)

Effective plastic strains of the bond layer above shakedown limits for various

geometric conditions are illustrated in Fig.11. Results indicate that the effective

plastic strain takes place at the interface between the TGO layer and the bond layer.

Combining with Fig.1 and Fig.11, it can be clearly concluded that the crack failure at

the interface between the TGO layer and the bond layer is mainly caused by the



accumulated plastic deformation in this area produced by the repeated thermal loads.

Similar conclusion has been achieved by Karlsson et al. [2] based on the finite

element simulation and observed by Mumm et al. [3] in the microscopic experiment

analysis. In this research, the shakedown boundaries are further obtained and

discussed, which is very important for safety assessment and engineering design for

multilayered TBCs in practical applications.

Fig. 11 Effective plastic strains of the bond layer above the shakedown limit

5. Conclusions

The shakedown boundaries of multilayerd systems considering the impacts of

interface imperfections are investigated according to the proposed linear matching

method, in which the temperature-dependent yield stress of the bond layer is

considered to simulate the real material performance. Some important influence

factors, such as the geometric parameters ho, R/ho and H/R as well as the thermal

expansion coefficient ratio α/αr are discussed systematically. The main conclusions

include that the thickness of the TGO has no effect on shakedown limits of the

multilayered TBCs due to the assumption of the linear elastic behavior of TGO and



the fixed boundary. It conforms to the practical application because the elastic

modulus of the TGO is much greater than that of the bond layer. However, the

geometric parameter H/R have a remarkable effect on the shakedown limits, but the

geometric factor R/ho shows a slight influence under various cases. This because the

geometrical parameter R/ho influences the defect depth greatly, but H/R mainly

changes the transition radius at the upper-right corner of the imperfection. According

the elastic thermal stress analysis, the defect depth is the prominent factor for the

maximum von-Mises equivalent stress at the interface of the imperfection. Whereas,

the transition radius at the upper-right corner of the defect, which usually has an

important impact on the local stress distribution of structures, has only a little

influence on the maximum von-Mises stress in this cases. Additionally, the thermal

expansion coefficient ratio has a remarkable effect on the shakedown boundary

ascribing to the thermal mismatch induced by the difference of thermal expansion

coefficients. The assessment approach of shakedown limits for multilayered TBCs

considering various factors mentioned above is proposed in Eq.(12) based on the

obtained data. It is worth noting that the effective plastic strain above the shakedown

limit load takes place at the interface between the TGO layer and the bond layer. This

phenomenon is very similar to the crack failure behavior achieved by Karlsson et al.

[2] according to the finite element simulation and obtained by Mumm et al. [3] based

on the microscopic observation, as shown in Fig. 1 and Fig. 11.
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