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Abstract

This paper presents a numerical strategy for the simulation of phenomena
disclosed by very recent experimentation within the framework of microscale
studies devoted to the investigation of dissolution phenomena in liquid cou-
ples with a miscibility gap. Possible approaches to the problem are reviewed
and discussed through a focused and critical comparison of similarities and
di¤erences, advantages, and intrinsic limitations. The proposed technique
comes through major modification of existing volume tracking methods.
Some e¤ort is devoted to demonstrate its relevance when trying to capture
the fluid-dynamic instabilities dependent on mechanisms at the liquid/liquid
interface driven by non-equilibrium thermodynamic conditions.

1. Introduction

When a liquid system with a miscibility gap is cooled below the so-called
‘‘critical temperature’’, it demixes into two liquids of di¤erent compositions
and densities (the so-called minority and majority components) and phase
separation occurs. Here ‘‘phase separation’’ stands for ‘‘spatial’’ separation
of the phases; the thermodynamic counterpart of the process, i.e., the origin
of decomposition in fact is a well-known and essentially understood chemical
phenomenon since at least the mid-thirties of the last century. These behav-
iours are influenced by a number of possible phenomena (of di¤erent spatial
extensions and temporal durations) pertaining to the fluid/fluid interface and/
or its motion: nucleation and ensuing growth, Stokes sedimentation and



Marangoni migration, shape deformation, etc. (see, e.g., Lappa [1] and refer-
ences therein). They have been finding increasing interest over recent years
owing to their relevance for technological applications, and, accordingly, a
number of mathematical models and methods have appeared for numerical/
theoretical analysis of these aspects when they are disjoint or partially com-
bined. For the sake of simplicity, non-miscible liquids (like oil and water)
have often been selected as model fluids for fundamental studies concerning
the sedimentation and migration phenomena; these particular aspects have
been treated within the framework of volume of fluid (VOF, also referred to
as ‘‘volume tracking’’) techniques.

VOF-based simulations, however, are still very rare in the literature (rare and
excellent e¤orts have been provided by Esmaeeli [2], Han and Tryggvason [3],
Mehdi-Nejad et al. [4] in the case of droplet sedimentation; and Haj-Hariri et
al. [5] in the case of Marangoni migration).

As discussed by Rider and Kothe [6], in fact, these techniques yet possess so-
lution algorithms that are too often perceived as being heuristic and without
mathematical formalism. Part of this misperception lies in the di‰culty of
applying standard hyperbolic PDE (partial di¤erential equations) numerical
analysis tools, which assume algebraic formulations, to methods that are
largely geometric in nature (hence, the more appropriate term volume track-

ing). To some extent the lack of formalism in volume tracking methods, man-
ifested as an obscure underlying methodology, has impeded progress in evo-
lutionary algorithmic improvements and applications in particular to the case
of systems with a miscibility gap. On the other hand, recent experimentation
(Lappa et al. [7]) has shown that mechanisms somewhat related to the disso-
lution phenomena that can occur in these systems under particular conditions
(system in non-equilibrium thermodynamic conditions) can be responsible for
the onset of intriguing fluid-dynamic instabilities.

These instabilities represent a relevant aspect of the problem that should
be taken into account in addition to the aforementioned migration and sedi-
mentation mechanisms pertaining to the droplets. As gravitational sedimen-
tation and Marangoni migration can be responsible for an irregular and
non-uniform distribution of the minority phase within the majority phase
(that is highly undesired for instance in technological processes related to the
production of metal alloys), oscillatory fluid motion, in fact, can lead to det-
rimental e¤ects induced by solute segregation.

Therefore, mass transfer across the surfaces separating phases with a miscibil-
ity gap should be regarded as a relevant part of research on these liquid sys-
tems, and there is an outstanding need for methods capable of taking into ac-
count these aspects. The problem is further complicated by the fact that
special care is needed to properly capture a fluid-dynamic instability.
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The alternative numerical approach, based on the so-called linear stability
analysis, allows one to avoid the straightforward integration in time that
would be required by volume of fluid methods as well as the solution of the
Navier–Stokes equations in their complete and non-linear form.

The related mathematical treatment of the problem generally proceeds along
the following lines: An initial flow that represents a stationary state of the sys-
tem is considered. By supposing that the various physical variables describing
the flow su¤er small (infinitesimal) increments, the equations governing these
increments are obtained. In obtaining these equations from the relevant equa-
tion of motion, all products and powers (higher than the first) of the incre-
ments are neglected while retaining only terms that are linear in them. Since
stability means stability with respect to all possible (infinitesimal) distur-
bances, for an investigation on stability to be complete it is necessary that
the reaction of the system to all possible disturbances be examined. This is
accomplished by expressing an arbitrary disturbance as a superposition of
certain basic possible modes and examining the stability of the system with
respect to each of these modes. In practice, this approach considers all possi-
ble infinitesimal perturbations and usually provides better understanding of
the instability mechanisms as well as more precise critical values of the gov-
erning parameters.

Despite the important capabilities o¤ered to investigators by linear stability
analyses, it should be stressed that the direct straightforward integration in
time of the governing balance equations o¤ers even more interesting advan-
tages for the case under investigation here. This philosophy can provide, in
principle, a wealth of additional aspects that could not be obtained on the
basis of linear stability computations: the e¤ective amplitude of the distur-
bances when they are saturated; the behaviour of the system far from the
threshold point; a quite exhaustive picture of the subsequent stages of tempo-
ral evolution, etc. However, its capability to capture fluid-dynamic instabil-
ities driven by surface processes is still an open question (with these methods,
in fact, the interface separating the two liquids must be smeared over a region
with a non-zero thickness) and must be proven.

Superimposed on these arguments is the fact that existing volume of fluid
methods need to be modified (re-formulated) to account for interface motion
(expansion or contraction) induced by solute absorption or release.

For these reasons, the present analysis has a two-fold purpose: it is devoted to
(i) the introduction of a numerical approach based on the philosophy of vol-
ume tracking methods able to deal with the aforementioned surface dissolu-
tion kinetics; (ii) the assessment of its relevance when trying to capture the
aforementioned fluid-dynamic instabilities.
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2. Numerical model

2.1. Basic assumptions

Figure 1 shows the geometry of the problem. A droplet of the minority phase
is supposed to be anchored to the needle used to inject it into the external ma-
trix. This prevents sedimentation and Marangoni migration phenomena. A
thermodynamic constraint fixes the concentration jump between the interface
sides. This jump, together with that of the concentration normal derivatives,

Figure 1 (a) Sketch of the geometrical configuration; (b) liquid drop at the tip of the capillary
tube.
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in turn, defines the entity of the dissolution cross-flow through the interface
and the interface velocity relative to fluid.

Density and transport coe‰cients are assumed constant within each phase.
The drop is bounded by a spherical liquid/liquid interface whose radius
changes in time due to growth or dissolution. The hypothesis of spherical sur-
face is acceptable if zero-g conditions prevail or, on the ground, if the volume
of the liquid drop is small (few millimetres), and/or if the density di¤erence
between the two phases is very small. The couple cyclohexane–methanol is
considered as reference liquid system with a miscibility gap since this couple
is transparent to visible light, the critical temperature is close to ambient tem-
perature, and the two liquids have very similar densities (see Table 1).

2.2. Phase field model

In a phase-field model (volume tracking philosophy), a phase-field variable f
that varies in space and time is introduced to characterise the phase. In place
of the ‘sharp’ transition from one phase to the other, the phase-field varies
smoothly but rapidly through an interfacial region. The e¤ect is a formula-
tion of the free boundary problem that in principle does not require applica-
tion of interfacial conditions at the unknown location of a phase boundary.

In the specific case of drops growing or dissolving in a matrix of di¤erent liq-
uid, one must generally accomplish at least two things simultaneously: (i) de-
termine the concentration fields in both the liquid phases and (ii) determine
the position of the interface between phase 1 and phase 2.

Table 1 Physical properties of the
cyclohexane–methanol system.

D [m2 s�1] 2 � 10�9

r1 [kg m�3] 0:782 � 103

r2 [kg m�3] 0:769 � 103

n1 [m2 s�1] 1:03 � 10�6

n2 [m2 s�1] 1:275 � 10�6

bc1 [–] �4:62 � 10�2

bc2 [–] 4:95 � 10�2

bT1 [K�1] 1:14 � 10�3

bT2 [K�1] 1:14 � 10�3

Cp1 [J kg�1K�1] 2:51 � 103

Cp2 [J kg�1K�1] 1:86 � 103

l1 [J m�1s�1K�1] 2:02 � 10�1

l2 [J m�1s�1K�1] 1:25 � 10�1

sT [dyne m�1K�1] 17.42
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2.3. Volume of fluid method for dissolving drops

It is a single region formulation and allows a fixed-grid solution to be under-
taken. It is therefore able to utilise standard solution procedures for the fluid
flow and species equations directly, without resorting to mathematical manip-
ulations and transformations.

The model is based on the mass balance equations. The di¤usion of the spe-
cies is governed by the equations (drop ¼ phase 1 ! f ¼ 1, matrix ¼ phase
2 ! f ¼ 0):

qC1

qt
¼ ½�‘ � ðVC1Þ þD‘2C1� if f ¼ 1; ð1Þ

qC2

qt
¼ ½�‘ � ðVC2Þ þD‘2C2� if f ¼ 0; ð2Þ

where D is the binary interdi¤usion coe‰cient and C1 and C2 are the concen-
trations of one of the two components (for the present case it is methanol) in
the minority (drop) and majority (matrix) phases, respectively. The initial
constant concentrations in the drop and in the matrix are denoted by C1ðoÞ
and C2ðoÞ, respectively (for the case under investigation: C1ðoÞ ¼ 1, i.e., drop
of pure methanol, and C2ðoÞ ¼ 0, i.e., matrix of pure cyclohexane).

The behaviour of the two phases is coupled through the equilibrium con-
centration values imposed on the two sides of the interface. These values
come from the miscibility law (see, e.g., Figure 2 for the couple methanol–
cyclohexane) according to the local value of the temperature of the interface
(for isothermal conditions of course the equilibrium values are constant along

Figure 2 Phase diagram for the cyclohexane–methanol system.
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the interface). At the interface ð0 < f < 1Þ, the concentrations must satisfy
the equilibrium conditions:

C1ji ¼ C1ðeÞðTÞ ð3Þ

C2ji ¼ C2ðeÞðTÞ ð4Þ

Equations (3) and (4) rely on the assumption that equilibrium at the liquid/
liquid interface is attained instantaneously (see Perez De Ortiz and Sawistow-
ski [8]). They behave as ‘‘moving boundary conditions’’.

Note that, as mentioned before, in place of the ‘sharp’ transition from one
phase to the other that would characterise the multiple region formulations
(in that case the interface separating the bulk phases is a mathematical
boundary of zero thickness), here the phase-field varies smoothly but rapidly
through an interfacial region whose thickness is not zero. This region, defined
by the mathematical conditions j‘fjA0, 0 < f < 1, moves through the com-
putational domain according to the behaviour of the di¤erent phases (i.e., ac-
cording to the behaviour of f).

The flow is governed by the continuity equation and Navier–Stokes equations:

‘ � V ¼ 0; ð5Þ

qðrVÞ
qt

¼ �‘p� ‘ � ½rVV � þ ‘ � ½mð‘V þ ‘VTÞ� þ FMa þ Fg; ð6Þ

where

r ¼ r1ðoÞfþ r2ðoÞð1 � fÞ; ð7aÞ

m ¼ m1fþ m2ð1 � fÞ: ð7bÞ

In the last term of Eq. (6) we have

Fg ¼ rgbbC1ðC1 � C1ðoÞÞcfþ rgbbC2ðC2 � C2ðoÞÞcð1 � fÞ

þ rg½bT1ðT � TðoÞÞ�fþ rg½bT2ðT � TðoÞÞ�ð1 � fÞ; ð7cÞ

i.e., the Boussinesque approximation is used to model the buoyancy forces.
Also, bc1 and bc2 are the solutal expansion coe‰cients related to the mutual
interpenetration of the phases (1) and (2), and bT1 and bT2 are the thermal
expansion coe‰cients. The source term FMa takes into account the other driv-
ing force involved in the phenomena under investigation, i.e., the Marangoni
e¤ect.
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The strategy used herein to account for this force, in fact, is based on the con-
tinuum surface force (CSF) and continuum surface stress (CSS) models (see
the discussion below).

In the light of the well-known Young–Laplace equation, the surface tension
can be written simply in terms of a pressure jump across the surface. This
force, in turn, can be expressed as a volume force in Eq. (6) using the diver-
gence theorem or a similar artifice to replace the surface force with a volume
force. The end of the story is that the interfacial surface forces can be incor-
porated as body forces per unit volume in the momentum equations rather
than as boundary conditions. Instead of a surface tensile force boundary con-
dition applied at a discontinuous interface of the two fluids, a volume force
can be used that acts on fluid elements lying within a transition region of
finite thickness. This also means that the CSF formulation makes use of
the approach that discontinuities can be approximated, without increasing
the overall error of approximation, as continuous transitions within which
the fluid properties vary smoothly from one fluid to the other over a distance
of OðhÞ, where h is a length comparable to the resolution of the computa-
tional mesh. Surface tension, therefore, is felt everywhere within the transi-
tion region through the volume force included in the momentum equations.
A similar mathematical treatment is possible for the contribution related to
surface tension gradients along the interface (Marangoni stress).

It is known in fact that the expression for the stress jump f , across the inter-
face is given by (see the elegant formalism of Haj-Hariri et al. [5]):

f ¼ sKn̂n� qs

qT
ðI � n̂nn̂nÞ � ‘T

� �
; ð8Þ

where n̂n is the unit vector perpendicular to the fluid/fluid interface

n̂n ¼ � ‘f

j‘fj , s is the surface tension, K is the curvature (K ¼ 2=R in the case

of a spherical surface with radius R), and I is the identity matrix.

The surface force per unit interfacial area should be added in the momentum
equation as f d, where d is the Dirac-pulse function used to localise the force
explicitly at the interface. As previously discussed, it can formally be replaced
by its volume-distributed counterpart, F , which satisfies

ðl
�l

F ðsÞ ds ¼
ðl
�l

f ðsÞdðsÞ ds; ð9Þ

where ðsÞ is a level-set function denoting the normal distance from the inter-
face (the interface corresponds to s ¼ 0) and dðsÞ is the Dirac delta function
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with its singularity on the interface. Rigorously speaking, f is not defined for
non-zero s and must be extended appropriately (e.g., it can be assigned a val-
ue of zero for nonzero s because of the presence of the delta function). A
comparison of the two integrals in Eq. (9) suggests F ¼ f � dðsÞ. Although
this expression is of little value in its present form, much can be gained from
it if a mollified delta function is used, consistent with the smearing of the in-
terface. Recognising that

ðl
�l

dðsÞ ds ¼
ðl
�l

n̂n � ‘f ds ¼ 1; ð10Þ

the mollified delta function can be defined as j‘fj, which, in turn, leads to
F ¼ f j‘fj.

Thus the second source term in Eq. (6) reads

FMa ¼
2s

R
n̂n� qs

qT
ðI � n̂nn̂nÞ � ‘T

� �
j‘fj; ð11Þ

where, as previously discussed in the light of the Young–Laplace equation,
the first term in the square parenthesis is the normal stress contribution re-
sponsible for the shape equilibrium in perpendicular direction, whereas the
second is the Marangoni shear stress along the surface that can be responsible
for the Marangoni surface phenomena.

The temperature distribution is governed by the energy equation:

qrCPT

qt
¼ ½�‘ � ðrCPVTÞ þ ‘ � ðl‘TÞ�; ð12Þ

where the thermal conductivity l and the specific heat CP are computed as

l ¼ l1fþ l2ð1 � fÞ; ð13aÞ

CP ¼ CP1fþ CP2ð1 � fÞ: ð13bÞ

The core of this method is its technique for adjourning f. The tracking of the
interface between the phases is accomplished by the solution of a special con-
tinuity integral equation for the volume of the liquid drop taking into account
the release or absorption of solute through the interface (the liquid drop is
assumed to be a sphere of radius R increasing due to growth or decreasing
due to dissolution).
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The jump specie balance equation reads

�D
qC2

qn

����
i

þ C2ji _mm ¼ �D
qC1

qn

����
i

þ C1ji _mm; ð14aÞ

where _mm is the mass flow rate through the interface (n points towards the

matrix; if the drop dissolves, _mm is positive and
dR

dt
is negative, i.e., _mm ¼ � dR

dt
);

therefore, integrating over the surface of the drop, one obtains for the time
evolution of the radius

dR

dt
¼ D

1

S

þ
1

C1ji � C2ji
qC2

qn

����
i

� qC1

qn

����
i

� �
dl; ð14bÞ

where S is the surface of the drop, and
qC

qn
¼ ‘C � n̂n.

After the computation of the radius at the new instant ðnþ 1Þ, then the distri-
bution of the phase variable f is re-initialised to take into account the volume
change, i.e., f ¼ 1 for r < R and f ¼ 0 for r > R.

Equations (1), (2), (5), (6), (12), and (14b) represent a system of five partial
di¤erential equations and one ordinary di¤erential equation whose solution
governs the non-linear behaviour of the physical system under investigation.

Note that the present mathematical model and related numerical technique
can be regarded as a very hybrid volume of fluid method.

In the ‘‘classical’’ VOF methods, the phase field variable f is ‘‘advected’’,
solving an appropriate partial di¤erential transport equation; this formula-
tion has been often used for the solution of typical problems dealing with
the migration of bubbles or drops in liquids. It relies on the fact that the fluids
are not interpenetrating. For the present method, the equation governing the
evolution of f comes from mass balance conditions rather than from trans-
port. Moreover, interpenetration of the di¤erent fluids is allowed according
to the coupled behaviour of Eqs. (1), (2), and (14b).

Furthermore, Eq. (14b) provides the necessary coupling among the species
and momentum equations. The density and the dynamic viscosity of the liq-
uid in Eq. (6) in fact are computed according to the instantaneous distribu-
tion of f. Additional coupling between the species and momentum equations
is due to the volume force term (Boussinesque approximation) in Eq. (6).

Equations (1), (2), (5), (6), (12) can be solved with the SMAC method. The
method is not described here for the sake of brevity and since it is well-
known. For further details, see, e.g., [9, 10].
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3. Validation through comparison with experiments

If a temperature gradient is imposed along the gravity direction (x co-
ordinate) by heating from above the test cell filled with the matrix liquid, the
numerical method described in Section 2 ‘‘captures’’ the fluid-dynamic oscil-
latory instabilities disclosed by previous experimental investigation [7]. As an
example, Figure 3 shows the good agreement between the computed instabil-
ity threshold and the corresponding experimental values for di¤erent initial
droplet volumes. Grid convergence, however, requires a very large number
of computational points to be obtained (a grid of 400 � 100 is necessary for
a [4 � 10�2 (m)] � ½1 � 10�2 (m)] test cell).

Figure 4 illustrates typical spatio-temporal behaviours pertaining to the insta-
bility. Instead of a steady regular buoyant plume, release of solute occurs in
the form of discrete events separated by certain time (and thus space) inter-
vals. The instability in fact leads somehow to a ‘‘periodic shooting’’ of a
‘‘packet’’ of lighter fluid in the surrounding liquid. This behaviour appears
in the form of a couple of curls that are initially formed close to the drop sur-
face and then are transported upwards by buoyancy e¤ects (see the experi-
mental results in Figure 5).

The phenomenon can also be seen as a disturbance travelling towards the top
(i.e., a perturbation of the solutal and flow field periodically rising along the

Figure 3 Stability map and critical temperature gradient (qT/qx) as a function of the initial
droplet volume (numerical and experimental results). The critical threshold is an increasing
function of the initial volume. C, exp. res. (stable); Y, exp. res. (unstable); H, num. res. (sta-
ble); f, num. res. (unstable).
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symmetry axis). With regard to its origin, many elements seem to support the
idea that it is a mechanism of gravitational nature. In the absence of gravity
and related buoyancy forces, this type of instability, in fact, is suppressed.

Along these lines, studies pertaining to the case of moving droplets of metha-
nol dissolving within a matrix of cyclohexane (same couple of liquids treated
in the present paper) under microgravity conditions were carried out by Bas-
sano [11]. According to such studies, obtained within the framework of a
level-set moving boundary method, in 0-g conditions, a droplet of methanol
subject to the e¤ect of a temperature gradient simply migrates within the ex-
ternal matrix of cyclohexane while dissolving and deforming under the e¤ect
of shear stresses induced by the motion. In such a case, no fluid-dynamic in-
stabilities arise; this can be regarded as an indirect but clear demonstration of
the fact that the present instability is somewhat related to the interplay be-
tween buoyancy and surface tension forces.

In reality, a clear evidence of the counteracting behaviour responsible for the
onset of the present instability is given by the presence along the drop surface
of a ‘‘detachment point’’ (Figure 6). This point corresponds to the detach-
ment of the layer of liquid transported close to the interface by thermal

Figure 4 Computed evolution of the unstable solutal plume: concentration and flow field pat-
terns for a 5-ml droplet of methanol dissolving into a matrix of cyclohexane with qT/
qx ¼ 1:5 � 102 [�C m�1] (Taverage ¼ 27�C): one period of oscillation is shown (t ¼ 26 s) by
means of subsequent snapshots.

J. Non-Equilib. Thermodyn. � 2005 �Vol. 30 �No. 3

254 M. Lappa



surface tension forces. Owing to the solutal buoyancy forces that oppose to
downward motion, the surface layer has not enough momentum to reach the
rear of the drop (this phenomenon exhibits an outstanding theoretical kinship
with the corresponding phenomenon, well known by aerospace engineers,
characterising the separation of air boundary layers from thin wing airfoils).

For this reason, return flow is initiated prior to reaching the drop base. Since
the detached layer is lighter than the liquid matrix, not far away from the
drop, the buoyancy forces tend to bring this fluid towards the top. Thus, the
restoring upward force exerted by the stabilising solutal density gradients on
the downward-flowing hot fluid, restricts the flow (downward motion and re-
turn rising flow) to an area close to the drop. In other words, the surface
transfers warm liquid from the peak of the drop to the lower regions until at
a certain stage (the detachment point) solutal buoyancy and continuity bring
the fluid up again, resulting in a closed toroidal vortex (this also means that

Figure 5 Experimental evolution of the unstable solutal plume: concentration and flow field
patterns for a 5-ml droplet of methanol dissolving into a matrix of cyclohexane with qT/
qx ¼ 1:5 � 102 [�C m�1] (Taverage ¼ 27�C): one period of oscillation is shown (t ¼ 26 s) by
means of subsequent snapshots.
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the generation of curls close to the drop surface is strictly related to the coun-
teracting behaviour of buoyancy and surface-tension forces; it is the direct
opposition of these forces that leads to the production of vorticity). Of
course, the detachment point does not hold a fixed position, but continuously
undergoes rising and descending motion along the drop surface according to
the alternate direction of the surface flow driven by the opposing forces men-
tioned before. Such behaviour is strictly associated with a periodic release of
toroidal convection rolls in the region around/above the dissolving drop (i.e.,
it is responsible for the ‘‘continuous’’ production of vorticity that corresponds
to the aforementioned rise of curls).

The consistency of numerical predictions with experimental data suggests
that rate-controlling steps are well captured by the present numerical method
and related philosophy.

With regard to this aspect, finally, it should be mentioned that the possible
simulation of the present dynamics by means of moving-boundary ap-
proaches like that used by Bassano [11] would represent a ill-posed problem
owing to the fact that the droplet is locked to its initial position and the solu-
tion of a phase advection equation is not suitable for the treatment of such a
condition.

Figure 6 Experimental evidence of ‘‘detachment points’’ along the drop surface.
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4. Comparison with other results

Many recent experimental studies pointed out that surfactants may also play
a crucial role in creating interfacial instabilities in binary liquid–liquid
systems and oscillation (referred to as ‘‘kicking’’ by these authors) of drops
(see, e.g., Perez de Ortiz and Sawistowski [12], Liang and Slater [13], Bekki
et al. [14, 15]).

The e¤ect of surfactants on interfacial mass transfer in binary liquid–liquid
systems (dissolving drops) was experimentally investigated more recently by
Agble and Mendes Tatsis [16] using the Schlieren and the Mach-Zehnder op-
tical techniques. The experiments were focused on the analysis of interfacial
stability by means of direct examination of the interface of a drop of an or-
ganic phase (saturated with water) which was immersed in an aqueous phase
of pure water. The onset of Marangoni convection and of possible fluid-
dynamic instabilities at the interface was clearly observed. The role played
by the surfactants (these substances can alter the surface tension) in inducing
possible surface instabilities was investigated in detail in a subsequent analy-
sis (Agble and Mendes Tatsis [17]). In this analysis, much room was devoted
to comparing the available experimental results with canonical and/or semi-
empirical surface stability criteria introduced over the years for the case of
various binary liquid/liquid interfaces in the presence of a transferring surfac-
tant; i.e., the Sternling and Scriven [18] criteria for ternary systems, the Hen-
nenberg et al. [19, 20] criteria for surfactant transfer, the semi-empirical crite-
ria of Nakache et al. [21]. It was found that these criteria often fail in
predicting the observed phenomena. Along these lines, it is our opinion that
many of the phenomena mentioned above in the case of added surfactants
could be explained according to the present model where the instability is in-
duced by the counteracting action of buoyancy and surface tension forces, the
thermal surface tension gradient being simply replaced by the e¤ect of the
concentration gradient of surfactant for the cases above.

The present model could also explain other similar phenomena that have
been observed even in the absence of surfactants and imposed thermal
gradients.

For instance, many authors (see, e.g., the pioneering analysis of Lewis and
Pratt [22]) observed rippling and erratic pulsations at the interface of drops
of organic solvents dispersed in various solvents. In reality, during the related
mass transfer process, interfacial tension gradients (originated owing to tem-
perature gradients produced by the heats of solution) may be created at the
interface and may cause the onset of Marangoni convection leading to the
oscillatory mechanism elucidated in Section 3.
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5. Conclusions

In light of the foregoing discussions, it can be concluded that the choice of a
volume tracking numerical philosophy is appropriate for the problem under
investigation, despite the very limited number of analyses in the literature
where this philosophy was used for the investigation of interface dynamics
and of problems where the interface plays a critical role in the onset of fluid-
dynamic instabilities (see, e.g., the analyses dealing with the convective insta-
bilities in falling liquid jets of Konkachbaev and Morley [23] and of Tryggva-
son et al. [24]).

Beyond these numerical/theoretical aspects, the case treated in this article,
about the pulso-oscillatory flow originated from a droplet locked to its initial
position at the bottom of a test cell, can be regarded as a relevant model for
the study of the fascinating phenomena that can occur during the technologi-
cal processing (cooling) of immiscible metal alloys when the droplets created
by the thermodynamic phase-separation process tend to settle to the bottom
of the container and, therefore, to be clustered in a zone at a di¤erent temper-
ature where they are no longer in thermodynamic equilibrium with respect to
the surrounding liquid.
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