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ABSTRACT 
 

The peculiar behavior of stable and unstable convection that is produced when a 
single liquid drop or a periodic array of evenly spaced droplets dissolve in a surrounding 
liquid is investigated by means of non-invasive optical techniques and computer 
simulations. Numerical computations are used to capture additional insights into the 
physics of the problem as well as to discern the role played by buoyancy forces, surface 
tension gradients and the interaction of both in determining dissolution kinetics and 
instability mechanisms. The considered system is intended to model the typical 
phenomena occurring during the thermal processing of liquid-liquid systems exhibiting a 
miscibility gap (the so-called "immiscible alloys"). These alloys undergo sedimentation 
of the separated heavier phase to the bottom of the container under normal gravity 
conditions. Droplets in non-equilibrium conditions on the bottom are responsible for the 
occurrence of still poorly known phenomena. The present analysis shows that even a 
single dissolving droplet can behave as an intriguing pattern-forming dynamical system 
of exceptional complexity leading to a wealth of different spatio-temporal modes of 
convection when the imposed temperature gradient is increased. The case of a multi-
droplet configuration is even more complex; the distribution of solute depends on the 
multicellular structure of the convective field and on associated ‘pluming phenomena’. 
Significant adjustments in such patterns take place as time passes. The structure of the 
velocity field and the number of rising solutal plumes exhibit sensitivity to the number of 
droplets and to the possible presence of surface Marangoni effects. New classes of 
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possible instability mechanisms (pulsating, traveling, erratic) are identified, described and 
compared with other canonical phenomena traditionally considered in the literature as 
reference problems for the study of the evolution a system may exhibit from the 
stationary state to the fully developed turbulent regime (i.e. the instabilities of pool fires 
and of gas mixtures, the classical Rayleigh-Bénard problem with the related "wind of 
turbulence", etc.). 
 
 

1. INTRODUCTION 
 
When a liquid system with a miscibility gap is cooled below the so-called "critical 

temperature" (Tc), it demixes into two liquids of different compositions and densities. Above 
Tc both components are completely miscible in the liquid state, but below this temperature 
two immiscible liquids coexist (they are usually referred to as the "majority" and "minority" 
phases). 

Many alloys of technological interest exhibit such a feature; there are, in fact, several 
interesting and relevant examples in both the inorganic and organic realms (sulfides and 
silicates systems, glasses, many metallic composites used as superconductors, magnetic 
materials and high-performance electrical contacts). The properties of these materials are 
linked to the internal structure, which develops as the alloy solidifies from its molten state. 
Therefore, research in this area is primarily concerned with advancing the understanding of 
the related processing so that the structure and, ultimately, the properties of the alloy, can be 
controlled as the materials are originally formed. 

In the Earth’s gravitational field the usual differences in density cause rapid spatial 
separation of the components of these alloys through sedimentation or flotation. This prevents 
homogeneous distribution of particles in the matrix using simple and inexpensive casting 
processes (Ratke, 1992). Superimposed on this is the fact that during the solidification 
process, the melt is subject to temperature gradients. In a gravity field, they lead in most cases 
to buoyancy driven convective flows and regardless of the presence of gravity (i.e. also under 
microgravity conditions) they can produce Marangoni stresses at the interface between the 
two liquids. 

These stresses have been found to be directly or indirectly responsible for several 
additional complex and intriguing phenomena. In microgravity conditions they act as the 
driving force for the so-called "Marangoni migration": due to the surface Marangoni stress 
distribution induced by thermal effects free liquid drops surrounded by an immiscible liquid 
migrate towards the hot region (see, e.g., the experimental results of Langbein and Heide, 
1984, 1987; Braun et al., 1993 and the numerical simulations of Bassano, 2003; Lappa, 2005a 
and Esmaeeli 2005). On the ground, the presence of thermal Marangoni surface stresses can 
be the source of fascinating fluid-dynamic instabilities driven by the direct opposition of 
thermal to solutal (dissolution) effects (Lappa et al., 2004a,b). 

Even if, as explained before, the phases behave as immiscible liquids when they are 
formed, droplets, formed in some regions by cooling of the considered alloy, can move, due 
to the aforementioned gravitational sedimentation, to regions with different temperature, e.g., 
towards the bottom of the container that is typically colder than the top (the system is usually 
cooled from below to avoid the onset of massive thermal buoyancy convection). Since the 
phases, on the basis of the phase diagram, have different equilibrium concentrations at 
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different temperatures, a droplet that is in equilibrium (i.e. immiscible) with the surrounding 
liquid in a certain region at a certain temperature will no longer be in such a stable condition 
if it rapidly moves to another zone with a different temperature. Therein, in fact, it will tend to 
return to equilibrium exchanging mass with the surrounding phase and leading to the onset of 
solutal convection. 

Owing to this behavior, the interaction between liquid drops and the surrounding fluid 
becomes very complex. It is manifested by a fluid motion brought about by different 
coexisting mechanisms: Marangoni convection, generated by the interfacial stresses due to 
temperature gradients along the drop surface (thermocapillary convection) and gravitational 
convection driven by the volumetric buoyancy forces caused by thermally and/or solutally 
generated density variations in the bulk of the fluid. As outlined above, the delicate interplay 
among these effects can lead to the onset of oscillatory phenomena. 

These instabilities represent an additional aspect of the problem that should be taken into 
account in addition to the aforementioned migration and sedimentation mechanisms 
pertaining to the droplets and other well-known relevant phenomena of different spatial 
extensions and temporal durations (droplet coagulation and coalescence prevention 
mechanisms, see, e.g., Lappa 2005b,c for a review). Many of these effects are still poorly 
known, due to the experimental difficulties encountered when trying to discern the separate 
contributions provided by many concurrent and interacting mechanisms (the aforementioned 
droplet nucleation and ensuing growth, sedimentation, Marangoni migration, coalescence, 
dissolution and related interplay of all these aspects). During material processing the different 
effects cannot be separated; they all act together and the related mutual interference can be 
very complex. 

Some of these limitations, however, can be removed if a single stationary droplet is 
considered. This fundamental situation is considered in the first part of the present analysis 
(Section 5). Conditions corresponding to the aforementioned lack of equilibrium (in terms of 
surface concentration distribution) are reproduced by directly injecting the pure liquid 
representing the minority phase into the majority phase at a temperature below the critical 
one. This is accomplished by means of a needle and, accordingly, a single dissolving droplet 
anchored to the top of the needle is obtained. Drop coagulation events cannot occur since a 
single drop is present and drop motion is prevented by the fact that the droplet is locked to its 
initial position. 

Two different fundamental thermal situations are considered: isothermal (Sect. 5.1) and 
non-isothermal liquid (Sect. 5.2, vertical temperature gradient imposed across the container). 
The latter one better reproduces conditions corresponding to real industrial processes (where, 
as explained before, the materials are formed by means of a thermal quench of the initially 
homogeneous mixture exhibiting a miscibility gap from temperatures above the gap to lower 
temperatures inside the gap). In such a context the onset of oscillatory convection is 
investigated for different possible initial volumes of the droplet. These results are refined in 
Sect. 5.3 that reports a variety of possible scenarios as a function of the applied temperature 
gradient. 

It is worth anticipating that in the light of these studies, beyond technological aspects, the 
considered single-drop configuration also exhibits the features of an intriguing patter-forming 
dynamical system. As a consequence, in addition to its technological and industrial 
significance, it becomes clear that the problem under consideration in this chapter also 
exhibits a theoretical kinship with the complex of problems that come under the heading 
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“route to chaos”. Hence, it can be also regarded as an interesting and relevant subject of 
investigation within the framework of fundamental studies focused on the possible 
bifurcations of complex systems. 

The second part of the chapter (Section 6) extends the investigation to the more realistic 
situation in which a relatively large number of droplets are uniformly distributed on the 
bottom of the container (i.e. a discrete layer of N drops for different values of N). It is shown 
how the convective structures originated from the different droplets can interact in 
unexpected ways and, therefore, "ensemble behaviors" with many interacting droplets, should 
be regarded as an important aspect of the problem (Lappa, 2006). Due to their geometric 
complexity, such configurations have not been studied in great detail. They are still a 
challenging task for numerical simulation. Nevertheless, numerical simulations are of 
fundamental importance within the context of these studies. From an experimental point of 
view, in fact, for N>1 the concentration pattern (interferometric fringes, see Sect. 2 for 
additional details) around the droplets becomes so complex that a coherent re-construction of 
its structure is very difficult (often impossible). Accordingly the first part of the present 
chapter (dealing with the single-droplet configuration) proceeds with the support of both 
experimental and numerical investigations whereas the second part (multi-droplet 
configuration) is mostly based on computer simulations. 

 
 

2. LIQUIDS, GEOMETRICAL PARAMETERS AND CONFIGURATION 

UNDER INVESTIGATION 
 

2.1. Liquid-Liquid System 
 
According to the major difficulty in investigating liquid metals for their opaqueness, 

organic liquids are often used as model substances. For instance, methanol and cyclohexane 
have been selected and investigated both in Earth and in space laboratories since they are 
transparent liquids exhibiting a miscibility gap in the phase diagram. They are used as model 
liquids for the present analysis as well (see Table I for the related physical properties). 

 
Table I. Physical properties of the cyclohexane-methanol system 

((1) pure methanol, (2) pure cyclohexane) 
 

Diffusion coefficient D [m2 s-1] 2x10-9 

Density  [kg m-3] 0.782x103  

Density  [kg m-3] 0.769x103  

Kinematic viscosity  [m
2 s-1] 1.03x10-6  

Kinematic viscosity  [m
2 s-1] 1.275x10-6  

Solutal expansion coefficient c1 [-] -4.62x10-2 

Solutal expansion coefficient c2 [-] 4.95x10-2 

Thermal expansion coefficient  [K
-1] 1.14x10-3  

Thermal expansion coefficient [K
-1] 1.14x10-3 

Specific heat Cp [J kg-1K-1] 2.51x103  
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Specific heat Cp2 [J kg-1K-1] 1.86x103  

Thermal conductivity  [J m-1s-1K-1] 2.02x10-1  

Thermal conductivity [J m-1s-1K-1] 1.25x10-1  

Surface tension derivative T [dyne m-1K-1] 17.42 

 
As anticipated, conditions corresponding to lack of equilibrium (induced by the 

gravitational shift of droplets formed in the bulk by the spontaneous thermodynamic 
decomposition process, to zones with different temperature) are reproduced here by simply 
considering initial conditions with droplets of pure methanol surrounded by pure cyclohexane 
at a temperature below the critical one (the fluids are miscible in such a condition). The 
droplets are attached at the tip of the needles used to inject them into the matrix from the 
bottom of the container. 

 
 

2.2.Experimental Technique 
 
The experiments have been performed using a cell made of quartz, 1 [cm] x 1 [cm] x 4 

[cm], filled with liquid. The generic droplet is formed at the tip of a capillary. This tube is 
made of glass (SIGMA P-6679) and has external diameter d =1 [mm]. 

Within the test cell filled with cyclohexane, an isothermal or non-isothermal temperature 
field can be established. Two Peltier elements at the top and bottom walls can be controlled, 
in fact, to obtain a constant temperature inside the enclosure and/or to introduce a temperature 
gradient parallel to the axis of the aforementioned capillary tube used to inject and sustain the 
droplet. In the latter case (non isothermal conditions), the test cell is heated from above in 
order to prevent the onset of large-scale thermal buoyancy convection in the liquid bulk. 

The experimental procedure includes the direct visual observation of droplets and an 
interferometric analysis performed to analyze the concentration field and therefore the mass 
transfer at the liquid-liquid interface. In particular a Wollaston lateral shearing interferometer 
[Malacara] has been used to analyze refraction index gradients: fringes correspond to the 
locations having equal values of the component of gradient along the shearing direction. The 
variation of gradient along the shearing direction related to consecutive fringes is given by 
/L,  being the wavelength, L the cell thickness and  the shearing distance. By rotating the 
Wollaston prism by 90° horizontal and vertical shearing can be obtained; for the experiments 
with single drops, in practice the direction is horizontal, being the problem axisymmetric 
along the capillary axis. The light source is a diode laser, nm] (Micro Laser 
Systems) and the wave-front deformation of the cell's quartz walls amounts to in order to 
reduce optical aberrations. 

A digital camera (Hamamatsu) has been also used, having a sensor area of 8.58 x 8.58 
[mm2], and a resolution of 1024 x 1280 pixels and providing a direct visualization in the 
direction perpendicular to the axis of the capillary tubes. 
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3. NUMERICAL METHOD 
 
A number of mathematical models and methods have appeared for numerical/theoretical 

analysis of the fundamental mechanisms related to phase separation in alloys with a 
miscibility gap when they are disjoint or partially combined. For the sake of simplicity, non-
miscible liquids (like oil and water) have often been selected as model fluids for fundamental 
studies concerning the sedimentation and migration phenomena; these particular aspects have 
been treated within the framework of Volume of Fluid ("VOF" also referred to as "Volume 
Tracking") techniques. 

VOF-based simulations, however, are still very rare in literature (rare and excellent 
efforts have been provided by Mehdi-Nejad et al., 2003 for the case of droplet sedimentation; 
and Haj-Hariri et al., 1997 for the case of Marangoni migration). 

As discussed by Rider and Kothe, 1998, in fact, these techniques yet possess solution 
algorithms that are too often perceived as being heuristic and without mathematical 
formalism. Part of this misperception lies in the difficulty of applying standard hyperbolic 
PDE (Partial Differential Equations) numerical analysis tools, which assume algebraic 
formulations, to methods that are largely geometric in nature (hence, the more appropriate 
term volume tracking). To some extent the lack of formalism in volume tracking methods, 
manifested as an obscure underlying methodology, has impeded progress in evolutionary 
algorithmic improvements and application in particular to the case of systems with a 
miscibility gap (classical Volume of Fluid methods need to be modified (re-formulated) to 
account for interface motion (expansion or contraction) induced by solute absorption or 
release). 

An alternative numerical approach for the analysis of the dissolution kinetics and fluid-
dynamic instabilities mentioned in the introduction, could be based, in principle, on the so-
called linear stability analysis. This approach allows one to avoid the straightforward 
integration in time that would be required by Volume of Fluid methods as well as the solution 
of the Navier-Stokes equations in their complete and non-linear form. The related 
mathematical treatment of the problem generally proceeds along the following lines: an initial 
flow that represents a stationary state of the system is considered. By supposing that the 
various physical variables describing the flow suffer small (infinitesimal) increments, the 
equations governing these increments are obtained. In obtaining these equations from the 
relevant equation of motion, all products and powers (higher than the first) of the increments 
are neglected while retaining only terms that are linear in them. Since stability means stability 
with respect to all possible (infinitesimal) disturbances, for an investigation on stability to be 
complete it is necessary that the reaction of the system to all possible disturbances be 
examined. This is accomplished by expressing an arbitrary disturbance as a superposition of 
certain basic possible modes and examining the stability of the system with respect to each of 
these modes. In practice, this approach considers all possible infinitesimal perturbations and 
usually provides better understanding of the instability mechanisms as well as more precise 
critical values of the governing parameters. 

Despite the important capabilities offered to the investigators by linear stability analyses, 
it is opinion of the author of this chapter, however, that the direct straightforward integration 
in time of the governing balance equations offers even more interesting advantages for the 
case under investigation here. This philosophy can provide, in principle, a wealth of 
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additional aspects that could not be obtained on the basis of linear stability computations: The 
effective amplitude of the disturbances when they are saturated; the behavior of the system far 
from the threshold point; a quite exhaustive picture of the subsequent stages of temporal 
evolution, etc. 

The effective capability of the VOF methods to capture fluid-dynamic instabilities driven 
by surface processes (with these methods the interface separating the two liquids must be 
smeared over a region with a non-zero thickness) has been recently proven (the DDVOD 
method, see Lappa, 2005d). The basic features of the DDVOF are discussed in Sect. 3.1. 

 
 

3.1. DDVOF - Volume of Fluid Method for Dissolving Drops 
 
The DDVOF is a single-region formulation and allows a fixed-grid solution to be 

undertaken. It is therefore able to utilize standard solution procedures for the fluid flow and 
species equations directly, without resorting to mathematical manipulations and 
transformations (e.g., body-fitted curvilinear coordinates). 

The model is based on the mass-balance equations. The diffusion of the species is 
governed by the equations (drop=phase 1=1, matrix=phase 2=0): 

 

  1
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where D is the interdiffusion coefficient, C1 and C2 are the concentrations (mass fraction) 

of one of the two components (for instance, methanol) in the minority (drop) and majority 
(matrix) phases, respectively, and  is the well-known phase variable traditionally used in the 
context of VOF methods. 

The species equations (1) and (2) are solved throughout the computational domain 
including the drop and the matrix. The presence of the terms  and (1-) ensures, in fact, that 
each equation characterizes a different phase. The initial constant concentrations in the 
generic drop and in the matrix are denoted by C1(o) and C2(o), respectively (for the case under 
investigation: C1(o) = 1, i.e. drop of pure methanol and C2(o) = 0, i.e. matrix of pure 
cyclohexane). As time passes, owing to molecular diffusion through the interface, the drop 
tends to be enriched with cyclohexane (i.e. C1 becomes <1), correspondingly, the majority 
external phase tends to be enriched with methanol (i.e. C2 becomes >0). 

The behavior of the two phases is coupled through the equilibrium concentration values 
imposed on the two sides of the liquid-liquid interface (this means that when a drop of pure 
methanol is injected into the cyclohexane liquid matrix, it is assumed that equilibrium at the 
liquid/liquid interface is attained instantaneously, see Perez De Ortiz and Sawistowski, 
1973a). The aforementioned values come from the miscibility law (see Figure 1) according to 
the local value of the temperature of the interface (for isothermal conditions, of course, the 
equilibrium values are constant along the interface). 

At the interface (0<<1, 0 ), the concentrations must satisfy the equilibrium 

conditions: 
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i.e. the equilibrium methanol concentrations at the consolute points of the miscibility 

diagram (Figure 1a). 
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Figure 1. Phase diagram (a) and density versus methanol concentration (b) for the cyclohexane-
methanol system. 

Equations (3) behave as ‘moving boundary conditions’. Note that in place of the ‘sharp’ 
transition from one phase to the other that would characterize a multiple-region formulations 
(in that case the interface separating the bulk phases is a mathematical boundary of zero 
thickness), here (following the VOF philosophy) the phase field varies smoothly but rapidly 
through an interfacial region whose thickness is not zero. This region, defined by the 
mathematical conditions 0 ,0<<1, moves through the computational domain according 

to the behavior of the different phases (i.e. according to the behavior of ). 
The flow is governed by the continuity, and Navier-Stokes equations: 
 

0 V  (4) 
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where, in turn, the density  and the dynamic viscosity  read 
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the Boussinesq approximation being used to model the buoyancy forces( C and C are 

the solutal expansion coefficients related to the mutual interpenetration of the phases (1) and 
(2),  and , the thermal expansion coefficients, Tref a reference temperature). 

The temperature distribution is governed by the energy equation: 
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where the thermal conductivity  and the specific heat CP are computed as  
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The core of the DDVOF method is its technique for adjourning . The tracking of the 

interface between the phases is accomplished by the solution of a special continuity integral 
equation for the volume of each liquid drop (taking into account the release or absorption of 
solute through its interface). Within this context the generic liquid drop is assumed to be a 
sphere of radius Ri increasing due to growth or decreasing due to dissolution (the assumption 

of spherical shape is reliable when the Bond number 

 2gR

Bo


  is sufficiently small, i.e. for 

small droplets and/or relatively large values of the surface tension ). 
If  denotes the velocity with which the interface moves through the reference frame, the 

overall jump mass balance reads     0 nV  where Vn is the fluid velocity component 

orthogonal to the free surface. Assuming 12 (see Table I) the above equation reduces to 

     21 nn VV 
21 nn VV  . Moreover, 0nV  on both sides of the interface since there is 

no local macroscopic convective transport of fluid across the drop surface (the inward or 
outward motion of the interface being only based on molecular diffusion). Thus the specie 

balance jump equation   0
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Where m is the mass flow rate through the interface (n points towards the matrix; if the 

generic drop dissolves, m  is positive and  is negative, i.e. m  with 
dt

dRi  ); therefore 

 

C
n

C

n

C
D

ii














 12  with 

ii
CCC 21    

(9b) 

 
i.e. the difference between the diffusive solutal fluxes computed at the two different sides 

of the dissolving liquid-liquid surface is balanced by the convective contribution due to the 
interface motion. In conclusion integrating over the surface of the generic drop, one obtains 
for the time evolution of its radius: 
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where S is the surface of the drop, and 
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As shown in eq. (13), in practice, the unit vector n̂  perpendicular to the interface results 

from the gradient of a smoothed phase field 


, where the transition from one phase to the 

other takes place continuously over several cells (typically 8 or 10 for a grid having 400x400 

points) . The smoothed phase field 


 is obtained by convolution of the unsmoothed field  

with an interpolation function. The interface orientation depends on the direction of the 

volume fraction gradient of the phase 


 within the cell, and that of the neighbor cell (or 

cells) sharing the face in question. Depending on the interface’s orientation and on the side 
(phase (1) or phase (2)) on which computations are performed, concentration gradients can be 
discretized by forward or backward schemes. After the computation of the radius at the new 
instant (n+1), then the distribution of the phase variable  is reinitialized to take into account 
the volume change, i.e. for r<Ri and  for r>Ri. 

Equations (1), (2), (4), (5), (7) and (10) for each drop represent a system of five partial 
differential equations and N ordinary differential equations (N=number of droplets) whose 
solution governs the nonlinear behavior of the physical system under investigation. 

It is worth recalling that the present mathematical model and related numerical technique 
can be regarded as a very hybrid volume-tracking method. 

In the "classical" VOF methods, the phase field variable  is ‘advected’ solving an 
appropriate partial differential transport equation; as mentioned before, this formulation is 
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traditionally used for the solution of typical problems dealing with the migration of bubbles 
or drops in liquids. It relies on the fact that the fluids are not interpenetrating. For the present 
method the equation governing the evolution of  comes from mass-balance conditions rather 
than from transport. Moreover, interpenetration of the different fluids is allowed according to 
the coupled behavior of eqs. (1), (2) and (10). 

Moreover, as previously pointed out, the present model, assumes the drop shape to be 
spherical. In the classical VOF methods the shape of the interface is unknown: is computed 
solving a separate equation, then the interface is reconstructed within the framework of a 
special geometrical algorithm (e.g., SLIC or PLIC, see Lappa, 2005c). In the present case, it 
is the opposite. The interface shape is assumed to be known. Its radius is computed solving 
the separate integral balance equation (10) and finally the phase variable is defined on the 
basis of the current value of the radius. The introduction of the phase variable is still 
necessary since, from a computational point of view, it is used for the definition of the 
materials physical properties as shown by eqs. (6) and (8). As illustrated before, it is also used 
as a practical geometrical variable for the definition of the unit vector perpendicular to the 
fluid/fluid interface. 

Equation (10) provides a necessary coupling among the species and momentum 
equations. The density and the dynamic viscosity of the liquid in eq. (5), in fact, are computed 
according to the instantaneous distribution of . Additional coupling between the species and 
momentum equations is due to the volume force term (Boussinesq approximation) in eq. (5). 

The additional source term FMa in eq. (5) takes into account the other driving force 
involved in the phenomena under investigation, i.e. the Marangoni effect. The strategy used 
herein to account for this force, in fact, is based on the Continuum Surface Force (CSF) and 
Stress (CSS) models (the philosophy underlying this approach is quite complex and is not 
treated here for the sake of brevity; the reader will find all the necessary details in the 
excellent study of Haj-Hariri et al., 1997); with this model surface tension gradients along the 
interface (Marangoni stress) are incorporated as body forces per unit volume in the 
momentum equations rather than as boundary conditions: Thus the second source term in eq. 
(5) reads 

 

  














 TnnI
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(14) 

 

where  is the surface tension,  its temperature derivative and I  the identity matrix. 

Note that following Warren and Webb (1969) the sole (experimentally determined) parameter 
T is needed to account for the dependence of the surface tension on both T and C (the 
surface equilibrium concentrations, in fact, are not free parameters but, in their turn, functions 
of T as shown by Figure 1 and Eqs. (3)). 

The Navier-Stokes equations (4) and (5) together with the species and energy equations 
can be solved within the framework of a standard projection method (see, e.g., Brown et al., 
2001; Armfield and Street, 2002; Guermond et al., 2006). These methods are not described 
here since they are well known. 
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4. PLUME DYNAMICS 
 
Before embarking on the detailed description of the convective structures originated from 

single- or multi-droplet configurations and related instabilities, it is worth opening a brief 
discussion about the dynamics of plumes originated from localized sources of buoyancy 
(regions of finite extent with a constant solute concentration). At this stage of this chapter the 
brief treatment of this classical subject must be regarded as a necessary pre-requisite 
introduced to support the reader in the reading and understanding of the next sections (where 
concepts such as "plume", "plume cap", "jet", etc. are at the basis of the discussions). 

The attention is focused on the development of a single plume from a line source of 
solute. A single laminar plume, also known as a free or unbounded plume, develops as the 
fluid near a point or line solute source begins to rise. As the lighter fluid rises, it pushes aside 
the material above it and is, itself, in turn deflected. The rising material produces a stalk, 
while the deflected fluid produces a cap on top. As the pushing and deflection continue, the 
edge of the cap may further fold over. The result is something that looks like a mushroom. 

As outlined above, there are two types of commonly studied free plumes: a 2D line 
source plume that is produced by placing a horizontal source of finite extent in a box, and an 
axisymmetric plume created by a point source. Theory for steady laminar plumes is well-
established. Scaling arguments indicate that the vertical velocity is constant (Batchelor, 
1954). Numerical results are available for different cases (e.g. Fujii 1963; Brand and Lahey 
1967; Worster 1986). These analyses are valid for the plume stem far from the leading edge 
(the cap) and do not specify the cap behavior. 

Studies about the starting (cap) behavior are due to Moses et al., (1993), Kaminski and 
Jaupart, (2003). It is well-known since 1954, however, that as a plume rises, it widens due to 
the diffusion of both solute and momentum in the lateral plane (Batchelor, 1954). A line 
source plume forms a wedge, with the angle controlled by the rate of entrainment (Batchelor, 
1954). 

It is also known that different regimes of plume growth (categorized in terms of relative 
thickness of solutal and velocity boundary layers along the plume body) are possible in the 
Sc-Ra space (where Sc=/D is the Schmidt number,  being the liquid kinematic viscosity 
and Ra=gc(C)L3/D is the solutal Rayleigh number, L being a reference length and C the 
solute gradient between the source and the surrounding liquid). 

These distinct regimes of plume growth can be delineated by varying systematically the 
Rayleigh and Schmidt numbers. They, as mentioned above, are basically defined by the 
growth of solutal and velocity boundary layers with the plume height. The variation in the 
thickness of these boundary layers leads to partition the Ra–Sc number space into three 
regimes of plume growth. 

The diffusive-viscous regime (DV) is defined by both wide solutal and velocity boundary 
layers. Plumes in this regime have thick plume stems with no distinct plume heads and no 
strong vortices.  

The strength of the diffusive component is clearly evident in the concentration map. It is 
responsible for the homogenization of the concentration field around the plume, which leads, 
as mentioned above, to a thick plume stem without a separate plume head. The velocity field 
for a plume with Sc=1 and Ra=105 is shown in Figure 2a. There are cells of opposite vorticity 
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on the right and left halves of the plume. The cells are relatively diffuse and no strong 
spiraling vortices are seen. 

This regime is characterized by low Rayleigh numbers (O(105)) and Schmidt numbers of 
order unity. Due to the lack of fine-scale turbulent structures, numerical simulations of this 
regime can be conducted with relatively coarse grids. 

The viscous-nondiffusive regime (VND) is defined by thin concentration boundary layers 
and thick velocity boundary layers. It has thin plumes with sharp features and no strong 
vortices. Figure 2b shows that the plume shape is clear and distinct with a thin stem. The 
plume has a well-defined head with side lobes. With time the plume lobes remain relatively 
distinct and are not significantly deformed by vortex structures. The vorticity field is featured 
by two broad regions of opposing vorticity on each side of the plume without sharp vortices. 
The thick velocity boundary layers seen in this flow result in the velocity being dissipated by 
viscous friction rather than by vortices. 

This regime occurs typically at Ra=O(107) and higher Schmidt number (ScO(10)). Since 
it is characterized by small, thin plume structures due to the low diffusion coefficient, fine 
grids are required to properly capture the related dynamics. 

The inviscid-nondiffusive (IVND) regime is defined by both thin concentration and 
velocity boundary layers. The nondiffusive nature of the regime can be clearly observed in 
the concentration field (See Figure 2c). The plume has a thin, sharp stem with a well-defined 
cap and lobes that are significantly deformed by vortex structures. 

This regime takes place for high Rayleigh numbers (Ra>O(106)) and Schmidt numbers 
=O(1). This is the most turbulent of the possible regimes. It is characterized by fine, turbulent 
structures that cover a wide range of small scales. This makes the regime the most difficult 
one from a computational point of view. 

 

a) b) c) 

Figure 2. Example of plumes (concentration contour map and streamlines) for various possible regimes 
(the plume is obtained by placing a line solute source at the center of the bottom surface of a box): a) 
Viscous-diffusive regime (DV) Sc=O(1) and Ra=O(105), b) Viscous-nondiffusive regime (VND) 
Sc=O(10) and Ra=O(107), c) Inviscid-nondiffusive regime (IVND) S=O(1) and RaO(107). 
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In the DV regime, the diffusion of solute away from the plume into the surrounding fluid 
tends to result in broader, more large-scale structures, whereas the VND and the IVND 
regimes, are characterized by a wide range of small-scale structures. 

The regimes related to the experimental configuration described in Sect. 2 and depicted in 
detail in Sect. 5 and 6 correspond to the VND regime (Sc=O(103), Ra=O(108)). 

 
 

5. SINGLE-DROPLET CONFIGURATION 
 
Hereafter, some experimental results (supported by numerical simulations in the 

framework of the DDVOF method) are discussed as relevant examples of the curious 
dissolution phenomena that may be encountered when dealing with a single dissolving 
droplet. 

First, the attention is focused on the case of an isothermal configuration, then the 
presence of a temperature gradient is considered and compared with the isothermal condition. 
It is worthwhile to stress how, in the case of constant temperature throughout the system, the 
onset of Marangoni stresses at the drop surface is prevented. In this case, in fact, neither 
temperature nor solutal gradients can exist at the interface separating the fluids (the 
equilibrium concentration values outside and inside the droplet, respectively, are constant 
along the surface). The comparison between isothermal and nonisothermal conditions, allows 
the role played by the Marangoni effect in the dissolution process and on the associated 
convective mechanism to be discerned. 

 
 

5.1. Dissolution in Isothermal Conditions 
 
According to the experimental results, if a droplet of methanol is formed on the tip of a 

capillary immersed into the cyclohexane (Figure 3), in spite of the small differences in 
density between the drop and the surrounding matrix, a convective plume is clearly observed; 
a jet originates at the tip of the drop and is directed upward (Figure 4). 

In earlier experiments with different liquid-liquid systems (aniline/water, 
isobutanol/water, ethilacetate/water, see Agble and Mendes Tatsis, 2000) similar convective 
plumes were also observed. In these studies, the systems basically consisted of sitting drops 
or of pendant drops. It was shown that the convective plume originated from the drop is 
directed downward or upward according to whether the liquid is heavier or lighter than that 
used for the matrix. 

For the system under investigation, the droplet (methanol) is heavier than the surrounding 
matrix. Nevertheless, the experiments performed in this case (isothermal conditions) show an 
upward methanol flow, starting from upper point of the drop. This flow corresponds to the 
classical solutal plume typically observed in the buoyant phenomena illustrated in Sect. 4. 
This means that for the case treated here a rising plume is created in the host liquid 
(cyclohexane) despite this liquid exhibiting a smaller density with respect to the drop 
(methanol). Such an apparent counterintuitive behavior, in reality, is a consequence of the fact 
that the density of the cyclohexane-methanol system does not necessarily behave as an 
increasing function of the methanol concentration and can be a decreasing function for small 
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values of this concentration (Figure 1b). In practice, at the early stages of the dissolution 
process, the density of the majority phase (rich in cyclohexane) tends to become smaller even 
though methanol is heavier than cyclohexane. 

 

y

x

a) b) 
 

Figure 3. a) Sketch of the geometrical configuration; b) Liquid drop at the tip of the capillary tube. 

 

 

 

Figure 4. Figure 5. 

Rising plume from a droplet of methanol dissolving in cyclohexane (uniform temperature distribution 
T= 25 [°C], initial drop volume 3 [l]): Figure 4, experimental results, Figure 5, numerical results. 
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(a)     (b) 

  
(c)      (d) 

   
(e)     (f) 

 

Figure 6.Computed evolution of the concentration and flow-field patterns at the beginning of the 
dissolution process (droplet of methanol dissolving into a matrix of cyclohexane, initial volume of the 
droplet 3 [l]). The time intervals are 8 [s]. 

As shown in Figure 6, after an initial transient time, a quite stable buoyant rising jet 
continuously carrying methanol towards the top of the test cell is created (Figure 5). 
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This case is particularly significant and relevant within the context of this chapter since it 
demonstrates (in principle) that, owing to the particular density behavior of systems with a 
miscibility gap, drops sedimented to the bottom of the enclosure containing the immiscible 
alloy can give rise to rising solutal jets even though they are heavier than the surrounding 
liquid. 

 
 

5.2. Dissolution in Non-Isothermal Conditions 
 
If a temperature gradient (T/x) is applied to the liquid matrix, by heating the top of the 

test cell and cooling the bottom, the regular release of methanol in the rising jet discussed in 
Sect. 5.1, is taken over by a new spatiotemporal behavior (Lappa et al., 2004a). 

For sufficiently small values of the temperature gradient (T/x), the transport of 
methanol in the rising jet is similar to that obtained in the case of isothermal conditions, but if 
T/x exceeds a certain critical value (for instance, for a droplet having an initial volume of 3 
[l], the critical T/x is about 1 [°C cm-1]), the aforementioned mechanism undergoes a 
transition to an oscillatory axisymmetric complex flow pattern. 

Instead of a steady regular plume, release of solute occurs in the form of discrete events 
separated by certain time (and thus space) intervals. 

The instability, in fact, leads somehow to a periodic shooting of a packet of lighter fluid 
in the surrounding liquid (Figure 7). 

This behavior appears in the generic meridian plane in the form of a couple of curls that 
are initially formed close to the drop surface and then are transported upward by buoyancy 
effects. In practice, the phenomenon behaves as a disturbance traveling towards the top (i.e. a 
perturbation of the solutal and flow field periodically rising along the symmetry axis). 

 

  

  

Figure 7. Experimental results (patterns of interference fringes): oscillatory instability of the 
axisymmetric plume rising from a drop of methanol dissolving in a cyclohexane matrix with T/x = 
2.3 [°C cm-1] (Taverage=27 [°C]). The initial volume of the drop is 3 [l]. The images are taken at time 
intervals of about 1 [s]. One period of the oscillating behavior is shown. 
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This scenario is confirmed by the numerical simulations (Figure 8). The mathematical 
model and the associated numerical algorithm introduced in Sect. 3 are able to capture the 
complex time-dependent phenomena and to elucidate some experimental behaviors. For 
instance, the numerical simulations in Figure 8 show that the curls in the interference-fringe 
pattern correspond to the presence of a toroidal convection roll periodically released at the 
peak of the dissolving drop. 

 

 

 

 

Figure 8. Computed evolution of the unstable solutal plume: concentration and flow field patterns for a 
3 [l] droplet of methanol dissolving into a matrix of cyclohexane with T/x=2.3 [°C cm-1] (Taverage=27 
[°C]). One period of the oscillating behavior is shown (the period  has been divided into 6 parts and 
the concentration and velocity fields are shown in figs a,b,c,d,e,f corresponding to t=0, /6, /3, /2, 
2/3, 5/6, respectively, with 19 [s]). 

5.3. Higher Modes of the Unstable Convection 
 
If the analysis is extended to higher values of the imposed temperature gradient, as 

expected, the phenomena exhibit an increasing degree of complexity (Lappa and Piccolo, 
2004). 

The periodic release of the aforementioned convection roll tends, in fact, to become very 
intricate. Figures 11 and 12 show intriguing computed stages of evolution of the solutal 
plume in the case of a droplet having initial volume 5 [l] and T/x= 5 [°C cm-1] and 8 [°C 
cm-1], respectively. 

The behaviors in these figures provide a clear evidence for the high sensitivity that these 
systems exhibit to the applied temperature difference. Very complex scenarios arise. The 
rising jet is not only broken into discrete temporal events, but loses its single-finger structure 
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(shown in Figures 7 and 8). In the generic meridian plane, in fact, two somewhat wave-
shaped branches appear (see, in particular, Figure 9). 

 

  

Figure 9. Computed vector velocity field and solutal plume: concentration and flow-field patterns for a 
5 [l] droplet of methanol dissolving into a matrix of cyclohexane with T/x=5 [°C cm-1] (Taverage=27 
[°C], t= 88.0 [s]). 

The frequency with which the toroidal vortices are released increases as a function of 
T/x and, accordingly, many interacting rolls can simultaneously affect flow and solute 
distribution in the test cell. Figure 9 show, in particular, that the multicellular structure along 
the symmetry axis is featured by a periodic alternance of toroidal rolls with small and large 
diameter. This effect is responsible for the ondulations in the aforementioned two opposed 
branches (visible in the concentration distribution for the generic meridian plane). 

 
Table II. Modes of convection as they appear in the generic meridian plane (5 [l] 

droplet of methanol dissolving into the matrix of cyclohexane) 
 

T/x [°Ccm-1] Regime 

<1.2 Stable plume 
1.5 Pulsating rising jet - single finger structure 
5 Periodic shooting of solutal packets (sinusoidally shaped branches) 
8 Quasiperiodic shooting of solutal packets (sinusoidally shaped branches) 
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Progression from spatial "order" to "disorder" versus T/x is shown in Figures 10, 11 
and 12. Superimposed on these aspects is the evolutionary transition from the initial steady 
state to a final quasi-periodic fluctuating flow regime that appears if the phenomenon is 
considered from a temporal point of view. 

When T/x is sufficiently small a well-defined frequency (f0) can be identified but other 
incommensurable frequencies superimpose on the principal one when T/x is increased. 

Table II summarizes the prominent spatial and temporal structure of the rising solutal jet 
as a function of the increasing T/x: "stable plume", "pulsating rising jet - single finger 
structure", "periodic shooting of solutal packets - sinusoidally-shaped branches", 
"quasiperiodic shooting of solutal packets - sinusoidally-shaped branches" are the different 
possible regimes of evolution of the system shown, respectively, in Figures 5, 10, 11 and 12. 

This time-dependent oscillatory convection is not only of inherent phenomenological 
significance, but it is also of prime practical interest to ground-based immiscible alloys 
processing. The oscillatory thermosolutal convection generated by the drop, in fact, could 
influence solute segregation and interfere with solidification mechanisms in a significant 
manner. 

 

 
(a)   (b)    (c)  (d) 
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(e)   (f)    (g)   (h) 

Figure 10. Computed evolution of the unstable solutal plume: concentration and flow-field patterns for 
a 5 [l] droplet of methanol dissolving into a matrix of cyclohexane with T/x=1.5 [°C cm-1] 
(Taverage=27 [°C]): one period of oscillation is shown by means of subsequent snapshots. 

 

 
(a)   (b)    (c)   (d) 

Figure 11. (Continued). 
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(e)   (f)    (g)  (h) 

Figure 11. Computed evolution of the unstable solutal plume: concentration and flow-field patterns for 
a 5 [l] droplet of methanol dissolving into a matrix of cyclohexane with T/x=5 [°C cm-1] (Taverage=27 
[°C]): (a) t= 17.9 [s]; (b) t= 27.7 [s]; (c) t= 34.2 [s]; (d) t= 42.4 [s]; (e) t= 52.2 [s]; (f) t= 68.5 [s]; (g) t= 
88.0 [s]; (h) t= 117.4 [s]. 

 

 
(a)    (b)  (c)   (d) 



Single- and Multi-Droplet Configurations out of Thermodynamic Equilibrium… 23

 
(e)   (f)    (g)  (h) 

Figure 12. Computed evolution of the unstable solutal plume: concentration and flow-field patterns for 
a 5 [l] droplet of methanol dissolving into a matrix of cyclohexane with T/x=8 [°C cm-1] (Taverage=27 
[°C]): (a) t= 17.9 [s]; (b) t= 24.5 [s]; (c) t= 27.7 [s]; (d) t= 44.0 [s]; (e) t= 52.2 [s]; (f) t= 65.2 [s]; (g) t= 
76.6 [s]; (h) t= 86.4 [s]. 

 
 

5.4. Some Scaling Arguments 
 
This section is devoted to the discussion of the intrinsic nature of the curious instabilities 

described in the earlier sections for the single-droplet case. 
Along these lines, computations obtained "switching off" surface-tension effects, can be 

used to prove that the presence of the Marangoni effect is crucial in determining them. These 
simulations show, in fact, that in the absence of Marangoni effects the solutal jet is not broken 
into discrete events and the aforementioned characteristic curls do not appear. 

It is well known that Marangoni forces drive liquid from hot regions towards cold 
regions. Accordingly, on the surface of the drop, Marangoni effects tend to drive liquid 
towards the bottom. On the contrary, solutal buoyancy effects act in the opposite direction. 
Therefore, when the test cell is heated from above and cooled from below, thermal Marangoni 
and solutal buoyancy flow counteract. 

In view of these arguments and due to the fact that the instability does not appear if the 
surface-tension forces are artificially neglected in the simulations, a theory based on the 
delicate balance of the aforementioned counteracting phenomena could be proposed to 
explain the oscillatory behavior. 

A particular procedure can be used to get insights into these aspects. The basic approach 
proposed herein for this purpose relies on the combination of the available experimental and 
numerical results with theoretical models. First the trends in available data are used to 
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postulate qualitatively mechanical principles for explaining the instability (for the case under 
investigation the aforementioned delicate balance between solutal buoyancy forces and 
Marangoni thermal stresses). Then, on the basis of the foregoing principles, explicit laws are 
proposed and tested for their ability to predict the experimentally determined patterns of the 
instability threshold. 

In practice, this approach is based on a parametric analysis about the effect of the initial 
volume of the droplet. A scaling analysis, in fact, is carried out to discern the theoretical 
relationship between the critical temperature gradient and the initial radius of the droplet. 

If the instability was the result of a delicate counteracting behavior between solutal 
buoyancy and thermal surface driven effects, it would be possible to draw information about 
the critical threshold simply imposing that  

 
Intensity of solutal buoyancy effects/intensity of Marangoni thermal effects = O(1)  
 
The relative importance of these effects can be estimated by comparing the relevant 

characteristic velocities. 
The solutal buoyancy velocity reads: 
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where C is the initial concentration difference between the drop surface and the top of 

the test cell (for the present case C C2(o)) 
The thermal Marangoni velocity reads: 
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According to the foregoing arguments the conditions for the onset of the oscillatory 

instability should correspond simply to 
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Equation (17b) is the aforementioned analytical relationship between the critical gradient 

and the droplet diameter provided by the theoretical scaling analysis carried out under the 
assumption that the instability is caused by the opposition of the surface Marangoni stress to 
the natural direction in which the fluid wants to move (upward, because of buoyancy). This 
explicit law shows that the critical T/x is an increasing function of the initial volume of the 
droplet. 

To provide physical validation to these arguments, eq. (17b) is finally compared with 
numerical and experimental results. Such a comparison shows that the relationship presented 
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herein fits the dependencies provided by the experimental and numerical results (this is 
clearly shown in Figure 13). Finally, this good agreement can be regarded as a validation of 
the proposed theory. 
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Figure 13. Critical temperature gradient for the onset of oscillations as a function of the initial volume 
of the dissolving droplet (Lappa et al., 2004a). 

The consistency of model predictions with experimental data suggests that rate-
controlling steps have been taken into account, and that simplifications do not distort actual 
behavior. According to Figure 13, the proposed theory about the counteracting interplay of 
surface-tension and buoyancy forces exhibits quite exhaustive capabilities to predict and 
elucidate experimental observations (in particular with regard to the behavior of the system as 
a function of the initial droplet volume) and to identify cause-and-effect relationships, i.e. to 
give insights into the mechanisms driving the phenomena under investigation. 

To recapitulate, when the temperature gradient is sufficiently small, solutal buoyancy 
effects prevail and the velocity along the drop surface is upward (i.e. directed from the 
capillary towards the point at the peak of the drop). In this case the release of solute occurs in 
the form of a continuous rising jet of lighter liquid starting at the peak of the methanol drop. 

If the temperature gradient is increased, correspondingly, the relative importance of the 
surface Marangoni stress with respect to local buoyancy forces increases. 

The surface-tension-induced flow tends to carry the hot fluid from the peak of the drop 
into the lower regions of the domain just below the drop base. The solutal buoyancy force 
tends to oppose the thermocapillary effect. 

The T/x at which the aforementioned counteracting effects can be considered 
competitive in determining the direction of the surface flow, corresponds to the critical 
conditions for the onset of the instability. For temperature differences larger than the critical 
one, a "back and forth" mechanism occurs, i.e. an instability of the mixed buoyancy-
Marangoni type. 

A clear evidence of the counteracting behavior responsible for the onset of the instability 
is given by the presence along the drop surface of a “detachment point” (Figure 14). This 
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point corresponds to the detachment of the aforementioned layer of liquid transported close to 
the interface by surface tension forces. Owing to the solutal buoyancy forces that oppose to 
downward motion, the surface layer has not enough momentum to reach the rear of the drop 
(this phenomenon exhibits an outstanding theoretical kinship with the corresponding 
phenomenon, well known by aerospace engineers, by which air boundary layers “separate” 
from thin wing airfoils). 

 

 

Figure 14: Experimental evidence of “detachment points” along the drop surface. 

For this reason return flow is initiated prior to reach the drop base. Since the detached 
layer is lighter than the liquid matrix, not far away from the drop, the buoyancy forces tend to 
bring this fluid towards the top. Thus, the restoring upward force exerted by the stabilizing 
solutal density gradients on the downward flowing hot fluid, restricts the flow (downward 
motion and return rising flow) to an area close to the drop. 

In other words, the surface transfers warm liquid from the peak of the drop to the lower 
regions until at a certain stage (the detachment point) solutal buoyancy and continuity bring 
the fluid up again resulting in a closed toroidal vortex (this also means that the generation of 
curls close to the drop surface is strictly related to the counteracting behavior of buoyancy 
and surface-tension forces; it is the direct opposition of these forces that leads to the 
production of vorticity). Of course, the detachment point does not hold a fixed positions, but 
continuously undergoes rising and descending motion along the drop surface according to the 
alternate direction of the surface flow. Such a behavior is strictly associated with the 
aforementioned periodic release of toroidal convection rolls in the region around/above the 
dissolving drop (i.e. it is responsible for a "continuous" production of vorticity). 

The complex interplay among transport of heat, solute and momentum results in a 
pumping action first pushing down and then pulling up with a time-dependent mechanism the 
fluid close to the drop surface. This results in a complex flow structure that affects the entire 
enclosure as depicted in the sequence in Figures 7 and 8. 

All these consideration illustrate why the instability occurs only if a certain initial value 
of the temperature gradient is exceeded, whereas the flow exhibits quite stable solutal rising 
plumes in the case of small initial T or isothermal conditions. 
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For supercritical regimes, the surface tension contribution becomes the dominating effect 
(surface tension forces, in fact, are strongly temperature-dependent whereas solutal buoyancy 
forces tend to stay constant). This explains why the possible positions of the detachment point 
tend to stay confined close to the rear of the drop when the applied temperature gradient is 
increased as shown in Figure 15 (see also the computations in Figures 11 and 12). 

 

 

Figure 15. Surface flow for a large temperature gradient (T/x>3 [°C cm-1]). 

 
 

5.5. Comparison with other Systems in Nature 
 
To conclude Sect. 5, it is worth pointing out that the oscillatory phenomena elucidated in 

the foregoing exhibit some remarkable analogies with other systems in nature. 
For instance, typical instabilities of rising buoyant jets were investigated by Cetegen and 

coworkers for a number of different cases and fluid-fluid systems (e.g., candle flames and 
buoyant plumes). 

Cetegen (1997) carried out experimental studies dealing with the instabilities and flow 
transitions of buoyant plume/jets of gas mixtures. This author investigated the case of a 
buoyant plume of helium or helium/air mixture originating from a large axisymmetric nozzle 
with low velocity. He observed toroidal-vortex formation as a result of rapid buoyant 
acceleration of light plume fluid in heavier more or less quiescent surroundings. 

It was found that these plumes may undergo periodic oscillations: as the buoyant fluid 
exits the nozzle, the plume boundary contracts towards the plume centerline as a result of 
buoyant acceleration due to the hydrostatic pressure field and the condition imposed by the 
conservation of mass; the plumes undergo periodic oscillations of the plume boundary 
starting in the immediate vicinity of the nozzle lip. This behavior might resemble that 
discussed before about the periodic release of curls close to the drop surface. 

Moreover, in analogy with the present case of solutal plumes, it was disclosed 
experimentally by Cetegen (1997) that not all buoyant plumes exhibit periodic oscillations. 
The onset of oscillations is, in general, a function of nozzle diameter, nozzle exit velocity and 
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the density ratio between the plume fluid and its surroundings (Cetegen, 1997) as for the 
present case, instability occurs only if a critical temperature gradient is exceeded. 

Cetegen and Kasper (1996) provided a very interesting explanation of the observations: 
according to such explanation, the mechanism leading to the periodic oscillatory state of the 
flow field is connected with the highly unstable (Rayleigh-Taylor) density stratification in the 
sharply contracting region of the flow just above the nozzle exit. 

Important similarities can also be found about the features of pool fires. It is well known 
(Cetegen and Ahmed, 1993) that axisymmetric pool fires exhibit a periodic oscillatory motion 
close to their origin, often referred to as puffing. In a fire, these periodic oscillations result in 
the formation of large-scale (of the order of the burner diameter) flaming vortical structures at 
a short distance from the burner surface. These structures significantly modify the 
downstream flame behavior as they rise through the flame and finally burnout near the flame 
top. 

Again the behavior is very similar to that observed in the case of the periodic release of 
packets of fluid above the dissolving drop. The perturbation in the concentration field 
originated at the drop surface rises along the core of the jet and dies at the top. 

It is crucial to point out how, despite the macroscopic analogies and apparent common 
features, the cause-and-effect relationships exhibit notable differences with respect to the 
present case of dissolving drops in nonisothermal conditions. 

In the case of isothermal helium plumes and flames the oscillatory condition follows 
from an instability of the pure buoyant flow. In particular, for helium plumes the force driving 
the instability is the pressure gradient between the helium reservoir and the ambient. In the 
case of flames and fires, the driving force is the release of heat in the core of the flame due to 
the combustion process; puffing in pool fires, in fact, is typically stronger than buoyant 
nonreacting plumes due to the local heat release and the consequently maintained buoyancy. 
These instabilities are hydrodynamic in nature i.e. bifurcation to oscillatory flow occurs when 
the velocity in the core of the rising plume exceeds a critical value. Despite the similarities on 
the macroscopic scale the underlying mechanisms for the case of a dissolving drop are very 
different. The related transition to oscillatory flow is not induced by the effect of gravity 
alone (like the instabilities investigated by Cetegen and coworkers); moreover, it does not 
follow from an instability of the rising jet; it is due to a delicate balance between two 
counteracting effects (buoyancy and surface-tension-driven stresses) at the surface of the 
dissolving drop (as proven by the numerical computations carried out "switching off" the 
Marangoni effects). 

These special features make this instability more similar to other categories of 
phenomena where free fluid-fluid interfaces supporting Marangoni stresses are involved. 
Along these lines, in particular, the oscillatory instability that occurs in the case of air bubbles 
surrounded by liquid and trapped by gravity below heated walls should be mentioned. 

Experiments with transparent liquids indicate that, for a given radius, the flow and 
temperature fields generated by the bubble become oscillatory beyond a critical Marangoni 
number. From a kinematic point of view, two distinct classes of oscillatory flows were 
identified by Kassemi and Rashidnia (1999). 

The initial or first class of oscillatory patterns are in the transverse direction and are 
mainly associated with azimuthally traveling waves in the flow field. In this case the 
phenomenon is fully three-dimensional and both symmetric and asymmetric oscillatory 
temperature and flow fields are possible in the generic meridian plane; they can be related to 
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the number (even or odd) of disturbance lobes formed by the hydrothermal-wave disturbance 
on the annular ring-shaped Marangoni roll around the bubble. 

This first class of instabilities falls into the same category of instabilities characterizing 
the case of liquid bridges with Pr>>1 which have instigated much research in the literature 
(see, e.g., Lappa et al., 2000 and 2001). 

The second class of oscillatory pattern has a higher frequency. It is symmetric in the axial 
direction, and is associated with an axially traveling wave generating a mainly up-and-down 
axial movement in the flow and temperature fields. 

This second class, not present in the case of liquid bridges, seems to resemble the 
behavior previously described in the case of a dissolving drop. 

The analogy between the two instabilities (bubble and drop), however, also goes beyond 
the observed macroscopic oscillatory pattern. Some similarities can also be highlighted with 
respect to the underlying forces responsible for the time-dependent flow. 

The available results for the bubble case clearly indicate that the axially-driven 
oscillatory state that occurs at high Marangoni numbers is induced by the dynamic interaction 
between the buoyancy and surface-tension effects and the resulting combined gravitational 
convection and Marangoni flow. 

The mechanism is the following: At higher Marangoni numbers, the Marangoni 
convection is stronger and brings about a significant alteration of the temperature field around 
the bubble. An interesting feature of this temperature field is the existence of a distinct 
thermal structure in the form of a cold return flow intruding near the top of the bubble that is 
not present at lower Ma (hereafter referred to as "cold finger"). 

This cold finger plays a critical role in instigating the oscillatory response of the flow 
since the origin of the convective instability is closely related to an intricate temporal 
coupling between the large-scale thermal structures that develop in the fluid in the form of the 
cold finger and the temperature-sensitive surface of the bubble. 

The cold finger can periodically reverse the local thermal gradient on the free surface 
leading to the onset of oscillations. Gravity enters the dynamics since it plays the important 
role of keeping the main Marangoni vortex near the bubble surface where all interaction 
occurs. In the absence of gravity the Marangoni vortex tends to grow unopposed until it 
nearly fills the entire enclosure; in such a situation the mechanism with which the cold finger 
affects the bubble surface is removed and the instability is suppressed. 

In the light of these aspects and as also demonstrated in the analysis of Kassemi and 
Rashidnia (1999) by means of numerical simulation, the bubble-case instability is basically 
hydrothermal in nature, like that described in the landmark analysis of Smith and Davis 
(1983) for the case of liquid layers). 

Therefore, despite all the analogies highlighted above, this type of instability is also not 
relevant to the present case related to dissolution of drops. In fact, visualization of the 
computed thermal field corresponding to Figure 10 does not show the presence of any cold 
finger impinging on the fluid-fluid interface (Figure 16). There is no reversion of the local 
thermal gradient on the free surface (Figure 17). 

Moreover, the axisymmetric behavior does not belong to a secondary class of 
instabilities. It is a "primary" bifurcation of the flow. 

As mentioned before, the instability investigated by Kassemi and Rashidnia (1999) is 
basically an instability of the Marangoni toroidal convection roll wrapped around the bubble 
very similar to that arising in the case of liquid bridges with Pr>>1 (see Lappa et al., 2001). 
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Gravity plays only a marginal role in the related mechanisms: as previously explained it 
makes possible the existence of a cold finger that can periodically perturb the surface-
temperature distribution leading to a periodic reversion of the thermal gradient. For instance, 
the presence of gravity is not necessary in the case of liquid bridges since even in zero-g 
conditions a cold finger is always present near the hot disk, which is created by the return 
flow that brings cool fluid away from the cold wall along the symmetry axis of the liquid 
bridge (the cold liquid is carried toward the hot surface at a rather high position, see the 
discussion in Lappa et al., 2000). 
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Figure 16. Temperature distribution for a 5 [l] droplet of methanol dissolving into a matrix of 
cyclohexane with T/x=1.5 [°C cm-1] (Taverage=27 [°C]): two snapshots are shown corresponding to 
t=to and t=to+/2 where  is the period of oscillation. 
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Figure 17. Temperature distribution on the drop surface for the same conditions of Figs. 16 (T/x=1.5 
[°C cm-1]). 

The instability related to the dissolving drop is different as it follows from the direct 
opposition of counteracting forces (a correct denomination would be "thermocapillary-
solutogravitational instability of a mixed type"). As a consequence of such a nature, in fact, 
the drop is not surrounded by a Marangoni vortex with fixed position and undergoing minute 
accelerations and decelerations in the axial direction (like in the bubble case). Rather, the 
drop continuously generates vorticity with the periodic (or quasi-periodic) release of rising 
toroidal rolls (as mentioned before, the generation of "curls" close to the drop surface is 
strictly related to the counteracting behavior of buoyancy and surface-tension forces that leads 
to the continuous production of vorticity). 

A critical comparison of the results with other worthy and important studies concerning 
similar (from a macroscopic point of view) phenomena leads to the conclusion that the 
curious flow instability treated in first part of this chapter, following from the delicate balance 
between counteracting thermal Marangoni forces and solutal-buoyancy effects, is neither a 
hydrodynamic transition of the pure buoyant flow nor a hydrothermal bifurcation of the 
Marangoni convection, but represents a new and relevant class of instabilities driven by lack 
of thermodynamic equilibrium that can be present when processing liquid-liquid systems with 
a miscibility gap in normal gravity conditions. 
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6. MULTIDROPLET CONFIGURATION IN NON-EQUILIBRIUM 

CONDITIONS 
 
The aim of the present section is to extend the results treated in Sect. 5, to the more 

realistic situation in which a relatively large number of droplets are uniformly distributed on 
the bottom of the container (a discrete layer of N drops). It is expected, in fact, that 
convective structures originated from different droplets can interact in unexpected ways 
making, therefore, "ensemble behaviors" with many droplets an important aspect of the 
problem. 

As a relevant reference case, a container with aspect ratio A=Lx/Ly =1 is considered, x 
and y being the vertical and the horizontal directions, respectively (i.e. a liquid matrix 
confined between two parallel and vertical walls with a periodic array of evenly spaced 
spherical liquid bodies in the interior). 

Other relevant non-dimensional geometrical parameters are the non-dimensional diameter 
of the droplets A=d/L=0.067 (L being the characteristic length of the container, L=3 [cm] and 
d=2 [mm]) and the parameter =d/   (ratio of drop diameter to the distance   between the 
centers of two consecutive droplets, Figure 18). 

Like in Sect. 5, the droplets are supposed to be attached at the tip of the needles used to 
inject them into the matrix from the bottom of the container. However, for the present case, it 
is supposed that the needles protrude in the text cell only for few microns (Figure 18). The 
number of droplets is changed in order to analyze the sensitivity of the overall system to this 
parameter (N=4=0.33 and N=5=0.4). As already explained in Sect. 5 for the case of a 
single droplet, as droplets dissolve in the external matrix, each droplet enriches the 
surrounding fluid of methanol producing a light concentration-enriched zone around it. 

 

 

Figure 18. Sketch of the multidroplet configuration and related geometrical parameters. 
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In this region the solute concentration changes continuously from the local equilibrium 
concentration at the droplet surface to the concentration in the bulk of the solution. The 
related concentration profile varies with time and is controlled by the balance between 
diffusion of solute and the tendency of the fluid to rise owing to solutal buoyancy effects. 

If a non-isothermal process is considered (system heated from above), the tendency of the 
fluid to be driven from the hot upper regions towards the bottom cold regions due to surface 
tension (Marangoni) effects also plays a crucial role in the dynamics mentioned above. For 
sufficiently large values of the temperature gradient, in fact, it can force the layer of liquid 
surrounding a drop to move downward even if it is lighter than the matrix (as already clearly 
shown in Figure 15). 

In addition to these arguments, as outlined before, one must keep in mind that there is an 
effect related to the fact that, when many droplets dissolve at close distance some mutual 
influence occurs due to superposition and intersection of the related "enriched zones" and/or 
due to viscous interaction of convective structures originated from their surfaces (rising 
currents driven by solutal buoyancy effects, or descending currents driven by thermal 
Marangoni forces). The coupling between these convective "pluming phenomena" and the 
overlapping of the enriched zones can make the concentration pattern very complex. The next 
sub-sections consider the simultaneous presence of many droplets and the related possible 
mutual interplay. 

 
 

6.1. Evenly Spaced Droplets in Isothermal Conditions 
 
For relatively small values of the T/x (<1 [°C cm-1]), or for isothermal conditions, the 

flow around each droplet is dominated by solutal buoyancy effects. According to the results 
discussed in Sect. 5.1, in particular, it is known that in the case of a single droplet, after an 
initial transient time, a stable buoyant straight rising jet continuously carrying methanol 
towards the top of the test cell is created. 

The present studies prove that this is not the case when an array of droplets is considered 
(see the detailed discussion below). 

For N=4, at the beginning each droplet is characterized by its own rising solutal plume. In 
this early phase of the dissolution process, the dynamics of the different droplets can be 
regarded as independent. Two convective cells are generated around each droplet and then 
rise attached to the mushroom-shaped head (the cap) of the related solutal jet (hereafter the 
droplets will be referred to as droplet "i" with i=1N, respectively, starting from the left side 
of the container). However, after a short initial transient behavior the two central rising jets 
i=2 and i=3 tend to be featured by a reduced rising velocity with respect to those at the edges 
(i=1 and i=4, see Figure 19a). In practice, they experience the return flow of the lateral jets 
and for this reason tend to be retarded. 

After 46 s (see Figure 19c), the lateral solutal plumes (1 and 2) merge giving rise to a 
single rising current. The same behavior holds for the plumes 3 and 4 since the system 
exhibits mirror symmetry with respect to the mid-section y=L/2. For this reason, after an 
initial stage, the lighter fluid is transported upwards by two solutal rising jets only. They are 
located approximately at y=L/5, y=4L/5, respectively (instead of the four solutal plumes that 
characterize the system behavior in the early phase located at y=iL/5, i=14). 
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Evolution of the surviving solutal plumes results in a shape that bulges out below x=L/2 
and necks in above it. This leads to an amphora-like pattern (Figure 19d). 

For a further increase of time, two new plumes are originated from the central droplets 2 
and 3. As they rise, the related combined solute paths result in a shape that necks below 
x=L/2 and bulges out above it (Figure 19f). This phenomenon is then followed in time by the 
generation of two new plumes above the lateral droplets 1 and 4 (Figure 19g). 

During these stages of evolution, the droplets seem to "work" in mirror groups of two. 
Rising solutal jets are initially created above the couple (1,4), then above the couple (2,3). 
Then the couple (1,4) is again involved in the generation of rising jets and so on. Therefore a 
certain degree of periodicity in time can be highlighted with mechanisms exhibiting a 
somewhat "repetitive" behavior. As time passes new regimes evolve which exhibit a periodic 
alternance of central or lateral rising plumes. 

 

a) b) c)

d) e) f) 

g) h)  

Figure 19. Computed pattern formation and evolution for the case N=4, uniform temperature 
distribution (T=23 [°C]), subsequent snapshots corresponding to (a) t= 35.6 [s], (b) t=39.2 [s], (c) 
t=46.3 [s], (d) t=57 [s], (e) t=71.3 [s], (f) t=82 [s], (g) t=89.1 [s], (h) t=114.2 [s]. 
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a) b) c) 

d) e) f) 

e) h)  

Figure 20. Computed pattern formation and evolution for the case N=5, uniform temperature 
distribution (T=23 [°C]), subsequent snapshots corresponding to (a) t= 35.6 [s], (b) t=39.2 [s], (c) 
t=42.75 [s], (d) t=53.4 [s], (e) t=64.1 [s], (f) t=71.2 [s], (g) t=81.9 [s], (h) t=99.75 [s]. 

These phenomena are also susceptible of an interesting interpretation in terms of relative 
temporal phase shifts. The phase shift is herein defined as L/L, L being the difference 
between the height (along x) of two plumes at a given instant (this simply means that two 
plumes having the same height are featured by a zero phase shift, whereas the phase shift is 
approximately  if two plumes, one extended throughout the container and the other confined 
to the bottom are considered). 

Periodic convective structures originated from the droplets 1 and 4 do not exhibit phase 
shift (14 = 0). Convective structures originated from the droplets 2 and 3 also do not exhibit 
phase shift (23 = 0). A phase shift  =  occurs between droplets 1 and 2, or 3 and 4 (e.g., 
a new jet is generated above the second drop when the plume above the first one dies at the 
top of the cell). This also means that only two values of ij are possible (0 or ). 

For a further increase of time however, the spectrum of possible phase shifts becomes 
more complex. The initial regular pulsating mechanism described above, with a rhythmic 
alternance of central and lateral couples of rising jets (featured by mirror symmetry with 
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respect to the midsection y=L/2) is taken over by a new disordered regime in which the 
release of plumes seems to be quite erratic or chaotic (see Figure 19h). In such a regime, the 
pattern becomes asymmetric and such a symmetry breaking is associated with the presence of 
a variety of possible phase shifts ij. 

These trends are partially confirmed by the simulations carried out for N=5 (Figure 20). 
In such a case, the major stages of the system evolution are quite similar to those 

discussed before for the case N=4: at an early stage, the flow undergoes transition to an 
oscillatory state featured by a mirror symmetric regular alternance of plumes released by 
lateral and internal droplets ( (1,5) and (2,4), respectively). In terms of possible phase shift, 
however, the central drop i=3, seems to work independently. The related plume, in fact, is 
extended along half of the height of the domain when the others have already reached the top 
of the domain and/or are still confined to a region close to the surface of the droplets (see 
Figure 20d, where plumes 1 and 5 are extended throughout the domain, plumes 2 and 4 are 
still in very embryonic conditions and plume 3 affects the lower half of the container). 
Accordingly it exhibits a phase shift 3j  /2 with respect to the pulsating phenomena 
pertaining to the other companion droplets. 

As time passes, however, as for the case already discussed for the array of 4 evenly 
spaced droplets, these regular behaviors are replaced by a quite erratic generation/release of 
plumes and related possible time shifts (e.g., Figure 20h); this can be regarded as a significant 
result as it highlights the spontaneous tendency of multidroplet configurations to evolve 
towards final erratic pulsations regardless of the even or odd number of droplets. 

 
 

6.2. Evenly Spaced Droplets in Non-Isothermal Conditions 
 
As illustrated in Sect. 5.2 if a sufficiently large temperature gradient is applied along the 

drop surface, even for a single droplet (for a drop with a diameter d = 2 [mm], the critical 
T/x is about 1.2 [C cm-1], see Figure 13), the system can undergo transition to oscillatory 
behavior and such an instability is driven by the opposition of solutal buoyancy to thermal 
Marangoni stresses (Sect. 5.3). 

A clear evidence of the counteracting interplay of solutal buoyancy and thermal 
Marangoni forces is given by the presence along the drop surface of the “detachment point” 
already shown in Figure 14. 

When the temperature difference applied to the container is sufficiently high and/or the 
drop is very close to the bottom wall (present case) where a thermal boundary layer with steep 
temperature gradients is present, the detachment point moves to the rear of the droplets 
(Figure 15). For this reason return flow is initiated close to the drop base. 

For the array of considered evenly spaced droplets the above-mentioned return flows give 
rise to liquid currents that meet each other at about half of the distance between consecutive 
drops. Thus rising solutal jets are created there (the positions are y=L/2(N+1)+ iL/(N+1)) 
whereas the onset of pluming phenomena in the regions above the droplets is prevented (see 
Figures 21a and 22a). Thus there is a significant difference with respect to the cases discussed 
before (Sect. 6.1) in which rising jets are originated from the peak of the droplets (i.e. at 
y=iL/(N+1)). 
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a) b) c)

d) e) f) 

g) h)  

Figure 21. Computed pattern formation and evolution for the case N=4, with T/x=2 [°C cm-1] 
(Tbottom=23 [°C], TTop=[29 °C]), subsequent snapshots corresponding to (a) t= 26.9 [s], (b) t=32.9 [s], (c) 
t=44.9 [s], (d) t=55.3 [s], (e) t=65 [s], (f) t=73.1 [s], (g) t=78.6 [s], (h) t=84.1 [s]. 

A very complex multicellular structure is created above the discrete distribution of 
droplets. This convective field undergoes interesting subsequent transitions to different 
regimes as time passes. It is also worthwhile to stress how, unlike the case of pure buoyancy 
flow discussed before, the major stages of this spatio-temporal evolution are significantly 
affected by the value of N (N=4 in Figure 21 and N=5 in Figure 22). 

For the case N=4, at the beginning 5 distinct rising convective jets occur (Figure 21a). 
After about 30 s (see Figure 21b), the lateral solutal plumes (1 and 2) merge giving rise to 

a single rising current. The same behavior holds for the plumes 4 and 5 since the system 
exhibits mirror symmetry with respect to the mid-section y=L/2. For this reason, after an 
initial stage, the lighter fluid is transported upwards by three solutal rising jets only. For a 
further increase of the time, the simulations show that, the system exhibits a pronounced 
tendency to lose its initial mirror symmetry with respect to the midsection y=L/2 (Figure 
21c,d). 

 
 



Marcello Lappa 38

a) b) c)

d) e) f)

g) h)  

Figure 22. Computed pattern formation and evolution for the case N=5, with T/x=2 [°C cm-1] 
(Tbottom=23 [°C], TTop=29 [°C]), subsequent snapshots corresponding to (a) t= 26.9 [s], (b) t=32.9 [s], (c) 
t=38.9 [s], (d) t=48.3 [s], (e) t=55.8 [s], (f) t=58.9 [s], (g) t=82.7 [s], (h) t=91.8 [s]. 

The lateral plumes intersect the central one. This is associated with a significant time-
dependent mixing of the solute throughout the container. A single vortex expanded 
throughout the domain is created, in fact, above the droplets (see, e.g., Figure 21e). 

This vortex is initially clockwise oriented, but as time passes it is taken over by a 
counter-clockwise new vortex (Figure 21g,h). The system then comes back to a clockwise 
circulation and so on, with a periodic alternance of clockwise and counter-clockwise 
convective structures. Correspondingly, all the rising solutal jets tend to coalesce into a single 
elongated finger. Such a finger is bended by the action of the aforementioned vortex. It is 
originated from droplet 2 when the domain is featured by the presence of the clockwise 
vortex (Figure 21e,f) and from droplet 3 (Figure 21g,h) when the system undergoes transition 
to the counter-clockwise one, respectively (the frequency of this phenomenon is given in 
Table III). 

As anticipated, for N=5 the roll-pattern formation and evolution are quite different. At the 
beginning (Figure 22a) 6 rising plumes appear above the seeds (i=16). For t30 s (see 
Figure 22b), the plumes 1 and 2, and 5 and 6 merge so that the lighter fluid is transported 
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upwards by four solutal rising jets only. The surviving solutal plumes are located 
approximately above the first two drops (1 and 2) and the last two ones (4 and 5) whereas 
pluming phenomena at y=L/2 are prevented. For t>40 s further coalescence of adjacent 
plumes occurs and a new regime arises with only two lateral rising main convective structures 
and a return fluid current descending from the top of the container towards the central drop at 
y=L/2; correspondingly, the space above the droplets is characterized by the presence of two 
counter-rotating vortices, see, e.g., Figures 22f and 22h. This regime is strongly oscillatory 
since the lateral solute fingers are periodically fed with new "packets" of solute. 

At this stage of the discussion, a critical comparison with the results illustrated in Sect. 
6.1 can lead to other significant insights into the physics of the problem. 

Along these lines, it is worth noting that the time-dependent dynamics of the considered 
system seems to be significantly influenced for both cases N=4 and N=5 by the fact that the 
presence of descending currents along the surface of the drops (induced by the surface tension 
forces) changes the number and the position of the rising solutal jets with respect to 
isothermal conditions. As illustrated before, owing to the Marangoni surface descending 
currents, the plumes are originated from the middle space between consecutive droplets rather 
than from their surface. Also, for the same reason, the number of rising plumes generated by a 
given number of interacting droplets is larger in the case of non-isothermal conditions. Such a 
feature, owing to the delicate interplay among a larger number of plumes, affects the possible 
transitional states of the multidroplet system. Moreover, the final flow spatio-temporal 
organization with a single vortex above the droplets in the case N=4 and two mirror 
(approximately) vortices for N=5 tends to be more regular than the final erratic behavior 
occurring in the absence of Marangoni effects; in other words the presence of thermal surface 
tension effects favors the establishment of coherent well-defined repetitive structures from a 
global point of view. 

Such "standing" convective phenomena, however, are replaced by the propagation of 
traveling waves along the horizontal extension of the domain when periodic conditions are 
assumed at the side boundaries, as illustrated in the next sub-section. 

 
 

6.3. Periodic Distributions with Infinite Number of Droplets 
 
In this sub-section, the results with no-slip lateral walls treated in Sect. 6.2 are compared 

with corresponding simulations obtained assuming periodic conditions (hereafter referred to 
as PBC) at the lateral boundaries. This case is considered to indirectly assess the role played 
by lateral geometrical constraints in determining edge effects and the pattern selection 
process. Also, such results provide a variety of interesting insights into the "extreme" 
behavior, which the system tends to, when the number of interacting droplets is increased to 
infinite (N) at fixed values of the interspace parameter  (i.e. infinite layer of liquid with 
evenly spaced droplets on the bottom). 

As a first step, comparison between the computations for =0.33 and N=4 (PBC, shown 
in Figure. 23) and those with solid walls (SW), and same value of  (Figure 21) highlights 
that in the absence of side solid constraints, the delicate evolutionary equilibrium of the 
velocity field is featured by a different time history (compare, e.g., Figure 23a with Figure 
21b and Figure 23b with Figure 21c). Therefore, as expected, the absence of lateral solid 
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constraints can be thought of as altering in a significant way the mode selection process and 
the pattern symmetries. 

 

a) b)  

Figure 23. Computed traveling wave for the case N=4 with PBC for the same thermal conditions 
corresponding to Figure 21, subsequent snapshots: (a) t=35.56 [s], (b) t=47.53 [s]. 

The major outcome of these studies (specially conceived to allow for lateral freedom), 
however, is that the final oscillatory state (already depicted in detail in Sect. 6.2 for the SW 
cases with a well-defined "standing" single cell or a well-defined "standing" couple of 
vortices above the droplets for N=4 and N=5, respectively), is replaced for PBC by the 
occurrence of a "traveling wave" migrating along the horizontal direction. This behavior is 
clearly shown in Figure 24 for the case N=4=0.33 (the phenomena for N=5=0.4 are 
qualitatively similar to that for =0.33, therefore they are not discussed in detail). 

The evolutionary scenario is driven by the continuous propagation along y of the position 
where the shooting of the "packet" of lighter fluid in the surrounding liquid occurs. In other 
words the front of the aforementioned wave corresponds at any time to the onset of a new 
rising plume. For instance, in Figure 24a the main rising plume is originated from the space 
between droplets 1 and 2 whereas in Figures 24c, 24e and 24g, such a position has moved to 
the interspace between droplets 2 and 3, 3 and 4, and 4 and 1, respectively. This also means 
that the spectrum of possible plume phase shifts is not discrete but "continuous" along the 
horizontal direction y, i.e. (y1-y2)= (y1-y2)/,  being the wave propagation velocity 
(fL, f being the frequency given in Table III). Due to the combined presence of a 
disturbance traveling towards the top (i.e. a perturbation of the solutal and flow field rising at 
a given position y) and the simultaneous propagation of the related onset along the horizontal 
extension, the traveling wave can be regarded as a superposition of two perpendicular 
components (along y and x, respectively). Such a feature is also evidenced by the initial 
oblique inclination of the newly formed plumes. 

Additional simulations carried out for isothermal conditions have revealed that in the 
absence of the Marangoni effect such waves do not occur even if PBC are employed. This 
proves that their origin is not of a pure gravitational type. Therefore, they do not have a solid 
kinship with the traveling states that have been occasionally reported in the literature in the 
case of thermosolutal convection in fluid layers of wide horizontal extent (see below). 
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Deane et al. (1987) revealed, by means of two-dimensional numerical simulations of 
thermosolutal gravitational convection, the presence of oscillations in the form of traveling, 
standing, modulated, and chaotic waves (see also Cross, 1986). Similarly, Walden et al. 
(1985) during studies of Rayleigh-Bénard convection in binary alcohol-water mixtures, 
observed the convective rolls to move continuously as traveling waves with either periodic or 
chaotic nature according to the temperature difference across the fluid layer (i.e., the Rayleigh 
number, Ra); similar results have been obtained by Moses and Steinberg (1986), Barten et al. 
(1989), Niemela et al. (1990), etc. 

As a subsequent natural step to investigate the intrinsic nature of the present waves, some 
computations have been repeated "uncoupling" the temperature field (i.e. assuming a fixed 
linear temperature distribution along x with the same temperature gradient considered for the 
results in Figure 24). 

 

a) b) c)

d) e) f) 

g) h)  

Figure 24. Computed traveling wave for the case N=4 with PBC for the same thermal conditions 
corresponding to Figs. 21, subsequent snapshots: (a) t=79.9 [s], (b) t=82.3 [s], (c) t=84.8 [s], (d) t=87.5 
[s], (e) t=90.1 [s], (f) t=92.8 [s], (g) t=95.5 [s], (h) t=98.3 [s] (the period is about 18 [s]). 

Such an artifice has shown that the presence of "static" Marangoni forces is not sufficient 
to explain the presence of the waves (they are suppressed). In practice, these results can be 
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regarded as an indirect evidence of the fact that the dynamical interplay among solutal 
buoyancy and thermal surface tension forces and/or the dynamical interaction among 
velocity, solutal and temperature fields are a necessary requisite for the onset of this type of 
instability. This conclusion is also supported by the numerical simulations carried out for the 
case of gravitational effects switched off and droplets subjected to the action of Marangoni 
forces alone. The simulations show that in the absence of gravity, unlike buoyancy 
convection, Marangoni convection originated from a multidroplet configuration does not 
affect the entire enclosure. Rather the flow is restricted to an area close to the drop surfaces 
(see Figure 25). Continuity brings the hot fluid (carried from the peak of the drop into the 
lower regions of the domain just below the drop base) up again resulting in a set of closed 
vortices. Above this region, convection is very weak and solute is simply transported by 
diffusion. Accordingly no solutal fingers exist and the rich variety of scenarios with 
interacting plumes occurring under the effect of gravity is suppressed (similar results have 
been obtained by Morris and Parviz, (2006) during their experimental studies dealing with 
"Marangoni actuators" on micro-patterned substrates). 

 

 

Figure 25. Concentration and velocity fields for the case N=4 with PBC for the same thermal conditions 
corresponding to Figs. 21 under zero-g conditions (buoyancy absent), t=85.32 [s]. 

Table III. Computed oscillatory regimes in non-isothermal conditions 
(T/x = 2 °[C cm-1]) and related frequencies as a function of N and of the boundary 

conditions type 
 

N Boundary conditions Regime f [Hz]  
4 SW Single oscillatory standing vortex  2.63 10-2 
5 SW Two oscillatory standing vortices  4.34 10-2 
4 PBC Traveling wave 5.43 10-2 
5 PBC Traveling wave 3.52 10-2 
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7. ERRATIC PULSATIONS AND KICKING BEHAVIORS 
 

7.1. Rippling and Erratic Pulsations 
 
The results in Sect. 6.1 could be used to shed some light on other (still unexplained) 

similar phenomena that have been reported in the literature in the absence of imposed thermal 
gradients. For instance, many authors (see, e.g., the pioneering analysis of Lewis and Pratt, 
1953) observed rippling and erratic pulsations at the interface of drops of organic solvents 
dispersed in various solvents. According to the present analysis, they could be explained in 
the light of the phenomena depicted in Sect. 6.1, i.e. on the basis of the pure buoyant 
oscillatory instability that can occur (even in the absence of Marangoni effects) when many 
close droplets "interact". 

The simulations have proven, in fact, that, even in the absence of Marangoni forces, time-
dependent "pulsating" phenomena can occur if a multi-droplet configuration is considered. In 
such a case, in fact, the generation of jets results modulated in time with an intriguing 
temporal alternation of buoyant plumes originated from different locations within the 
container. 

After a short initial transient time in which the system exhibits mirror symmetry with 
respect to the midsection, progression from order to disorder occurs and the system undergoes 
transition to a condition in which the time-dependent release of solutal plumes becomes 
erratic from both spatial and temporal points of view. 

 
 

7.2. Kicking 
 
Many recent experimental studies have pointed out that surfactants can also play a crucial 

role in creating interfacial instabilities in binary liquid-liquid systems and oscillations 
(referred to as "kicking" by these authors) of drops (see, e.g., Perez de Ortiz and Sawistowski, 
1973a,b; Liang and Slater, 1990; Bekki et al., 1990, 1992; Kovalchuk and Vollhardt, 2006) 
very similar to those discussed in Sects. 6.2. and 6.3. 

The effect of surfactants on interfacial mass transfer in binary liquid-liquid systems 
(dissolving drops) has been experimentally investigated by Agble and Mendes Tatsis (2000) 
using the Schlieren and the Mach-Zehnder optical techniques. The experiments were focused 
on the analysis of interfacial stability by means of direct examination of the interface of a 
drop of an organic phase (saturated with water) that was immersed in an aqueous phase of 
pure water. The onset of Marangoni convection and of possible fluid-dynamic instabilities at 
the interface was clearly observed. The role played by the surfactants (like temperature 
gradients, these substance can alter the surface tension) in inducing possible surface 
instabilities was investigated in detail in a subsequent analysis (Agble and Mendes Tatsis, 
2001). In this analysis much room was devoted to compare the available experimental results 
with canonical and/or semi-empirical surface stability criteria introduced over the years for 
the case of various binary liquid-liquid interfaces in the presence of a transferring surfactant; 
i.e. the Sternling and Scriven (1959) criteria for ternary systems, the Hennenberg et al. (1979, 
1980) criteria for surfactant transfer, the semi-empirical criteria of Nakache et al. (1983). It 
was found that these criteria often fail in predicting the observed phenomena. Within this 
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context, it is opinion of the author of this chapter that all of the phenomena mentioned above 
in the case of added surfactants could be explained according to the results discussed in Sects. 
6.2 and 6.3, the thermal surface tension gradient being simply replaced by the effect of the 
concentration gradient of surfactant for the cases above (see also the very recent linear 
stability analysis of Slavtchev et al., 2006). 

Experimental conditions somewhat more similar to those considered in the present 
chapter were investigated by Zander and Schneider (1992), who studied the liquid-liquid 
phase decomposition induced in a horizontal fluid layer of cyclohexane and methanol being 
exposed to a vertical temperature gradient. They reported the existence of some convective 
instabilities in the form of "dissipative structures" (regular convective patterns) inside the 
layer that indirectly manifested themselves by the organization of the floating precipitate. 
Some attempts were given to explain the appearance of these instabilities according to the 
model of a two-component Rayleigh-Bénard instability (see also the focused discussion in 
Sect. 8) driven by the temperature and concentration differences between the lower and the 
upper boundaries of the fluid (the concentration difference resulting from the dependence of 
the local equilibrium composition on the local temperature). Such a criterion, however, was 
found not to properly model the experimental results; this was attributed to the influence of 
the Marangoni driven flows near the deposited droplets. 

In the light of the present results, the "dissipative structures" indirectly observed by 
Zander and Schneider (1992), could be regarded as the indirect effect of the standing 
convective structures described in Sect. 6.2. 

 
 

7.3. Chaotic, Discrete and Continuous Phase Shifts 
 
To summarize, all the results presented and discussed in Sect. 6 prove that the 

simultaneous presence of several dispersed droplets in non-equilibrium conditions can be 
responsible for the onset of a variety of additional instabilities with respect to the case of an 
isolated drop (which make such a configuration a pattern-forming dynamical system of 
exceptional complexity). It exhibits sensitivity to the number of droplets and, in turn, each 
droplet and the related surrounding convective structure undergo different evolution 
according to the position within the container. 

In terms of possible plume time shifts, all the described phenomena can be categorized as 
follows: chaotic (lateral SW and isothermal conditions), discrete (lateral SW and non 
isothermal conditions) and continuous (lateral PBC and non isothermal conditions) phase-
shifts distributions, respectively. In terms of macroscopic features of the unsteady evolution, a 
corresponding categorization would read: erratic pulsation, standing pulsation and traveling 
pulsation, respectively. 
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8. COMPARISON WITH OTHER MULTI-PLUME CONFIGURATIONS: 

ANALOGIES AND DIFFERENCES 
 

8.1. Rayleigh-Bénard Systems 
 
In Sect. 5.5 the oscillatory instability affecting the solutal jet released by a single droplet 

in non-isothermal conditions has been compared with the instability of line-source single 
plumes (jets of gas mixtures) investigated by Cetegen and co-workers. 

It is noteworthy how, similarly, from a fluid-dynamic point of view, the case of a multi-
droplet configuration exhibits quite an interesting theoretical kinship with the classical 
Rayleigh-Bénard (RB) system in which convection is induced in a fluid by uniform heating 
from below. Therefore, it is opportune to open a rich discussion about the related analogies 
and differences. Such a critical comparison can be used as an additional theoretical artifice by 
which additional insights into the physics and the results described in the earlier sections can 
be obtained. 

Thermal Rayleigh–Bénard convection is a canonical example of a pattern forming 
system. A fascinating question is raised by the pattern selection process upon which it evolves 
through time to a final state. The number of rising plumes (also referred to as "wave number" 
in many circumstances) selection has been well studied with many different mechanisms now 
well characterized. 

Most of the initial studies considered infinite systems, i.e. the stability of the quiescent 
state of nonconfined fluid layers heated from below. Currently, however, it is well known that 
if systems confined laterally by rigid sidewalls are considered, even in containers of large 
horizontal dimensions, the lateral walls can have a significant influence on the flow pattern 
that develops when the thermal Rayleigh number (Ra=gT(T)L3/ where and are the 
kinematic viscosity and thermal diffusivity, respectively, and their ratio Pr= is the Prandtl 
number) exceeds its critical value (for a given Ra, the wave length basically depends on the 
aspect ratio of the container). The flow structure, however, becomes very complex when 
turbulent states are reached (very high values of the Rayleigh number, see Taylor et al., 1956; 
Turner, 1969; Chu and Goldstein, 1973; Castaing et al., 1989; Solomon and Gollub, 1990; 
Siggia, 1994). It is known that the flow tends to develop into time-dependent convection with 
a strong asymmetry and highly convoluted thermal plumes delineating a large-scale 
circulation. In such conditions smaller thermal plumes can detach from thermal boundary 
layers and extend over the entire cell, coalescing and creating a local inversion of the 
temperature gradient adjacent to the boundary layers (see the relevant studies of Werne, 1993; 
Vincent and Yuen, 1999; Childress, 2000, and Xi et al., 2004 and Parodi et al., 2004). 

According to the aforementioned "analogy", these features may provide a somewhat 
relevant theoretical background to explain the trends observed for the present case of square 
domain with dissolving droplets on the bottom; among them: the time-dependent plume 
release and adjustment process and the related coalescence phenomena. 

Section 8.2 explains in detail the features of the classical turbulent RB convection (much 
room is devoted to illustrate the state-of-the-art about this problem that can be regarded as a 
very classical subject of investigation in the literature concerning the onset of fluid-dynamic 
instabilities and the ensuing evolution towards turbulent states); then some comparison with 
the present problem is considered in Sect. 8.4. 
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8.2. Classical Turbulent Rayleigh-Bénard Convection and the Flywheel 
Mechanism 

 
As anticipated, the flow structure related to a fluid uniformly heated from below, 

becomes very complex when turbulent states are reached (very high values of the Rayleigh 
number). 

Turbulent Rayleigh-Bénard convection produces fields of intense updrafts and 
downdrafts (rising and descending plumes) that are responsible for much of the vertical heat 
transport. These structures (sometimes also referred to in the literature as "thermals"), have 
horizontal scales comparable to the thicknesses of the boundary layers in which they arise 
(see, e.g., Parodi et al., 2004). Figure 26 shows an example of such structures in a square 
domain. As time passes they organize themselves into clusters with horizontal scales that 
grow with time and reach the width of the computational domain. 

 

 

Figure 26. Thermal Rayleigh-Bénard convection (Pr=15, Ra=108): early stage of convection with 
multiple plume-detachment phenomena along the uniformly heated (cooled) bottom (top) wall. 

Figure 27 shows the typical flow structure when a fully-developed regime is established. 
Hot plumes congregate in an upwelling jet of fluid near the right-hand wall of the container. 
A similar, downward jet formed from cold plumes occurs on the left-hand wall. Large 
numbers of hot plumes are also found in left-to-right motion in a mixing zone, or viscous 
boundary layer, near the bottom of the container. A similar layer on the top contains cold 
plumes, moving from right to left. The central region contains a few plumes, hot and cold, in 
a partially random motion. 

These plumes wander chaotically, but also participate in an overall large-scale rotatory 
flow (fluid circulates as a loop with the plumes rising and falling on opposite sides of the 
loop). Since, as explained before, the cold and warm plumes are separated laterally in two 
opposing sidewall regions and exert buoyancy forces to the bulk fluid, an alternating eruption 
of the thermal plumes, therefore, gives rise to a periodic impulsive torque, which drives a 
large-scale circulation continuously (see Figure 28). 
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Figure 27. The spatial organization of the thermal plumes produces a unique flow structure, which 
undergoes a coherent rotation. Plumes evolve from the boundary layers above (below) the bottom (top) 
plate. First they move laterally toward the sidewall, driven by the prevailing circulation (the horizontal 
"wind"). They then travel vertically in the region near the sidewall, leaving the central vertical section 
of the cell relatively free. 

 

a) b) 

Figure 28. Thermal turbulent Rayleigh-Bénard convection (Numerical simulations, Pr=15, Ra=108). 
Frames (a) and (b) show the temperature and velocity fields at two close instants during the fully 
developed regime in which a large-scale coherent circulation (the wind) has been established. 

This complex mechanism may be regarded as a “machine” (Kadanoff, 2001) containing 
many different working parts: boundary layers, mixing zones, jets, and a central region.  

As outlined above and as experimentally illustrated by Qiu et al. (2000) and Qiu and 
Tong (2001), despite the large velocity fluctuations, the time-averaged flow field maintains a 
large-scale quasi-two-dimensional structure, which rotates in a coherent manner. It is usually 
referred to in the literature as "wind of turbulence" (Grossman and Lohse, 2000), simply 
"wind", "mean wind" (Niemela and Sreenivasan, 2003) or "flywheel" (Kadanoff, 2001), 
accordingly, hereafter these terms will be used as synonyms together with "large-scale 
circulation" or motion. 
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As outlined before, the self-organized and coherent large-scale structure can be divided 
into three regions in the rotation plane: (1) a thin viscous boundary layer, (2) a fully mixed 
central core region with a constant mean velocity gradient, and (3) an intermediate plume-
dominated buffer region. In such a context (all the plume activity is carried along in the 
overall rotatory motion), the plumes play a very important role as they act as heat pumps; 
they, in fact, shuttle heat flux directly between the top and bottom boundaries (the hot plumes 
rising with their caps on top, cold plumes falling cap-down). 

Because of contributions of a number of investigators, a lot of progress has been made in 
the understanding of the large-scale circulation, its periodicity, the boundary layers, plume 
dynamics, and the plume interaction with the large-scale wind. 

The large-scale coherent circulation is responsible for the aforementioned horizontal 
motion of the plumes along the top and bottom walls (the horizontal motion of the plumes is 
slaved to the wind velocity, since the only independent force acting on the plumes is the 
buoyancy force in the vertical direction). The large scale motion, in turn, is a result of plume-
interaction phenomena as theoretically proven by Childress (2000) and experimentally 
observed by Xi et al. (2004). 

Childress (2000) has considered the dynamical origin of large-scale flows in RB systems. 
In this analysis a two-dimensional model of plumes, such as those observed in thermal 
convection at large Rayleigh and Prandtl numbers, has been introduced. From this model, the 
author deduces the onset of mean flow as an instability of a convective state consisting of 
parallel vertical flow supported by buoyancy forces. Along these lines, Xi et al. (2004) have 
illustrated by direct experimental analysis that the interaction and merging of the vortices 
from neighboring plumes lead to groupings and/or merging of plumes, which in turn generate 
vortices of even larger scale; as a result of these interactions, the convective flow evolves into 
the coherent rotatory motion (the flywheel) consisting of mainly the plumes themselves and 
spanning the whole convection box. This study has clearly demonstrated that it is the thermal 
plumes that initiate the horizontal large-scale flow across the top and bottom conducting 
plates. 

Some authors have also shown that the phenomenon related to the transport of plumes 
along the top and bottom boundary layers (due to the action of the horizontal wind) is 
somewhat linked to the propagation of horizontal waves (Gluckmann et al., 1993; 
Villermaux, 1995; Kadanoff, 2001). The Villermaux’s theory, in particular, proposes that the 
temperature oscillation is caused by a thermal boundary layer instability triggered by the 
incoming thermal plumes from the opposite conducting surface. 

These waves form on the thermal boundary layers in regions of high horizontal velocity 
gradient. The plumes, in turn, form on top of the waves, ride with the wind, and are squeezed 
into the side walls. 

The waves appear as bulges in the height of the thin boundary layer at the bottom of the 
cell. As they move, the waves throw up a hot spray that tends to rise, forming sheets of hot, 
upward motion. These sheets break up into columnar structures that form the plumes shown 
in Figure 28. 

As they move across the bottom of the cell, these structures grow larger, as shown in 
Figure 27. A few plumes come loose and move into the central region. Most hit the right-hand 
wall and move upward as a jet aimed toward the top of the cell. As a plume hits the upper 
wall, it makes a splash. The splash makes a wave. Each wave moves along the top, producing 
a cold spray and thence cold plumes. The plumes form into a downward jet at the left-hand 
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side, splash on the bottom, and produce hot waves, thus keeping the motion going 
indefinitely: these mechanisms lead to the alternating emission of cold and warm plumes 
between the upper and lower thermal boundary layers and the side-jets resulting from plume-
clustering phenomena pull the fluid around the container, forming the liquid flywheel. 

As anticipated, this classical turbulent RB convection (container uniformly heated from 
below and cooled from above) shares many common features with the solutal convection 
pertaining to the multi-droplet configuration treated in Sect. 6.1 and 6.2 (among them the 
time-dependent release of plumes and the formation of large-scale structures). The flywheel 
mechanism, however, does not occur in the latter case. 

This behavior may be explained by the absence of an upper solutal boundary layer. 
The absence of such a layer does not make possible the onset of the splash/wave-

propagation phenomenon discussed before. In practice the system with plumes generated only 
from one side (the bottom) lacks the necessary feedback mechanism able to keep a large-scale 
rotatory motion going indefinitely. 

 
 

8.3. The Rayleigh-Taylor Instability 
 
It should be also mentioned that possible analogies are not limited to RB systems, the 

present problem, in fact, also exhibits quite an interesting theoretical link with the Rayleigh-
Taylor (RT) instability. Within the present context it is worth considering for 
comparison/discussion the work of Bizon et al. (1997). 

They considered turbulent convection driven by an imposed concentration gradient in an 
isothermal vertical thin square Hele-Shaw cell (24 [cm] x 24 [cm] x 0.1 [cm]) at very high 
Rayleigh numbers (up to 7 104 times the value for convective onset). The vertical density 
gradient was, in practice, imposed by these researchers using a heavy fluid at the top 
horizontal boundary and a light fluid (like in the present work) at the bottom (both imposed 
fluids being solutions of iodine in ethyl alcohol). 

They found the concentration field at such high values of the Rayleigh number to be 
characterized by sharp concentration gradients at the top and bottom boundaries (the 
concentration gradients corresponding to the presence of boundary layers) and a central core 
region with mean concentration not dependent on height; the velocity field was shown to be 
featured by the release of solutal plumes growing up of the aforementioned boundary layers 
(the large density difference between the boundary fluid and the central core driving a 
Rayleigh-Taylor instability be responsible for plume formation). 

They observed that the above mentioned instability of the boundary layer tends to excite 
the formation of many, closely spaced plumes whose number always exceeds that predicted in 
the case of simple RB convection. They also reported coalescence of these boundary-layer 
plumes resulting from 1) sweeping motions caused when fluid moving from the interior 
strikes the boundary and then spreads out horizontally, and/or 2) mutual interactions between 
neighboring plumes already known in the case of canonical thermal RB (Moses et al., 1991, 
Xi et al., 2004). 

Conglomerates of plumes leaving the boundary were observed to form "conduits" that 
organize the vertical transport and "channel" subsequent plumes (the channeled fluid, upon 
impacting and spreading along the far boundary, provides the sweeping motion that organizes 
the boundary-layer plumes there into return vertical channels). 
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8.4. Analogies and Differences 
 
Despite the macroscopic qualitative similarities with turbulent RB and RT systems, 

however, the dynamics and the mechanisms underlying the evolution of the present multi-
droplet system are quite different. 

In the case of RB and RT configurations the driving force for the onset of convection is 
the lighter fluid on the bottom of the container, this "force" being replaced by the presence of 
a discrete distribution of sources of solute for the case of a discrete distribution of droplets. 
However, there is no doubt that the geometries that arise in immiscible alloys processing, are 
more complicated than a simple classical RB or RT system. For such a case the distribution of 
light fluid at the bottom is not uniform. The light solute-enriched zones do not exhibit 
uniform behavior. Moreover, during the initial stages of convection fluid motion also arises 
along the lateral boundaries of the droplets (this effect is not present in the classical Rayleigh-
Bénard system; within the framework of the proposed analogy, it would correspond to a 
"heating-from-the-side" thermal condition). 

For many interacting droplets, the adjustment in the number of plumes involves the 
overlapping mechanisms of the enriched zones that merge as time passes; there is an 
undeniable effect of the number of droplets and their distribution. 

Therefore, for the case of many aligned evenly spaced dissolving droplets, after the early 
stages (with an alternating array of clockwise and counter-clockwise rotating cells), the 
process by which the instantaneous mode is selected is very complicated (possibly involving 
the effects of multiple incommensurate selection mechanisms). There are at least five 
independent parameters influencing the aforementioned evolution of the multicellular and 
multi-plume structure, i.e. the aspect ratio of the container and/or the type of lateral boundary 
conditions SW or PBC), the time-evolution of the phenomenon of release of solute (this 
would correspond to a quasi-steady variation of the Rayleigh number for the case of the layer 
of fluid heated from below), the coalescence process of the enriched zones originated from 
different drops, the number of interacting droplets (as previously highlighted) and finally the 
possible presence of surface Marangoni effects. 

In practice, such a system would "ideally" tend to the behavior of the classical infinite RB 
or RT problem only if PBC conditions and a zero separation distance among the droplets (i.e. 
an uniform horizontal layer of liquid formed by the coalescence process of very close 
droplets) were considered. 

 
 

8.5. Other Multi-Plume Systems 
 
Many investigations have also appeared in the literature for the case of multiple localized 

sources of buoyancy (instead of uniform conditions at the bottom). To the author's 
knowledge, however, most of these studies has been focused on flows of different types, but 
all dealing with large-scale scenarios, e.g., geological flows (Farnetani et al., 2002) or 
environmental problems and (see, e.g., Lavelle, 1997 and the rich reference list therein). 
Hydrothermal plumes originated from deep-sea floor are one of many examples in the natural 
environment where a localized source of buoyancy causes materials to rise into an overlying 
fluid and forced circulation to develop. Plumes from terrestrial volcanoes, forest fires, urban 
mass fires and oceanic thermal and waste water discharges (e.g., jet groups issuing from 
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ocean outfalls) provide instances of buoyant plumes or buoyant jets occurring in a cross flow. 
A related problem in the industrial realm involves the dispersion of power plant plumes into 
the atmosphere and associated chemical reactions, interaction and spreading of cooling tower 
plumes, burning of oil spills on water, etc. 

Studies about smoke dispersion from multiple fire plumes have shown that multiple-
plume interactions can push particulate up to altitudes exceeding that of an equivalent single 
plume (Trelles et al., 1999). These interactions can have unexpected results on the 
containment of airborne material. The mixing promoted by the large-scale plume vortex 
structures can transport combustion products to areas that would not have been covered by a 
single plume produced by a single fire. 

The investigation of König and Mokhtarzadeh-Dehghan (2002) was aimed to verify the 
question of how closely the overall characteristics of merged plumes from a multi-flue 
chimney match those of an equivalent single plume. The results for multi-flue plumes were 
compared with those for a single plume under the same release conditions for volume flow 
rate, momentum and temperature. The differences in the velocity, temperature and turbulence 
energy fields of a single plume and multiple plumes were found to be mainly significant in 
the early stages of rise and spreading. 

Bornoff and Mokhtarzadeh-Dehghan (2001), presented the results of a numerical 
investigation into the interaction of two adjacent plumes in a cross-flow. The computations 
were performed for three-dimensional, turbulent, buoyant and interacting plumes, and for a 
single plume for comparison. Two double-source arrangements, namely, tandem and side-by-
side, with respect to the oncoming atmospheric boundary layer were considered. The results 
showed that the interaction of side-by-side plumes is dominated by the interaction of the 
rotating vortex pairs within the plumes. A tandem source arrangement leads to early merging 
and efficient rise enhancement. 

Davies et al. (2000), carried out experiments to measure concentration fluctuations 
downwind of two tracer sources in the atmospheric surface layer. They showed that the 
correlation between the concentrations from the two sources varies with downwind distance 
and source separation. 

These studies about non confined flows (free plumes) and the emission and dispersion of 
pollutants or the rise of oceanic or geophysical currents, though very interesting, however are 
not very relevant to the present case of interacting plumes in a closed geometry and direct 
comparison is very difficult or impossible. They have been cited here for the sake of 
completeness and are of little help when trying to get additional insights into the physics of 
the problem treated in this chapter. 

More relevant analyses available in the literature are due to Wang and Jaluria (2002), Lee 
et al., (2004), Icoz and Jaluria (2005), Bazylak et al., (2006), Lappa, (2003) and (2005e). 

Lappa (2005e), in particular has considered the growth of several macromolecular seeds 
uniformly distributed on the bottom of a protein reactor under microgravity conditions (i.e. a 
discrete layer of N crystals embedded within a horizontal layer of liquid with no-slip 
boundaries, Figure 29). 
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Figure 29. Sketch of the growth reactor with the protein seeds and of the relative direction of the 
residual g. 

Such a problem exhibits significant analogies with the multi-droplet configuration as 
when crystal growth sets in, the solute concentration around a crystal decreases. With this 
depletion of the heavier solute, the solution around a crystal becomes lighter and, thus, rises 
forming a plume above each crystal. 

Figure 30 shows that at the beginning of the growth process two convective cells are 
generated around each crystal. As explained above, the formation of halos due to the lowered 
solute concentration around growing seeds, in fact, has the effect of producing density 
gradients in these areas. These in turn (under the effects of gravity) result in the onset of 
convection. 

After this initial transient behavior, however, the depletion zones for two growing 
consecutive seeds intersect and overlap (Figure 30b). At this stage mutual interference occurs. 
Crystals, in fact, absorb protein from common regions. 

It has been shown by Lappa (2005e) that the delicate evolutionary equilibrium among 
crystal growth (absorption process), solution-depletion phenomena and competition among 
several seeds is coupled to significant and intriguing adjustments in the roll pattern inside the 
reactor. 

In fact, a very complex multicellular structure is created above the interacting crystals 
and this convective field undergoes interesting subsequent transitions to different regimes as 
time passes as shown in Figure 30. 

It has also been found that the prominent features of this evolution exhibit large 
sensitivity to the number of crystals simultaneously growing in the protein reactor if this 
number is not sufficiently large (this case corresponds to typical experiments carried out by 
organic crystal growers interested in studying morphological and kinetic details). It, in fact, 
plays a crucial role in determining the mode of the convective field (i.e. the number of vortex 
cells), the number and positions of rising solutal jets and the related time-evolution. 

Such arguments provide additional evidence for the finding that in systems with multiple 
localized sources of convection, the number of these sources and their distribution must be 
always regarded as significant parameters potentially affecting the system response and 
evolution. 
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Figure 30. Snapshots of growing lysozyme crystals (A=H/L=3, N=5, =l/d=0.24), concentration 
distribution and velocity field reduced-gravity conditions (g=10-4 go): (a) t= 1.38x104 [s], (b) t= 
1.38x105 [s], (c) t=3.59x105 [s], (d) t=4.97x105 [s], (e) t=7.18x105 [s] (level 12.8x10-2 [g cm-3], level 
50 6x10-2 [g cm-3], C=6.4x10-4 [g cm-3]). 
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