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Abstract 
      The analysis deals with a comparative study of 
available experimental, theoretical and numerical 
results about the dynamics of hydrothermal and 
hydrodynamic flow instabilities in various geometrical
configurations traditionally assumed as models of the 
Floating Zone technique. The crucial role played by the
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boundary conditions together with the model liquid used for the experiments is 
discussed in a critical and quite exhaustive way while providing a rigorous 
framework for a better understanding of the heterogeneous variety of results 
appeared in the literature over the last twenty years (often in apparent 
disagreement and/or providing only disjoint glimpses to the problem). The 
interplay among Marangoni flow and several gravity effects is considered as 
an additional relevant parameter contributing to the complexity of the subject. 
Some unpublished results are used to support the discussions. 
 
1. Introduction 
 During the Floating-Zone (FZ) process a melt zone is established between 
a lower seed material and an upper feed material by applying localized heating 
(see, e.g. Fig. 1a). This floating zone is moved along the rod (by means of 
relative motion of the heating device) in such a way that the crystal grows on 
the seed (which is below the melt) and simultaneously melting the feed 
material above the liquid zone. The seed material and the feed rod are 
supported but no container is in contact with the growing crystal or the melt, 
which is held in place only by surface tension. Accordingly, the FZ can be 
regarded as a partially containerless system (the circumferential liquid surface 
is almost entirely in contact with the gas surrounding it except at the solidus 
walls). Such a containerless processing eliminates wall effects such as 
contamination and nucleation at the lateral boundary and allows the formation 
of more pure and perfect crystals. In addition, the absence of the ampoule wall 
allows unconstrained material expansion during freezing, preventing sample 
breakage and other constrainment effects (defects incurred by differential 
contraction).  
 

 
(a) (b) 

 

 
Figure 1: a) the Floating Zone process, b) the liquid bridge with its typical thermal 
boundary conditions.  
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 Unfortunately, oscillatory and/or turbulent convection attained in the 
liquid melt during the processing can be responsible for the presence of bulk 
defects at small length scales in the final crystal (after solidification has been 
completed). The oscillations in the heat flux from the melt to the crystal 
produce, in fact, fluctuations in the local growth rate, with alternating periods 
of growth and remelting; such a behavior leads to microscopic "bands" of 
variable composition known as "striations". 
 In terrestrial conditions and for many crystal growth techniques oscillatory 
convection is basically due to the presence of buoyancy forces.  
 The primary and secondary instabilities of this type of convection have 
been studied for a very long time with regard to the vertical Bridgman (VB) 
technique (this method and the related axisymmetric geometrical configuration 
have enjoyed a widespread use over recent years for terrestrial growth of 
semiconductor crystals). In such a context, for instance, many studies have 
appeared where attention was focused on the (Hopf) bifurcation to oscillatory 
convection in cylindrical enclosures heated from below. It has been shown that 
a variety of possible time-dependent dynamics is possible. The onset of 
"rotating spirals" has been clearly observed in the experimental investigation 
of Plapp et al. [1] and in the numerical studies of Rudiger and Fedeul [2] for 
the case of shallow cylinders; earlier studies, e.g., Croquette et al. [3] and 
Tuckerman and Barkley [4] reported on the existence radially propagating 
patterns of concentric rolls. For the case of cylindrical containers with 
moderate aspect ratios (A= height/diameter=O(1)) complex (steady and time-
dependent) supercritical regimes in liquid metals have been observed (through 
numerical simulation) by several authors (see, e.g., Crespo del Arco et al. [5] 
and the recent investigations of Verzicco and Camussi [6] about the turbulent 
regime). Marked oscillatory phenomena have been also detected in the 
experiments of Kamotani et al. [7] dealing with tall cylinders (A=3) and Gallium. 
 Many studies have also focused on lateral heating conditions. Interesting 
results concerning the stability of buoyant axisymmetric convection in VB 
configurations with a parabolic temperature profile at the sidewall have been 
presented by Gelfgat et al. [8] (see also Baumgartl et al. [9]). It has been shown 
that the axisymmetric basic flow in relatively shallow cylinders tends to be 
oscillatorily unstable via a hydrodynamic Hopf bifurcation of the circulating 
flow, while in tall cylinders the instability sets in due to a steady bifurcation of 
the unstably stratified fluid layer caused by the Rayleigh-Bènard mechanism in 
the upper part of the cylinder. In the first case the three-dimensional 
perturbation has the form of a traveling wave; accordingly the oscillatory 
perturbation patterns (as well as the oscillatory component of the flow) rotate 
around the axis of the cylinder. In the latter case (see, e.g., the experiments of 
Selver et al. [10] about cylinders filled with Gallium), the flow is initially 
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three-dimensional and steady, but it can undergo a subsequent transition to 
time-dependent states if the Rayleigh number is increased.  
 All these gravitational effects (due to bottom or lateral heating) can be 
suppressed if experimentation is carried out in microgravity conditions (i.e. on 
sounding rockets, the Spacelab, the International Space Station or other 
orbiting platforms) or somewhat damped if the height of the melt zone is 
reduced to few millimeters in normal gravity conditions (microzone). 
 It is worthwhile to stress that for the FZ, among other things, a reduction 
in gravity, while tending to minimize buoyancy-driven convection, also results 
in the reduction of the hydrostatic pressure. Such a reduction in pressure 
prevents liquid in a floating zone configuration from deforming under its own 
weight and allows longer, more stable zones to be formed. From these zones, 
larger crystals can be solidified.  
 These crystals are purer than those obtained by means of traditional 
terrestrial techniques (e.g., the VB) due to the aforementioned absence of solid 
lateral constrainments. The FZ configuration, while beneficial in reducing wall 
effects, however, may experience a second type of convection, initiated and 
sustained by thermal or solutal gradients along the zone free surface. This 
convection, now related to surface tension rather than gravitational forces, is 
usually referred to as Marangoni convection and results as a consequence of 
motion of surface liquid with a low surface tension towards fluid areas of 
higher surface tension. Because, as mentioned before, during the float zone 
process the material is melted and then resolidified, axial thermal and solutal 
gradients are established within the zone, acting as stimuli for these phenomena.  
 Since this type of convection cannot be suppressed in the microgravity 
environment and tends to become the dominant flow on Earth when the size of 
the liquid zone is reduced (to weaken gravitational convection), it has become 
the focus of intense investigation over recent years. Unlike buoyancy 
convection for which, due to the extensive body of theory and experiments 
outlined in the foregoing text, a rigorous framework has been introduced (able 
to predict and elucidate experimental observations and to identify cause-and-
effect relationships, i.e. to give insights into the mechanisms acting during on 
the ground processing of materials in enclosures and similar configurations), 
however, a clear picture for the analogous problem of surface-tension-driven 
flows has not emerged yet. This is basically due to the larger number of 
parameters potentially affecting the system response (among them the possible 
deformation of the free surface and the subtle interplay between the Marangoni 
flow and several gravitational effects). 
 The appearance of oscillatory thermal Marangoni instabilities in organic 
transparent liquids (e.g., silicone oils of different viscosities) was initially used 
by the investigators (in the 80's) as a possible means to study at a fundamental 
level the process that leads to the aforementioned undesired microscopic 
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imperfections found in the final crystals (experiments were carried out in 
microgravity conditions and also under normal gravity conditions in situations 
where the Marangoni flow is emphasized with respect to buoyancy forces, i.e. 
microscale experimentation).  
 Additional theoretical research in the subsequent years pointed out however 
that the choice of the proper model liquid is a very delicate aspect of the 
problem. As highlighted by many stability analyses (see, e.g., Kuhlmann and 
Rath [11]) in fact the instability of Marangoni flows is initiated through different 
mechanisms according to the liquid used; by means of an energy analysis, in 
particular, Wanschura et al. [12] disclosed that the primary bifurcation of the 
flow is due to an inertia instability for small Pr fluids (semiconductor melts and 
liquid metals) and to the onset of a particular mechanism known as 
"hydrothermal wave" for the large Pr fluid (transparent organic liquids) case.  
 The Marangoni flow undergoes an instability (that breaks initial axisymmetry 
leading to three-dimensional (3D) effects) of a hydrodynamic nature for Pr << 1 
and of a hydrothermal origin for Pr > 1 (for this case it is strictly related to the 
coupling and interplay between the velocity and temperature fields).  
 In practice, in the first case the flow transition is basically an instability of 
the axial shear layer below the free surface (when Pr goes to zero, in fact, the 
critical Reynolds number remains finite and tends to be a constant value 
indicating that thermal effects do not play a direct role in the instability 
mechanism; in this regard it displays a remarkable kinship with the class of 
instabilities that are known to affect buoyancy flow in laterally heated 
rectangular enclosures for very low values of the Prandtl number, see, e.g., 
Gershuni et al. [13] and Lappa [14]); in the latter case the main reason for the 
oscillatory instability is the existence of a "cold finger", which is created by the 
return flow that brings cool fluid away from the cold wall along the symmetry 
axis (see Fig. 2). This cold zone (close to the free surface) plays a crucial role in 
the mechanism leading to the amplification of surface-temperature disturbances 
and to the onset of surface hydrothermal waves. In earlier results (Wanscura et 
al. [12]) it was pointed out that the instability of Marangoni flow in high Prandtl 
number liquids is related to the convective radial heat transport coupled with the 
Marangoni effect. The possible amplifications of surface-temperature 
disturbances is based on the temporal interaction between the temperature 
distribution within the flow field (in particular the aforementioned cold finger 
established inside the liquid column) and the mechanism by which the surface 
generates flow disturbances in response to temperature perturbations. 
 These theoretical analyses also elucidated that transparent organic liquids 
enable a completely different scenario with respect to liquid metals; the 
transition to 3D flow is always associated with the onset of oscillatory flow 
(Hopf bifurcation) whereas for semiconductor melts the instability breaks the 
spatial axisymmetry, but the flow regime is still steady (stationary bifurcation,  
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Figure 2. Temperature and velocity field in a liquid bridge with Pr=15, AH=1.0, S=1, 
Ma=104 (axisymmetric flow, microgravity conditions). 
 
Ma=Mac1), prior to the onset of time dependent flow field (that arises as a 
secondary convective bifurcation, Ma=Mac2). 
 The objective of the present work is to identify the most important aspects 
of the problem, illustrating the state-of-the-art and providing the researchers 
from industry and universities with a basis on which they are able to estimate 
the possible impact of a variety of parameters.  
 The approach is based on the evaluation of available results coming from 
scientific microgravity experiments, ground-based research, and especially 
numerical investigations. It is shown how such a cross-comparison can be 
instrumental in unraveling complex interwoven or overshadowed phenomena. 
Of course, the present review is necessarily limited in scope and depth, both 
because of the page limit and because of the amount of published literature on 
these subjects that is now enormous. Consequently, the emphasized topics 
have been selected according to the opinion and the experience of the author. 
Owing to the elaborate nature of some of these studies it has not always been 
possible to fit an adequate account of them into the framework of the present 
analysis, but attempts are made to give some indication of the most important 
results, and of the methods employed. The author apologizes to those whose 
work or publications are not described or cited. 

 

2. Possible models of the FZ 
 Most of the findings mentioned in the introduction were yielded for the so-
called "liquid bridge" (also referred to as half zone). This model of a float zone 
melt was introduced in the mid-1970s as a vehicle for performing experiments 
with transparent liquids in well-controlled conditions (nevertheless, over recent 
years it has been also used with opaque melts).  
 It simulates half of a real floating zone (the liquid between one of the ends 
of the domain and the equatorial plane) and consists of a pair of coaxial, solid 
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cylindrical disks (one hot and the other cold) with a bridge of liquid material 
suspended between them (see Figs. 3). 
  Although the liquid bridge may be regarded as a very crude simplification, 
it has enjoyed a widespread use; it was used, in fact, as a paradigm model by many 
investigators who initially tried to make a clear distinction between materials-
science-oriented research and fluid-science-oriented research (according to whether 
the interest was centered in the microstructure of the final product, e.g., grown 
silicon crystal, or on understanding the liquid behavior during the processing).  
 Both the floating zone of technological interest and the liquid bridge are 
held by surface tension forces (capillarity), spanning between two sharply-
edged coaxial solids against the natural tendency of liquids to adopt a spherical 
shape in the absence of other forces, and the tendency to creep down the rod in 
a gravity field. The real FZ, however, is not a static configuration; rather, as 
previously explained, it is a dynamic process governed by temperature 
gradients that force the tip of the feeding rod to melt and the tip of the grown 
material to freeze. Nevertheless, the mechanical model of a quasi-steady series 
of liquid bridges has been shown to be relevant to some key aspects of the 
problem. For instance, by liquid-bridge-based investigations, as outlined 
before, it was clarified that the instability of Marangoni flow exhibits a 
different nature according to the liquid used (the Prandtl number).  
 More recently, however, it has been proven that the "full-zone" (a pair of 
coaxial, solid cylindrical disks  with a column of liquid material suspended 
between them and laterally heated by an axisymmetrical energy source), even 
though a static configuration as the half-zone, seems to be a more relevant 
model for the investigation of many crucial aspects of the FZ process. 
 

      

    (a)           (b) 
 
Figure 3. (a) A liquid bridge of silicone oil sustained between two disks of 4 [mm] 
diameter (after Monti et al. [15], the liquid motion in the meridian plane is visualized 
using tracers scattering the light generated by a laser diode He-Ne with a wavelength of 
635 [nm], forming a light sheet; the laser beam is oriented orthogonal to the main 
optical path of a CCD camera); (b) A liquid bridge of opaque molten metal (tin) held 
between two stainless steel rods of 4 [mm] diameter (after Yang and Kou [16]). 
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 In both cases (half- and full-zone) the free interface of the liquid column 
can undergo deformation in normal gravity conditions (more or less pronounced 
according to the surface tension of the liquid and the height of the column). 
This is an additional aspect contributing to make the problem related to the 
investigation of the flow instabilities in such configurations a very complex task.  
 The geometrical aspect ratio of the liquid column of full-zone extent (AF) 
is usually defined as AF =2L/D where L is the axial distance between a supporting 
disk and the equatorial plane (D is the diameter of the supporting disks); the 
aspect ratio of the corresponding half-zone (half of the considered full-zone) 
can be defined as AH =L/D= AF/2 (accordingly, in a nondimensional reference 
system based on the assumption of L as the reference length, the disks are 
located at z=±1 and z=0, z=1 for the full- and the half-zone, respectively).  
 The effect of the shape (cylindrical, convex or concave under microgravity 
conditions, amphora-like on the ground), as anticipated, must be also regarded 
as an important aspect of the problem. Usually these aspects are studied in 
terms of the nondimensional parameter S (the so-called volume or shape 
factor) ratio of the volume held between the supporting disks and the volume 
of the corresponding straight configuration with a cylindrical liquid/gas interface. 
 Finally, for the half zone in normal gravity, the heating direction (from 
above or from below) also plays a crucial role as an additional factor 
potentially affecting the system response. 
 The relevant nondimensional characteristic numbers are: 
 
Pr 
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where ν is the kinematic viscosity, α the thermal diffusivity, g the gravity 
acceleration, βT the thermal expansion coefficient, ∆T the temperature gradient 
acting along the free surface, σT the surface tension derivative and µ the dynamic 
viscosity (Gr and Re are known as the Grashof and Reynolds number, respectively). 
 
3. The liquid bridge 
3.1 The half zone and transparent high Prandtl number liquids 
 It is known (Wanschura et al. [17]) that the onset of pure buoyancy 
convection in such a geometrical configuration (heating from below thermal 
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condition) is always three-dimensional. On the contrary pure Marangoni flow 
(as proven by experiments in space) and Marangoni flow weakly affected by 
buoyancy forces (microscale experimentation) are initially axisymmetric and 
undergo transition to oscillatory and/or three-dimensional flow only if the 
Marangoni number is increased beyond a certain critical threshold.  
 Since the symmetry of the flow is successively broken when the temperature 
difference between the supporting disks is increased, leading to a wealth of 
different spatiotemporal patterns, this configuration has been often used by 
researchers interested in fundamental fluid-dynamic  research as a pattern-
forming dynamical system of exceptional complexity. 
 Hereafter some cases dealing with conditions corresponding to microscale 
experimentation are considered as relevant examples to illustrate the potential 
role played by buoyancy forces during ground-based investigations of 
Marangoni flows (see the experimental results supported by corresponding 
numerical simulations shown in Figs 4 and 5); it is worth noting that in such a 
context (height of the liquid columns of a few millimeters), when AH is 
relatively small, even in normal gravity the assumption of a cylindrical surface 
can be regarded as a good approximation of effective experimental conditions. 
 The results shown in Figs. 4 and 5 prove that, even if the Marangoni flow 
is emphasized with respect to buoyancy forces by the small length of the liquid 
bridge, the structure of the 3D flow related to the first bifurcation 
(characterized by the existence of m cold spots and m hot spots on the free 
surface with oscillatory behavior) is affected by buoyancy (it changes 
according to whether the bridge is heated from above or from below). This 
behavior is evident by comparing the number of surface spots of Figs. 4 (wave 
number m=2) with Figs. 5 (wave number m=1). Both Figs. 4 and 5 correspond, 
however, to the azimuthal propagation of hydrothermal waves (as discussed in 
the introduction). 
 The heating direction and related effects of buoyancy forces (damping or 
strengthening surface Marangoni flow in the case of heating from above or 
from below, respectively), in fact, even though influencing the overall 
structure of the 3D flow (in terms of related wave number) do not change the 
high-Pr instability mechanism which, for microscale conditions, is basically 
due to the propagation of hydrothermal waves like the case of pure thermocapillary 
convection in microgravity (the thermofluid-dynamic field results from the 
superposition of two counterpropagating hydrothermal waves traveling in the 
azimuthal direction). 
 The wavefront  F of such hydrothermal waves is generally inclined with 
respect to the bridge axis. Since the constant-phase surfaces can be imagined as 
vertical planes that have been twisted around the vertical axis (z), the twist being 
given by a phase G(r,z), each wave having an amplitude B(r,z) can be represented 
according to Kuhlmann and Rath [19] as [ ]{ }),(exp),( zrGtmizrBF +−±=± ωϕ , r and 
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Figure 4. Temperature disturbance on the bridge surface for AH=0.4 and traveling-
wave regime (Pr=30, Ma = 3.6x104 bridge heated from above). The field is shown in 
frames a,b,c,d (3D computations) and frames e,f,g,h (experimental results, 
thermographic visualization), corresponding, respectively, to t = 0, τ/4, τ/2, 3τ/4, τ 
being the oscillation period, (after Lappa [18]). 
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Figure 5. Temperature disturbances on the bridge surface for AH=L/D=0.4 and 
traveling-wave regime (Pr=30, Ma = 4.3x104 bridge heated from below). The field is 
shown in frames a,b,c,d (numerical results, 3D computations) and frames e,f,g,h 
(experimental results, thermographic visualization), corresponding, respectively, to t = 
0, τ/4, τ/2, 3τ/4, τ being the oscillation period, (after Lappa [18]). 
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ϕ being the radial coordinate and azimuthal angle, respectively (ω being the 
angular frequency 2πf). A superposition of two counterpropagating waves with 
the same amplitude results in  
 

)),(cos()cos(),( zrGtmzrBF −= ωϕ           (4a) 
 
 Since in this case the oscillatory term in eq. (4a) does not depend on ϕ, this 
regime is characterized by azimuthal maximum and minimum disturbances 
fixed in space with the minimum being continually replaced by the maximum 
and vice versa (as soon as cos(ωt-G(r,z)) changes its sign). Since these extrema 
in the disturbance distribution correspond to hotter and colder zones in the 
bridge, the three-dimensional temperature disturbance simply consists of a 
number m of couples of spots (hot and cold) pulsating at the same azimuthal 
positions along the interface.  
 When the amplitude of the two hydrothermal waves is not the same the 
superposition gives:  
 

[ ]tGmmzrBF ωϕϕ −≅ ),(bcos)(a),(                                     (4b) 
 
(the functions a and b are reported in Kuhlmann and Rath [19]) so that the 
oscillatory term depends on ϕ; in this case, on the basis of eq. (4b) the 
disturbance extrema travel in the azimuthal direction and the phase of the 
oscillations depends continuously on  ϕ 
 The existence and occurrence of these regimes have been the subject of 
endless discussions in the literature. According to numerical simulations based 
on the solution of the non-linear 3D Navier-Stokes equations (see, e.g., Fig. 6) 
there is indirect evidence of the fact that at the beginning two 
counterpropagating waves with equal amplitude are formed (standing wave 
regime), while in a second phase one of these waves becomes dominant (the 
standing wave is taken over by a traveling wave).  
 If temperature oscillations are measured in points with the same axial and 
radial coordinates but at different azimuthal positions, for the standing wave, 
only two values of the azimuthal phase shift are allowed  (∆φ = 0 or ∆φ = π); on 
the contrary, for the traveling wave the possible values of the phases are not 
discrete. Monitoring this phase shift therefore it is possible to detect the regime 
and in particular the transition from one another (Figs. 6 and 7).   
 Along these lines, Figs. 7c and d show that the behaviors elucidated above 
in terms of phase shift of the signals correspond to well-defined "attractors" in 
the Ti-Tj plane. These plots are often used as idealized versions of the state of the 
considered system and its possible dynamical evolution. For instance, of particular 
interest is the interplay between T2 and T1. During the first regime the system 
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Figure 6. Signals provided by four numerical “probes” with an angular shift of 90 
degrees for the case Pr=30, AH=1, S=1, Ma=3x104 and microgravity conditions 
(azimuthal wave number m=1). 
 
evolves along an ellipsoidal spiral (the initial point corresponds to the initial 
axisymmetric and nonoscillatory condition of the system) whereas in the 
subsequent rotating regime the attractor is given by a quasicircle. This can be 
used as a distinguishing mark for detecting the oscillatory mode of convection.  
 Between these two cases an intermediate (pulsorotating) regime occurs, 
with a phase shift increasing with time from zero (or π) up to π/2 (Fig. 8). It is 
worth noting that this transitional regime can be used to explain some 
unexpected behaviors described in the literature. Velten et al. [20], using three 
thermocouples having the same axial and radial coordinates but different 
azimuthal positions, measured in many situations phase shifts changing 
continuously in time that, in the light of the above arguments, could be simply 
interpreted as a transition period between pulsating and rotating modes of 
convection. 
 The criterion (and related spatial interpretation in terms of temperature 
spots and signals) discussed in the foregoing for m=1 (the case shown in Figs. 
6-8) focusing on T1 and T2 (at 90 degrees), can be generalized to m>1 in a 
simple way by choosing a set of thermocouples with an azimuthal shift of 90/m 
degrees.  
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Figure 7. Oscillatory behaviors in the phase space. 
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Figure 8. Transition from the standing to the traveling-wave regime (Pr=30, AH=1, 
S=1, Ma=3x104, m=1, microgravity conditions, azimuthal wave number m=1, signals 
provided by two thermocouples with an angular shift of 90 degrees). 
  
 The azimuthal wave number m is known to behave as a decreasing function 
of the aspect ratio (2mAH≅const for liquid bridges with S≅1). Figure 9 summarizes 
some landmark results available in the literature [20-25]. 
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 Some studies have also appeared about volume effects  (S≠1) in normal 
gravity conditions. Terrestrial experiments (Hu et al. [26] and Hirata et al. [27-
29]) on transparent high-Prandtl liquids have essentially shown a non-
monotonic behavior of the stability limit versus the liquid-bridge relative 
volume: the stability diagram consists typically of two branches with an 
"overstability" gap (i.e. very high values of the critical Marangoni number) for 
intermediate values of the volume (S≅0.9, see Fig. 10) whereas the flow is 
destabilized for large or small volumes (for Pr<<1 the behavior is different, see 
Sect. 3.2). In several experiments the overstability gap was found to 
correspond to 0.8<S<1.0. 
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Figure 9. Critical azimuthal wave number as a function of the aspect ratio AH and of 
the Prandtl number Pr≥1 as determined in landmark experiments (with liquid bridges 
heated from above in normal gravity conditions and S≅1).  

 

 
 
Figure 10. Critical temperature difference as a function of the ratio between the 
minimum or maximum diameter of the liquid bridge Dm and the diameter of the 
supporting disks D (AH=1.0, 10 [cs] silicone oil, normal gravity, liquid bridge heated 
from above, after Hu et al. [26]). 
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 The discontuinity gap disappears under microgravity conditions where the 
curve becomes a smooth continuous function of S (as shown by the experiments 
of Hirata et al. [29] and in the linear stability analysis of Chen and Hu, [30]).  
 Chen and Hu [30] and Ermakov and Ermakova [31] extended the earlier 
experimental studies by means of linear stability analyses accounting for the 
effect of a noncylindrical interface in zero-g conditions and on Earth, respectively. 
They found that for high Prandtl liquids the critical values of the Marangoni 
number are strongly influenced by the liquid bridge volume (e.g. for Pr=10 a 
variation of 20% of the volume of the liquid bridge can lead to a variation of 
100% of the critical Marangoni number).  
 
3.2 The half zone and liquid metals 
 For liquid metals, outstanding pioneering numerical studies were carried 
out by Rupp et al. [32] and Levenstam and Amberg [33]. The free interface 
was assumed to be cylindrical (S=1 and microgravity conditions) in these 
studies and the critical azimuthal wave number (m) was found to behave as a 
decreasing function of the aspect ratio, i.e. 2mAH=const like the case with 
Pr>1; Lappa and Savino [34] extended such a relationship to the case of 
dynamical aspect ratio changes induced by solidification. 
 The effect of a noncylindrical shape on the first bifurcation was considered 
by Lappa et al. [36] and Chen et al. [37] (see Fig. 11). They found 
(microgravity conditions) that for a fixed aspect ratio the critical azimuthal 
wave number can be shifted to higher values by increasing S (convex shape) or 
to lower values by decreasing S (concave shape). 
 For some interesting results about the effect of gravity on the first flow 
bifurcation in liquid bridges (AH=1, L= 1 [cm]) heated from above or from below  

 

 
 
Figure 11. Critical threshold and wave number (first flow bifurcation) as a function of 
the volume factor (Pr=0.01, microgravity conditions, after Chen and Hu [38]). 
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and low-Pr fluids, the reader may consider Lappa et al. [39]. According to 
their simulations if the deformation of the shape induced by gravity is taken 
into account (amphora- like), gravity always acts stabilizing the Marangoni 
flow regardless of the direction of the gravity vector (parallel or antiparallel to 
the axis), whereas in the unrealistic case of a straight surface the heating from 
below condition leads to a weak destabilization of the flow. The on-the-ground 
deformation of the shape also influences the value of the azimuthal organization of 
the flow field. The azimuthal wave number is shifted to higher values if the heating 
from above condition is considered (see the last two columns in Table 1 and Figs. 
12 and 13).  
 Imaishi et al. [35] depicted in detail the complex spatio-temporal evolution 
of the flow field that occurs after the secondary (oscillatory) bifurcation of the 
Marangoni flow for cylindrical liquid bridges (S=1, zero-g) with different 
values of the aspect ratio AH and 0≤Pr≤0.02, elucidating different (referred to 
as "torsional") oscillatory behaviors (these modes are featured by a back and 
forth azimuthal periodic motion of the toroidal convection roll, see Fig. 14). 
 
Table 1. Critical Marangoni number for the half-zone under normal gravity conditions 
(L= 1 [cm], AH=1, S=1, Silicon, Pr=0.01) after Lappa et al. [39]. 
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Figure 12. Structure of 3D Marangoni flow with m=2 in the case of a silicon liquid 
bridge, L= 1 [cm], AH=1, S=1, Ma=40 at the steady state, 1g, bridge heated from above: 
(a) 3D view of the isosurfaces of the temperature disturbance, (b) nondimensional 
azimuthal velocity in the cross section z=0.5, after Lappa et al. [39].  
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   (a)                                                         (b) 
 
Figure 13. Structure of 3D Marangoni flow with m=1 in the case of a silicon liquid 
bridge, L= 1 [cm], AH=1, S=1, Ma=40 at the steady state, 1g, bridge heated from below: 
(a) 3D view of the isosurfaces of the temperature disturbance, (b) nondimensional azimuthal 
velocity in the cross section z=0.5, after Lappa et al. [39]). 
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Figure 14. Snapshots of temperature disturbances at z=0.5 over a period of oscillation 
(gallium liquid bridge, cylindrical interface, AH=1, S=1, Ma=160, heating from below, 
secondary instability of Marangoni flow, "torsional" regime). 
 
 Among other things, Lappa et al. [39] also disclosed that the steady (first) 
bifurcation in liquid bridges heated from below with pronounced shape 
deformation may be suppressed; for the case of a Gallium (Pr=0.02) half-zone 
with height 1 [cm], in fact, they found the flow to undergo a direct transition to 
oscillatory flow with hydrodynamic pulsating and rotating modes of convection. 
These regimes are qualitatively similar to those usually observed in the case of 
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high Prandtl number liquids and hydrothermal behaviors (see Figs. 4 and 5), but 
are hydrodynamic in nature.  
 
3.3 A generalized theory for the azimuthal wave-number 
 It is known that discrete wave numbers of disturbances are selected out of 
the full spectrum of disturbances because the convection roll is closed in a 
special zone geometry. The selection rule is given simply by the constraint that 
the azimuthal wavelength must be an aliquot of the toroidal vortex core 
circumference (as stated by Chun and Wuest, [22]) and by the fact that the 
convection roll is axially limited (as stated by Xu and Davis [40]). 
Accordingly, the critical wave number has to be related to the effective axial 
extension LV and to the diameter DV of the center-line of the convection roll. 
In practice it scales with the parameter AV= LV/DV.  
The arguments below explain this dependence in detail:  
 Preisser et al. [21] pointed out that in the case of half-zones with AH=O(1), 
the radial penetration depth of the convection in the bulk of the liquid is 
approximately given by the extension along z of the toroidal convection roll 
(LV); since the size of the 2m azimuthal convective cells induced by the flow 
instability in the cross sections perpendicular to the liquid zone axis is equal to 
the radial extension (LV) of the toroidal vortex (in other words the path the 
disturbance takes around the free surface is comparable in length to the path of 
the disturbance in the r–z plane), the 2m convective cells cover a 
circumference 2mLV; the circumference of the toroidal vortex can be also 
computed as πDV, therefore: 
 

2
π

≅VmA
                          

(5)
 

 

 Equation (5) provides an analytical relationship between the critical 
azimuthal wave number and the "aspect ratio" of the toroidal vortex supported 
by precise theoretical arguments. Along these lines it is possible to link the 
behaviors described in the earlier sections to the geometrical aspect ratio in the 
case of a straight surface or to the effective aspect ratio of the toroidal 
convection rolls in the case of a noncylindrical volume.  
 In the case of a cylindrical half-zone with an aspect ratio of O(1), since 
D∝DV  and L∝LV, Eq. (5) reads: mAH≅const. 
 Since in the case of convex or concave surface the diameter of the toroidal 
convection roll scales with the maximum diameter of the floating zone (Lappa 
et al. [36]) and consequently according to the volume factor S: 
 

LV ≅L and DV∝D⋅S → S
A

DS
LA H

V =∝                       (6a) 
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Therefore, eq. (5) reads: 
 
mAH∝S             (6b) 
 
 The foregoing relationships elucidate why under microgravity conditions 
the critical azimuthal wave number of the half-zone m increases if the aspect 
ratio is reduced (and vice versa) and scales with the volume. 
 Finally, it should be highlighted that the theory relying on eq. (5) also 
provides a theoretical justification for some effects dealing with the dynamical 
change of the axial extension of the liquid zone that occurs during half-zone-
based solidification processes (i.e. it can also take into account effects related 
to variation of LV in addition to the ones related to DV,  see Lappa and Savino [34]).  
 
3.4 Effect of the Prandtl number 
 As widely illustrated in the earlier sections the instability of Marangoni 
flow exhibits quite different features according to whether the Prandtl number 
is low (Pr<<1) or high (Pr>1). As already explained, in the first case the 
instability is hydrodynamic in nature (the 3D flow is initially steady and can 
become oscillatory as a consequence of a secondary instability) whereas the 
latter has a hydrothermal origin.  
 It is well known that for both cases, the critical Marangoni number for the 
onset of the first transition is an increasing function of the Prandtl number. 
 From the analysis of Wanschura et al. [12] (in the present section the 
discussion is limited to cylindrical liquid bridges, i.e. S=1 and microgravity 
conditions), the onset of stationary 3D flow occurs at Re≅2000 for aspect 
ratios close to AH=0.5 and Pr<0.03. Therefore the order of magnitude of the 
critical Re for these low Pr fluids is nearly constant in this range (the 
Marangoni number increases linearly with Pr).   
 According to the data summarized in the analysis of Kuhlmann [41] for Pr 
in the range 5<Pr<100, the critical Reynolds number for the onset of 
oscillatory flow can be approximated by Re≅103 (even if such a rule tends to 
overestimate the critical threshold (Mac=RecPr) for Pr>10).  
 However, the intermediate range of Prandtl numbers between 

approximately 0.07 and 0.8 which joins the low and high ranges is quite 
complicated and has not been studied to the same extent. One striking feature 
is that the axisymmetric base state is much more stable in this intermediate 
range than at high or low Prandtl numbers.  
 Within such a context it is worth citing the analysis of Levenstam et al. 
[42], who disclosed in this range the existence of four different oscillatory 
modes with different qualitative features for the case AH=0.5 and S=1 (many of 
which were found to replace the steady first bifurcation that occurs for lower 
values of the Prandtl number). 
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 The range of Prandtl number between 0.07 and 0.8 (just below unity) is quite 
complicated since there the low-Pr hydrodynamic instability competes with the 
high-Pr hydrothermal one. Along these lines, for instance, Wanschura et al. [12] 
found that the critical Reynolds number increases dramatically as the Prandtl 
number either increases from below toward the value 0.05, or decreases from 
above towards a value around 0.8 (they considered the range 0-0.05 and 0.5-4.8). 
Similarly the critical Marangoni numbers computed by Rupp et al. [32] showed 
two separate branches, one at low and one at high Prandtl numbers; in their plot of 
Marangoni number versus Pr these two branches are separated by a discontinuity.    
 It is known (Wanschura et al. [12]) that in the case of a pure 
hydrodynamical instability, the azimuthal flow related to the 3D state is in the 
opposite direction to that one which could be expected from thermocapillarity, 
i.e. the azimuthal flow is towards the hot spots on the free surface; thus 
thermocapillarity acts to suppress this flow (i.e. it acts as a weak force 
counteracting the azimuthal flow triggered by the hydrodynamic instability). 
 Levenstam et al. [42] found that for Pr<0.02, this effect is too weak to 
suppress the instability. At Pr≅0.02  the critical Reynolds number starts to 
increase with increasing Pr. At these Prandtl numbers the temperature 
disturbances on the free surface are large enough for the counteracting 
Marangoni force to influence the stability limit. The increase in critical 
Reynolds numbers is due to the opposing Marangoni force on the free surface. 
For Pr≥0.0585 the axisymmetric state bifurcates directly to an oscillatory state. 
 For 0.0585≤Pr≤0.0697 the instability is still of a hydrodynamical origin 
but for  0.0697≤Pr≤0.183 the mechanism for the oscillatory instability is given 
by the interaction of the resisting Marangoni force on the free surface and the 
hydrodynamical instability responsible for the stationary bifurcation that 
occurs for Pr<0.0585. In the range 0.18≤Pr<0.84 the most critical branch is an 
oscillatory state that shares some features with the hydrothermal wave 
mechanism. For Pr≥0.84 the critical Reynolds number decreases rapidly with 
increasing Prandtl number. In this range the instability is hydrothermal. 
 These results are quite in a good agreement with those obtained by Chen et 
al. [43], who found the first bifurcation to be oscillatory for Pr≥0.1 and a 
dramatical increase of the critical Marangoni number in the range 0.1≤Pr<1 
with a peak at Pr=0.7. 
 Despite these complex behaviors affecting the aforementioned 
intermediate range of Pr, many investigators have tried to introduce analytical 
relationships to relate the critical Marangoni number for the onset of the 
oscillatory instability (secondary in the case of Pr<<1, primary in the case of 
Pr>1) to the value of the Prandtl number. 
 Rupp et al. [32] obtained the following dependence of the critical 
Marangoni number on the Prandtl number for Pr>1: 
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Mac= 2884 Pr0.638  for 1≤Pr≤49   and AH=0.6, S=1          (7) 
 
not fulfilled however for semiconductor melts. 
 Cröll et al. [44] found that the strong dependence of the critical Marangoni 
number Mac2 (secondary instability) upon the Prandtl number can be expressed as 
 
Mac2= 2.2 104 Pr1.32              (8) 
 
 Yang and Kou [16] observed that a relationship able to fit reasonably well 
the experimental data (Marangoni number for the onset of oscillatory flow) of 
a number of materials (including Sn, Si, Bi, GaSb, GaAs, KCl, NaNO3 and 
C24H50) is 
 
Mac= 2000 Pr0.6  for 10-2≤Pr≤102   and AH=O(1), S=1         (9) 
 
 It is also worth noting that in Monti et al. [45] it was found experimentally 
that the dimensionless (reference time D2/α) frequency for liquid bridges with 
S≅1 and Pr>1 can be expressed as: 
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α                      (10) 

 
 Unlike the case of high-Pr where a large amount of experimental results is 
available, unfortunately, only few results have appeared about oscillatory flow 
in half-zones of liquid metals (Tao and Kou [46]; Han et al. [47]; Takagi et al. 
[48]; Yang and Kou [15]).   
 
4. The full-zone  
4.1 The state of the art 
 For the full zone, typical flow configurations obtained for small 
Marangoni numbers consist of two separate axisymmetric toroidal vortices in 
the lower and upper half of the liquid zone with opposite senses of rotation.  
 In the axisymmetric state (prior to the transition) the maximum of the 
surface tension occurs at the contact points (disks), and the minimum occurs at 
the midsection of the floating zone. The liquid is therefore driven along the 
surface away from the midsection. Because of the geometrical constraints, the 
liquid has to turn to flow along the side walls, then along the axis, and then it 
has to flow back toward the surface along the midsection of the liquid zone;  
 In microgravity conditions the resulting two toroidal vortices have 
symmetric form but rotate in the opposite directions, i.e. the basic state 
exhibits radial velocity and temperature symmetric with respect to the 
midplane of the full-zone, whereas the axial velocity is antisymmetric. 
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 Only recently have some three-dimensional (3D) numerical results about 
this configuration become available.  
 Chen and Saghir [50] and Saghir and Maffei [51] investigated the three-
dimensional convection in a molten zone of bismuth-germanate with 
temperature differences both in vertical and in azimuthal directions. These 
computations were carried out to simulate the nonuniform heating profiles that 
often arise due to the difficulty in fabricating ring heaters with perfect 
axisymmetric heat flux and structure, and/or due to small misalignments of the 
ampoule axis with the axis of the ring heater. The azimuthal flow and asymmetrical 
temperature distribution in the molten zone were examined for various 
asymmetrical heating conditions under microgravity and normal-gravity conditions. 
 Other researchers investigated the onset of 3D flow that can be induced by 
the instability of the basic axisymmetric Marangoni convection. Baumgartl et 
al. [52] used a finite difference method in the case of a liquid zone having 
aspect ratio AF=1.2 and Prandtl number Pr=0.02. Levenstam et al. [53] carried 
out experiments in the case of a floating-zone-like configuration (Pr=0.023) 
and simulated the experiments by a finite-element method. Cröll et al. [44], 
during the Spacehab-4 mission (STS-77) performed two experiments on the 
crucible-free growth of GaSb (Pr=0.04, AF=0.8-0.9). The experiments were 
performed in the so-called commercial float zone furnace (CFZF), an 
ellipsoid–paraboloid mirror furnace with a ring focus of 20 mm diameter. 3D 
numerical simulations of the experiments were carried out using the finite-
element method (FIDAP commercial software). Lan and Chian [54] 
investigated the case of a floating zone having an aspect ratio AF=1.0 and 
Pr=0.01. Minakuchi et al. [55] considered four values of the aspect ratio 
AF=0.25, 0.4, 0.5, 0.6 and Si-doped Ge (Pr=7.7 10-3).  Wanschura et al. [56] 
carried out a linear stability analysis for the case Pr=0.02 and AF=1.0.  
 More recently, other numerical results obtained within the framework of 
the linear stability analysis have been presented by other investigators 
(Houchens and Walker [57,58]; Gelfgat et al. [59]). In particular, Houchens 
and Walker [58] have investigated the range 0≤Pr≤0.2 and aspect ratios 
0.5≤AF≤2; aspect ratios up to AF=20 have been considered by Houchens and 
Walker [57] for Pr=0.001. In Gelfgat et al. [59] calculations have been 
performed for a fixed value of the aspect ratio AF =1 and 0 <Pr≤0.1. 
 Nonlinear simulations for a wide range of aspect ratios and volumes for 
both micro- and normal-gravity conditions have been carried out by Lappa 
[60-62] for Pr=0.01. 
 In agreement with the results available in the case of half-zone 
configuration, the above investigators have found that for liquid metals with 
Pr<<1 the first bifurcation is stationary (i.e. the supercritical state is three-
dimensional and steady) and that the regime becomes oscillatory only when 
the Marangoni number is further increased (second oscillatory bifurcation). 
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 Gelfgat et al. [59] interestingly have pointed out that the most unstable 
azimuthal mode, that at low Prandtl numbers is steady (i.e., the imaginary part 
of the leading eigenvalue of the linear stability problem is zero), at larger 
Prandtl numbers, approximately at Pr=0.07 (Pr=0.079 in the linear stability 
analysis of Houchens and Walker [58]), is replaced by an oscillatory mode of a 
different nature (for the half-zone case, as explained in Sect. 3.4, this change 
occurs at Pr≅0.0585). 
 
4.2 Cylindrical interface and microgravity conditions 
 The major outcome of computations carried out for the full-zone under the 
constraint of a cylindrical interface and zero-g conditions is that for both even 
and odd critical azimuthal wave numbers the mirror symmetry with respect to 
the mid-plane is broken. 
 The azimuthal wave number (m) of the critical mode (primary flow 
bifurcation) is a function of the aspect ratio of the full-zone. In particular, 
according to the results of Lappa [60] (Pr=0.01, see Fig. 15) the critical number 
is m = 1 for 1.3≤AF≤2.0, whereas higher values appear for lower aspect ratios: m 
= 2 for  0.7≤ AF ≤1.2, m = 3 for AF =0.6, m=4 for 0.4≤AF≤0.5, m=6 for AF =0.3 
and m=9 for AF=0.2 (these wave numbers are in good agreement with those 
recently obtained by Minakuchi et al. [55] who have found m=3 for AF=0.6, m=4 
for AF=0.5, m=5 for AF =0.4 and m=7 for AF=0.25, see Fig. 16). 
 These results suggest an empirical correlation between the geometrical aspect 
ratio and the critical azimuthal wave number of the instability similar to that for 
the case of the half-zone configuration (see Sect. 3.3 and eq. (5)). This correlation is  
 

m AF ≅2             (11) 
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Figure 15. Growth rates as function of the Marangoni number and determination of the 
first critical Marangoni number for different values of the aspect ratio (cylindrical 
interface, microgravity conditions, after Lappa [60]). 
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Figure 16. Critical azimuthal wave number (as a function of the aspect ratio AF) as 
determined by very recent linear stability analyses and non linear numerical simulations 
(full zone with cylindrical interface, first flow bifurcation, Pr≤0.02). 
 
 The mode switches determined by Houchens and Walker [58] are, 
however, "slower" than those of Lappa [60] and Minakuchi et al. [55] for the 
case of shallow configurations (AF <0.3, see  Fig. 16). Houchens and Walker 
[58] have explained these differences as the consequence of nonlinear 
interactions between two modes, which then can favor a new mode with higher 
azimuthal wave number at slightly supercritical Ma when the problem is 
investigated in the framework of a non linear approach.  
 
4.3 Comparison with the half-zone  
 The finding that for both odd and even modes, the system loses the flow 
mirror symmetry with respect to the equatorial plane is of paramount 
importance if one considers that, in the light of this result, the half-zone should 
not be used to obtain quantitative data about the FZ technique.  
 For instance, this is the reason why the Mac1 values computed for the half-
zone model by several investigators [12, 33-34,37,63-66] are twice the values 
calculated for the case of full-zone model (see Fig. 17).  
 The major difference between the two models comes from the instability 
threshold and the reason for this difference is that the independence and 
separation of the flows in the upper and the lower half of a full-zone, which is 
stated by using a half-zone model, is not true. For this configuration, in fact, 
the convection roll is bounded by a wall from one side and it is free to interact 
with the opposite convection roll from the other side. 
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Figure 17. Comparison between the critical Marangoni number (the primary flow 
instability) of the full-zone configuration (Lappa [60]) and available results (Imaishi et 
al. [64,65] and Chen et al. [37]) dealing with the half-zone configuration (Pr=0.01). 
 
 The Mac value for a half-zone is likely to be higher than that for a full-
zone because of the additional no-slip condition at the heated disk and the 
reduced degrees of freedom compared to the full-zone configuration.  
 The presence of the lower wall in the half-zone forces the flow coming 
toward z =0 to turn along it. As a result, the primary role played by the lower 
wall in the half-zone is probably that of stabilizing the flow by removing 
momentum through the no-slip condition and the resulting action of viscosity 
(the lower wall acts as an energy sink), so that the flow is weaker than in the 
full-zone. This, coupled with the constraint of simply not allowing flow to 
cross z =0, explains why the half-zone overestimates the critical Marangoni 
number, even though the instability mechanism is not significantly different. 
 Note that, contrary to the above arguments, Wanschura et al. [56] found 
that the scenario of development of the instability for small Prandtl numbers in 
full-zone is similar to that for the half-zone model. This apparent inconsistency 
can be explained according to the different boundary conditions introduced in 
that analysis. Wanschura et al. [56] used a fixed temperature profile, whereas 
in the aforementioned more recent analyses a more realistic condition has been 
adopted: a fixed surface heat-flux (the surface-temperature profile being not 
fixed a priori, but determined as part of the computations and as a function of 
the power supplied to the heating device). Generally the surface-temperature 
profile in the 3D state is neither axisymmetric nor mirror symmetric with 
respect to the equatorial plane. If the surface temperature distribution is fixed, 
full liquid zones behave (approximately) as half-zones since interaction between 
the upper and lower parts is somehow prevented. Fixing the temperature profile 
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Figure 18. Comparison between the critical azimuthal wave number (primary flow 
instability) of the full-zone configuration (Lappa [60]) and available results dealing 
with the half-zone configuration (Pr=0.01). 
 
leads, in fact, to a surface temperature that is mirror symmetric with respect to 
the equatorial plane regardless of the flow conditions. Since the surface 
Marangoni flow is forced  to follow the steepness of the imposed temperature 
profile, this may artificially force the system to maintain symmetrical behavior 
preventing transition to the three-dimensional state and mutual interaction of 
the toroidal convection rolls. This, of course, leads to larger values of the 
critical Marangoni number (due to the reduced degrees of freedom). If the surface 
temperature is constraint-free the behavior must be different.  
 These findings (Lappa [60]) have been confirmed by subsequent investigations. 
 Houchens and Walker [58] have clearly shown that the dominant 
mechanism for feeding energy into the perturbation is the same in both models, 
but the driving force required for the onset of instability in the half zone is 25–
50% larger than that in the full zone. Houchens and Walker [57] found that the 
effective critical driving parameter, the Reynolds number based on thermocapillary 
stress, was always lower for the full zone than for the half zone. 
 According to Fig. 18 for a fixed value of the Prandtl number (Pr=0.01) the 
azimuthal structure of the flow in the zone of full extension and in the 
corresponding half-zone does not differ much (with the exception of AH=0.25, 
AH=0.35, and 0.65≤AH≤0.85). The physical arguments elucidated in Sect. 3.3 
(the generalized theory for the azimuthal wave number), in fact, should hold in 
the case of the cylindrical full-zone model.  
 Additional insights into the reasons leading to the different behaviors 
emphasized in this section in terms of critical Marangoni number and in terms 
of different structure of the azimuthal flow within certain ranges of the aspect 
ratio, are given in the next section where precise mathematical arguments are 
provided to support the discussion. 
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4.4 The symmetry of the disturbances and nonlinear effects 
 After the first stationary bifurcation the flow field can be interpreted as the 
superposition of steady sinusoidal azimuthal disturbances onto an 
axisymmetric reference state. For each of the two toroidal convection rolls in 
the upper and lower part of the floating zone, this superposition can be 
expressed as: 
 

Fi (r, z, ϕ) = Fo(r, z) + if (r, z, ϕ)= Fo(r, z) + f~ i (r, z) sin (m ϕ + Gi)                    (12) 
 

i=up (0<z<1), low (-1<z<0), where Fi(r, z, ϕ) is the generic flow field variable, 
the subscript (o) refers to the axisymmetric state, Gi is a constant phase shift 
related to the azimuthal position of the disturbance extrema for the considered 
convection roll (i=low, convection roll in the lower part of the full-zone; i=up, 
convection roll in the upper part of the full-zone). The numerical results 
provided by direct solution of the 3D Navier-Stokes equations ([60], see, e.g., 
Figs. 19-20) show that f~ up (r, z)= f~ low (r, -z). 
 For the basic state, radial velocity and temperature are symmetric with 
respect to the midplane of the full-zone, whereas the axial velocity is 
antisymmetric. For the disturbance modes, the same symmetry or the opposite 
case (all fields antisymmetric except for the symmetric axial velocity) is 
possible in theory ([56]). For the first case Gup = Glow, for the second, Gup = G low 
+π/m. The numerical simulations of Lappa [60] have shown that for Pr=0.01 
the azimuthal disturbances always exhibit anti-symmetric behavior with 
respect to the equatorial plane, i.e. the latter case occurs (see, e.g., Fig. 19a). 
 According to these behaviors, eq. (12) can be rewritten as  
 

F(r, z, ϕ) = Fo(r, z) + f (r, z, ϕ)= Fo(r, z) + 1
~F (r, z) sin (mϕ+ Go)                 (13) 

 

where Go is a constant phase shift related to the azimuthal position of the 
disturbance with respect to ϕ=0 and 1

~F (r, z) satisfies the conditions 1
~F (r, z) =  

- 1
~F (r, -z) and 1

~F (r, z = ±1)=0.  
 The behavior described above in terms of eq. (13) is, however, only a 
simplified model, in fact, a strong nonlinear interaction occurs between the 
toroidal convection rolls located in the upper part and lower part. In particular, 
Fig. 19a shows that  f (r, z, ϕ)≠0 for z→0. Since 1

~F (r, z)→0 for z→0, a second-
order function has to be present in the series expansion of  f (r, z, ϕ). The surface 
azimuthal-velocity distribution, in fact, can be expressed approximately as: 
 

Vϕ (z, ϕ) = f (z, ϕ) ∝ [ 1
~F (z) sin (mϕ+ Go) - 2

~F (z) sin (Nmϕ+ NGo)]          (14) 
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where N is a new parameter, the “interaction factor”, and 2
~F (z) is a second-

order contribution due to the interaction between the disturbances acting in the 
lower and upper halves: 2

~F (z) satisfies the conditions 2
~F (z)= 2

~F (-z) and 

2
~F (z) →0 if ξ>z   with 0<ξ<1, where ξ is the distance from the midplane at 

which the interaction between the upper and lower surface azimuthal flows can 
be considered negligible.  
 The numerical results shown in Fig. 19a for the case AF=0.8 and m=2 are 
well fitted by eq. (14) with 1

~F (z)=z(1-z2n1)2 with n1=10, 2
~F (z)= A2(1-z2n2)2 

with n2=1, N=2 and A2=1.0 . 
 The value N=2 leads to an “apparent” doubling of the azimuthal wave 
number of the azimuthal velocity distribution in the equatorial plane (i.e. the 
number of surface maxima of the azimuthal velocity in the midplane is 
quadrupled with respect to cross sections far from this plane, see, e.g., Fig. 20, 
frames b1,b2,b3).  
 For AF>1.3, eq. (14) and the previous expressions given for 1

~F (z) and 

2
~F (z) still hold with N=4 instead of N=2 and A2=0.3. This value leads to an 

“apparent” quadrupling of the azimuthal wave number of the azimuthal 
velocity distribution in the equatorial plane. 
 Note that, due to the antisymmetric behavior of the disturbances, the flow 
pattern at z=0.5 appears to be rotated of π/m with respect to the flow pattern at 
z=-0.5 (see, e.g., Fig. 20, frames a1,a2,a3). 
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Figure 19. (a) Nondimensional surface azimuthal velocity distribution at the 3D 
stationary state (Pr=0.01, AF=0.8, S=1, m=2, Ma≅30, zero-g, numerical results); (b) 
Plot of the analytical expansion of the surface azimuthal velocity: [F 1(z) sin (mϕ+ Go) -

2
~F (z) sin (Nmϕ+ N Go)], F 1(z)=z(1-z20)2, 2

~F (z)= (1-z2)2 , m=2, N=2, Go=1, after 
Lappa [60]. 
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Figure 20. Structure of 3D Marangoni flow with m=2, AF=0.8, S=1, Ma≅30, zero-g,:  
(a1), (a2), (a3) nondimensional axial velocity in the cross sections z=0.5, z=0, z=-0.5; 
(b1), (b2), (b3) nondimensional azimuthal velocity in the cross sections z=0.5, z=0, z=  
-0.5, after Lappa [60]. 
  
4.5 On the ground conditions 
 In the axisymmetric state (prior to the transition) the two toroidal vortices 
have similar form but rotate in the opposite directions. As explained before, in 
a zero-gravity environment the shape of the gas/melt interface is symmetric 
with respect to the heating center. In the Earth environment gravity, however, 
has a strong influence on this shape. The shape becomes convex to the melt at 
the upper zone and concave at the lower zone. Owing to this feature, of course, 
for any solution that breaks reflection symmetry in z=0, the upside down state 
cannot also be a solution of the problem. 
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 It also causes an asymmetry in the structure of the two rolls in the basic 
state, with the lower roll being more intense for S<1 and vice versa for S≥1 
(Figs. 21). For S<1 they are not mirror-symmetric with respect to the 
equatorial plane, but each vortex cell is still confined to the respective half of 
the floating zone (Fig. 21a). For S≥1 the effect of the shape on the flow field 
results in a larger vortex cell in the upper region that extends into the lower 
half, confining the other cell to a small region in the lower half (Fig. 21b).  
 Along these lines, It is self-evident that an exhaustive discussion of the 
full-zone behavior on the ground is not possible on the basis of earlier studies 
dealing with the half-zone as the complete structure of the convective field is 
required to account for non-linearities and other complex effects arising from 
the mutual interaction of the two aforementioned facing toroidal vortices. 
 The instability threshold changes according to the volume of the liquid. 
Figure 22 shows the growth rates as a function of the Marangoni number and 
the determination of the first critical Marangoni number for different values of 
S. The critical Marangoni number is a decreasing function of the volume in the 
range 0.8≤S≤1.1. Within this range, it reaches a maximum for S=0.8 
(Mac1=33.24) and a minimum for S=1.1 (Mac1=3.313) then it increases again 
for a further increase of S with respect to S=1.1. Moreover the azimuthal wave 
number increases in the case of deviation from a volume equal to the 
cylindrical one for both cases S<1 and S>1. 
 Figure 23 gives insights into the effect of gravity by direct comparison 
with the analogous microgravity results. For a volume equal to the cylindrical 
one the on the ground Marangoni flow is destabilized with respect to 
microgravity conditions. The same trend occurs in the case of S<1; gravity acts 
destabilizing the Marangoni flow. Vice versa stabilization occurs in the case S>1. 
  

Symmetry axis

  (a)      

Symmetry axis

(b) 
 
Figure 21. Velocity field in the axisymmetric basic state (on the ground conditions): (a) 
AF=1, S=0.9, Ma=30, (b) AF=1, S=1.1, Ma=10. 
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Figure 22. Growth rates as a function of the Marangoni number and determination of 
the first critical Marangoni number for different values of the volume (AF=1, on the 
ground conditions, after Lappa [61]). 

 

 
 
Figure 23. Critical Marangoni number versus S (AF=1.0) in microgravity and on earth 
(primary flow instability).  
 
 With regard to the half-zone, some interesting results about liquid bridges 
(AH=1, L= 1 [cm]) heated from above or from below in the case of low Prandtl 
number liquids have been discussed in Sect. 3.2 on the basis of the results of 
Lappa et al. [39]. 
 For the full-zone on the ground, the upper half behaves (approximately) as 
a half-zone heated from below, whereas the lower half behaves (approximately) 
as a half-zone heated from above. As anticipated, a direct comparison between 
the available results in the case of half- and full-zones is not possible. In the 
case of the full-zone configuration the surface (amphora-like shape due to the 
gravity field) is heated at midheight by an external heat source; in the case of 
the half-zone the amphora-like interface is put in contact with the heat source 
at the bottom (bridge heated from below) or at the top (bridge heated from 
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above). Moreover, in the case of a full-zone the aforementioned strong 
interaction between the two toroidal vortices (apparent doubling or 
quadrupling of the azimuthal wave number around the equatorial plane and/or 
coalescence of the toroidal convection rolls, see Fig. 24) occurs, making, for 
S≥1, the interplay between the upper half and lower half an essential factor for 
the correct description of the considered phenomena. Because of the complexity 
of the full-zone with respect to the half-model, the important principles and 
main results underlying half-zone-based investigations are of little help in 
elucidating the gravity effect in full-zones. 
 
4.6 The buoyancy effect 
 It is worthwhile to stress that if the analysis is limited to the primary 
bifurcation, for both cases of half- and full-zones, the key factor at the root of 
the behaviors illustrated above is the influence exerted on the system by the 
amphora-like configuration of the free surface, whereas the role played by the 
buoyancy effect per se can be regarded as almost negligible (Lappa [61]).  
 At this stage it is necessary to open a short discussion about the strategies 
by which these delicate effects can be properly evaluated.  
 In the case of high Prandtl number liquid bridges the method basically 
relies on the cross-comparison of experimental results obtained in the opposite 
situations of heating from above and heating from below, as discussed in Sect. 3.1.  
 A simple procedure for the critical estimation of the buoyancy effects in 
zones of full extent can be based on neglecting the gravitational Boussinesq term 
in the Navier-Stokes equations. Numerical simulations repeated after "switching off" 
this term show, in fact, that for low values of the imposed temperature difference 
(i.e. near the threshold of the first bifurcation), the buoyancy forces weakly 
affect the flow field (the difference between the results lies below 3%). This 
means, as anticipated, that for relatively low values of the Marangoni number, 
the main effect of the gravitational field on the features of the instability for 
low-Pr fluids is exerted through its influence on the shape of the free surface. 
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Figure 24. Structure of 3D Marangoni flow with m=2, AF=1, S=1.2, Ma=20  (on the 
ground conditions): (a) velocity field in the generic meridian plane, (b) nondimensional 
axial-velocity distribution in the same plane of frame (a); after Lappa [61]. 
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 It is interesting to point out that the same conclusion has been obtained by 
Nienhüser and Kuhlmann [67] for the half-zone configuration and a small 
Prandtl number (Pr=0.02) (in their work the dependence of the critical 
Reynolds number on the volume fraction, gravity level, and aspect ratio has 
been explained by analyzing the energy budgets of the neutral modes). 
 
4.7 The wave number selection rule 
 To recapitulate, the critical azimuthal wave number of the full-zone 
increases if the geometrical aspect ratio of the liquid zone is decreased and it is 
shifted to higher values by increasing or decreasing the volume with respect to 
S=1 for both microgravity and on the ground conditions. The critical 
Marangoni number is increased if the volume is reduced with respect to S=1. 
Vice versa, if the volume is increased it is decreased up to S=S* (S*≅1.2 for 
0g, S*≅1.1 for 1g) and then it increases again for a further increase of S.  
 The stabilization and destabilization mechanisms are not trivial. However, 
possible explanations could be outlined on the basis of several lines of 
evidence supported by previous analyses; in particular, in the framework of the 
ideas and concepts highlighted in Sect. 3.3, the increase or decrease of the 
diameter of the convection rolls due to the static deformation of the shape and 
the relative importance of bounds and degrees of freedom of the Marangoni 
toroidal convection rolls (this relative importance being dependent on the 
shape of the free surface) can be used to draw general physical principles. 
 Following the arguments elucidated in Sect. 3.3, there is a precise 
relationship between the azimuthal wave number and the aspect ratio of the 
toroidal vortex. This dependency reads mAV≅π/2 (eq. (5)). 
 For the case S<1 (see, e.g., Fig. 21a), the toroidal vortex of the basic state 
is confined to the corner between the concave free surface and the supporting 
disk. This decreases the axial extension of the toroidal convection rolls 
(approximately as LV∝LS) thus reducing the value of AV. For this reason, each 
half of the floating zone behaves (approximately) as a half-zone of low aspect 
ratio, thus increasing the value of the azimuthal wave number. For S>1 (see, 
e.g., Fig. 21b) the increase of the azimuthal wave number is related to the 
increase of the diameter DV (DV∝DS) of the toroidal vortices (in this case, in 
fact, the shape is convex). This decreases the value of AV and increases m for 
the same reasons discussed for the case S<1. From a mathematical point of view: 
 

S<1,  LV∝L⋅S and DV≅D→ 2
SA

D
LSA F

V =∝        (15a) 

 

S>1, LV≅L and DV∝D⋅S → S
A

DS
LA F

V 2
=∝       (15b) 
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And since 
2
π

≅VmA , eqs. (5) read: 

 

S<1,  
SA

m
F

π
∝                       (16a) 

 

S>1, 
FA
Sm π

∝                        (16b) 

 
 Equations (16) provide a qualitative physical explanation for the observed 
trend of the azimuthal wave number that increases if the aspect ratio is reduced 
and/or if the parameter S is increased (decreased) for S>1 (for S<1).  
 The existence of a minimum for the critical Marangoni number (see Fig. 
23) at intermediate values of the volume (S*≅1.2 for 0g, S*≅1.1 for 1g) could 
be explained according to the findings of Nienhüser and Kuhlmann [67]. 
 They concluded that in the case of liquid metals and noncylindrical half-
zones, two different (straining and centrifugal) mechanisms are responsible for 
the inertial instability of Marangoni flow. The first contribution is due to the 
strain in the vortex center near the free surface (as previously pointed out also 
by Levenstam and Amberg [33] and Leypoldt et al. [63] for the case of a 
cylindrical interface). The second contribution  is due to centrifugal effects 
related to the curvature of the surface.  
 For small volumes the basic vortices are stretched in the axial direction 
and displaced towards the walls (as shown in Fig. 21a). In this case according 
to their analysis, the enhanced strain on the vortex due to the geometrical 
constraints leads to a high contribution of the strain-induced-instability 
mechanism. On the other hand, due to the position of the basic vortices, the 
contribution of the centrifugal destabilization mechanism is less important. 
 On the contrary, when the volume increases, the basic streamlines become 
more circular (as shown in Fig. 21b), indicating less strain, and the efficiency 
of the mechanism in the vortex core is substantially reduced. For this case, 
however, the centrifugal mechanism becomes more important ([67]). 
 From the foregoing, the efficiency of the two instability mechanisms 
depends on the volume in an opposing manner. At intermediate values of S 
both mechanisms are operative leading to an optimum (minimum) critical 
Marangoni number. 
 
4.8 The Hopf bifurcation 
 Only few studies have tried to depict the oscillatory flow that appears after 
the primary stationary bifurcation of the pure Marangoni flow (Cröll et al. 
[44]; Lan and Chian [54]; Minakuchi et al. [55]). The available results are 
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often in apparent disagreement and/or only provide disjoint glimpses to the 
problem. Although many progresses have been made, especially in the study of 
the primary flow bifurcation (Kamotani et al. [68]), the state of the art is still 
somewhat unsatisfactory in what concerns oscillatory convection patterning. 
For these reasons the last section of this review is devoted to this aspect. 
 For the sake of simplicity the case S=1, zero-g and AF=1.3, for which the 
first steady bifurcation gives a three-dimensional flow with m=1, is considered. 
 The numerical results show that the time-dependent periodic regime is 
featured by a pulsating-like mechanism with well-defined convective 
structures undergoing remarkable time-evolution at fixed azimuthal positions 
(i.e. without any net rotation in the azimuthal direction).  Time-dependence is 
very evident in the generic meridian plane. Figures 25 and 26 show, in particular, 
these phenomena in two meridian planes with an angular shift of 90 degrees.  
 As shown in Figs. 25, most of the time-dependent changes occur in the 
middle part of the liquid column (i.e. across the equatorial plane), where it is 
expected (see the results for the the first steady flow bifurcation) that strong 
non-linear interaction between the upper and lower Marangoni toroidal rolls 
occurs.  
 At t=0, a toroidal convection roll is visible in the upper and lower parts of 
the domain, respectively (the cut of each of these toroidal rolls with the 
meridian plane gives two vortex cells located on the left and right side of the 
plane). In a core zone, however, a strong circular vortex driven by the 
interaction between the upper and lower flow is present (hereafter referred to 
as "core cell").  
 As time passes, this core vortex undergoes deformation in the diagonal 
direction. In frame (b), in fact, it is no longer circular (its shape is almost 
ellipsoidal). The extension of the major axis of the ellipse increases with time. 
At a certain stage the deformed core cell coalesces with the Marangoni cells in 
the upper right and lower left corners pertaining to the two opposed original 
toroidal rolls. The coalescence process leads to a very elongated and thin flow 
cell in frame (d). This elongated vortex is extended throughout the meridian 
plane and its orientation is given with a good approximation by the diagonal 
direction  from the upper right corner to the lower left one.  
 Frames (e) and (f) show that for a further increase of time, the thin 
elongated diagonal cell undergoes an anticlockwise deformation. This time-
dependent process leads in frame (g) to an ellipsoidal core vortex similar to 
that shown in frame (b) but with its major axis along the direction from the 
upper left corner to the lower right one. Finally, in frame (h) the core cell 
comes back to its initial circular configuration already discussed for frame (a) 
and a new cycle begins. 
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(a)      (b) 
 

(c)     (d) 
 

(e)      (f) 
 

(g)       (h) 
 
Figure 25. Oscillatory Marangoni convection for Pr=0.01, AF=1.3, S=1, microgravity 
conditions and Ma≅55; velocity field in the meridian plane ϕ=ϕo (the field is shown in 
figs a,b,c,d,e,f,g,h corresponding to t=0, τ/8, τ/4, 3τ/8, τ/2, 5τ/8, 3τ/4, 7τ/8, f=τ-1=0.54, 
τ being the oscillation period). 
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 (a)        (b) 
 
Figure 26. Oscillatory Marangoni convection for Pr=0.01, AF=1.3, S=1, microgravity 
conditions and Ma≅55; velocity field in the meridian plane ϕ= ϕo+π/2 (the field is 
shown in figs a,b corresponding to t=0, τ/2, f=τ-1=0.54). 
 
 In Figs. 26 showing the pulsating behavior in a plane at 90 degrees with 
rexpect to the one considered in Figs. 25, the strong core cell is absent and 
time dependence is basically given by a periodic expansion and contraction in 
the axial direction of the two opposed Marangoni toroidal rolls. When 
contraction takes place, in particular, additional rolls appear in the region 
across the equatorial plane (see frame (b). They are symmetric with respect to 
the midplane, but are not driven by surface temperature distribution. They 
move in fact, fluid in the opposite direction to that one which could be 
expected from thermocapillarity, i.e. the axial flow is towards the ring heater; 
this proves these convective structures are hydrodynamic in nature like the 
core cell shown in Figs. 25 (i.e. they are driven by the flow instability and/or 
by the non-linear interaction taking place in the region between the basic 
Marangoni toroidal rolls). 
 Despite the non-linear interaction between the two opposed toroidal rolls, 
the oscillatory phenomena depicted above seem to be quite in a good agreement 
with those reported for the secondary flow  bifurcation and slightly supercritical 
conditions by Levenstam and Amberg [33] in a half-zone with Pr=0.01. They 
observed, in fact, a periodic motion of the toroidal convection roll (deformed 
through the action of the first steady bifurcation) in a fixed meridian plane (i.e. a 
left and right periodic displacement in the meridian plane of the projection flow 
given by the intersection of the 3D roll with the given plane) without any 
continuous rotation of the disturbance in the azimuthal direction (in practice, as 
shown by Rupp et al. [32] and by Imaishi et al. [35], the hydrodynamic pulsating 
mechanism in the meridian plane previously described is generally accompanied 
by a rhythmic back and forth azimuthal motion of the distorted toroidal roll: a 
periodic azimuthal twist usually referred to as pulsating "torsional" 
hydrodynamic mechanism; this mechanism, however, is featured by a relatively 
small azimuthal amplitude, as already illustrated in Fig. 14).  
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 As explained before, most of the oscillatory behavior occurs in the core of 
the zone where a central vortex cell (driven by the interaction between the two 
opposed original Marangoni toroidal vortices) undergoes periodic stretching in 
a diagonal direction and subsequent relaxation to an almost circular shape. The 
time-periodicity of the flow is hardly observable on the free surface where it is 
limited to a gentle pulsation of the azimuthal velocity.  
 Well-defined rotating regimes, however, were clearly observed for the 
low-Pr full-zone by Baumgartl et al. [52] for Pr=0.02 and 0.068, Cröll et al. 
[44] for Pr=0.04 and Levenstam et al. [53] for the case of silicon melt. Since 
for these cases, simulations were carried out for Ma=O(102) these rotating 
regimes might be the consequence of a subsequent transition  (like the case 
Pr>1). Such a conclusion may be also supported by the numerical simulations 
of Imaishi et al. [35] who observed for 0≤Pr≤0.02 and half-zones with several 
values of the aspect ratio, the occurrence of hydrodynamic rotating regimes at 
values of the Marangoni number higher than those for which rhythmic 
torsional behaviors occur (see also Bazzi et al. [69]). These aspects require 
additional future investigation. 
 Also, the influence of buoyancy forces on the secondary Marangoni flow 
instability is still an open problem. Some information concerning the richness 
of possible oscillatory regimes induced by buoyancy has been provided in the 
introduction for the case of layers heated from below and laterally-heated 
cylindrical enclosures. There is still a significant lack of similar studies for the 
FZ (for some experimental results the reader may consider Nakamura et al. 
[70] who compared ground and microgravity results pointing out some 
significant differences and/or the numerical investigation of Lin et al. [71] who 
have recently highlighted the possible crucial role played by the interaction 
between the buoyancy flow and the surface flow in determining the onset of 
time-dependent flow in a Ge floating zone with Pr = 0.007); the possible 
evolutionary scenario of pure thermogravitational flow in this configuration is 
unknown. Figs. 27-29 show some new numerical results about the oscillatory 
flow occurring in a laterally heated floating column of silicon melt (AF=0.8) in 
the case of pure buoyancy flow (i.e. Ma=0). Interestingly, the hydrodynamic 
bifurcation shown in Fig. 27 (initial conditions corresponding to axisymmetric 
flow) exhibits a pulsating-like behavior that has never been reported so far in 
the case of flows with a gravitational origin and relatively large values of the 
aspect ratio. Gelfgat et al. [8], as mentioned in the introduction, pointed out 
that the oscillatory perturbation patterns (as well as the oscillatory component 
of the flow) in laterally heated cylindrical enclosures (assumed as models of 
the Vertical Bridgman technique) rotate around the axis of the cylinder.  
 Till date the observation of pulsating behaviors has been limited to the 
case of Rayleigh-Bènard convection in very shallow configurations and Pr>1 
(Hof et al. [72]). Furthermore such pulsating behaviors have nothing to do with  
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Figure 27. Nondimensional azimuthal velocity component at z=-0.5, r=1/AF, ϕ=0 as a 
function of time (pure buoyancy flow, Pr=0.01, AF=0.8, S=1, Ra≅5x102, Ra based on 
the total height of the liquid column). 
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Figure 28. Axial velocity component at z=0 (pure buoyancy flow, Pr=0.01, AF=0.8, 
S=1, Ra=5x102, m=2, Ra based on the total height of the liquid column). 
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Figure 29. Snapshot of (nondimensional) surface azimuthal velocity distribution (pure 
buoyancy flow, Pr=0.01, AF=0.8, S=1, Ra=5x102, m=2, Ra based on the total height of 
the liquid column); level 1→-0.63, level 15→0.63, ∆level = 9x10-2. 
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that illustrated here. Hof et al. [72] found the oscillatory mechanism as a 
periodic expansion and contraction of the central thermal plume driven by hot 
fluid rising along the symmetry axis; in the present case the standing behavior is 
very similar to that occurring for pure Marangoni flow, i.e. a weakly 
oscillating field with convective structures undergoing a rhythmic back and 
forth small displacement in the azimuthal direction (with amplitude given by 
the angle θ in Fig. 28). 
 

5. Conclusions 
 The FZ has quite a long history that is generally known for its cyclic 
technical interests. This particular progression is linked to the fact that the FZ 
and its models (in particular the liquid bridge) stand at the intersection of many 
research branches (materials-science-oriented or oriented towards the fundamental 
physics of fluids), which make it a multi-domain field of investigations.  
 It has always been widely open and has been approached by different 
directions and different research groups with various background and perspectives.  
 It has also been a field of prospection, since it offers to engineers and 
scientists numerous technical potentialities, as well as plenty of "subtle" 
physical features. Along these lines, in the present review attention has been 
focused on a variety of factors potentially affecting the system response: the 
liquid and related Prandtl number, the nature of the instability mechanism, the 
aspect ratio, the effective volume between the supporting disks, the 
gravitational shape deformation and the buoyancy forces as well as the degrees 
of freedom related to the geometrical model used for the analysis (the half-
zone or the full-zone).  
 A rich amount of experimental and numerical results is available in the 
literature. Since the problem, however, is governed by the aforementioned 
relatively large number of parameters, and there is consequently a large 
number of different types of flow that can be found in this system, these results 
have basically provided disjoint glimpses of a wide variety of qualitatively and 
quantitatively different results in widely different parts of parameter space. 
Nevertheless, much has been learned about the FZ fundamental dynamics and 
a critical review of existing results shows that this system has gained quite a 
well-established theoretical framework.  
 The Marangoni flow undergoes an instability (that breaks initial 
axisymmetry leading to three-dimensional (3D) effects) of a hydrodynamic 
nature for Pr<<1 (in this case thermal effects do not enter directly the 
instability mechanisms; they simply act as driving forces for the basic velocity 
field that becomes unstable when the driving force is increased) and of a 
hydrothermal origin for Pr>1 (for this case the thermofluid-dynamic field 
results from the superposition of two counterpropagating hydrothermal waves 
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traveling in the azimuthal direction with wavefront inclined with respect to the 
z axis). The geometrical model does not affect the fundamental instability 
mechanisms but has a strong influence on the related threshold (the reason for 
this difference is that the independence and separation of the flows in the upper 
and the lower half of a full-zone, which is stated by using a half-zone model, is 
generally not true). 
 When the analysis is limited to the first flow bifurcation, gravity seems to 
play a different subtle role according to the liquid used and the nature of the 
instability. For transparent organic liquids (microscale experimentation, liquid 
bridges, hydrothermal waves) it exerts its influence via the related buoyancy 
forces damping or strengthening surface Marangoni flow (in the case of 
heating from above or from below, respectively). For liquid metals the main 
effect of the gravitational field on the features of the shear-driven primary flow 
instability is exerted through its influence on the shape of the free surface, 
whereas the role played by the buoyancy forces can be regarded as almost 
negligible.  
 The effect of such forces when the temperature gradient is increased to 
relatively large values is still an open question (for both the half- and the full-
zone models). In the light of earlier results available for some classical 
Rayleigh-Bènard systems (cylinders heated from below) and/or Vertical 
Bridgman configurations (lateral heating), it is expected that buoyancy forces 
may significantly alter the basic instability mechanisms of the pure Marangoni 
flow when the Rayleigh number is sufficiently high. 
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