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The paper presents a comparative study of a number of theoretical/experimental/numerical results 
concerning the dynamics of natural (gravitational), Marangoni and related mixed convection in various 
geometrical models of widely-used technologies for the production of single-crystalline materials 
(Horizontal and Vertical Bridgman growth, Czochralski  Method, Floating Zone Technique). Emphasis is 
given to fundamental knowledge provided over the years by landmark analyses as well as to very recent 
contributions. Such a knowledge is of paramount importance since it is validating new, more complex 
models, accelerating the current trend towards predictable and reproducible phenomena and finally 
providing an adequate scientific foundation to industrial processes which are still conducted on a largely 
empirical basis. A deductive approach is followed with fluid-dynamic systems of growing complexity being 
treated as the discussion progresses. 

 
 

1 Introduction  
 
All conventional melt growth configurations for electronic and opto-electronic materials require the 
application of thermal gradients across the phase boundary: the axial and/or radial components of these 
gradients are destabilising in 1-g environment as well as in space, and provide driving forces for free 
convection in all fluid phases involved. Melt growth processes are therefore subject to varying heat- and 
mass-transfer conditions, which in recent years have been found to be directly or indirectly responsible 
for a vast majority of bulk deficiencies in single crystalline electronic materials. In particular instabilities 
of the melt flow usually lead to three-dimensional oscillatory effects which strongly affect the quality of 
the growing crystals at microscopic scale length, and therefore are strongly undesirable. It is necessary, 
therefore, to predict the appearance of these instabilities, to understand the related physical mechanisms, 
and to find the flow control means capable of stabilising the flow. In many cases, preventing the primary 
instability (the first bifurcation of the flow) would mean stabilising the process as a whole, which is 
extremely desirable for various crystal growth technologies. 
For these reasons this article is devoted to a critical and concise analysis of these types of convection. A 
significant effort is provided to illustrate their genesis, the governing nondimensional parameters, the 
scaling properties, their structure and, in particular, the stability behaviour and the possible bifurcations to 
different patterns of symmetry in space as well as on the ground. Many existing analyses are reviewed 
and discussed through a focused and critical comparison of experimental and numerical results and 
theoretical arguments introduced over the years by investigators to explain the observed phenomena. The 
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final goal is to clarify some still unresolved controversies pertaining to the physical nature of the 
dominating driving force responsible for asymmetric/oscillatory convection in various technologically 
important processes.  
Some unexpected theoretical kinships existing among the fluid-mechanical behaviours of different 
processes (Horizontal and Vertical Bridgman growth, Czochralski  Method, Floating Zone Technique) are 
elucidated and emphasised. This philosophy is used in the attempt to build a common source made 
available for the community of crystal growers under the optimistic idea that the contacts established 
among the different branches which come under the common heading of "growth from the melt", will 
develop into an ongoing, mutually beneficial dialogue. 
 

2. Gravitational convection 
 
The relevant nondimensional numbers are the well known Prandtl and Rayleigh numbers 
 




Pr            (2.1) 
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where  is the kinematic viscosity,  the thermal diffusivity, T the thermal expansion coefficient,  T a 
reference temperature gradient and L a reference length for the geometrical configuration of interest; the 
Rayleigh number (Ra) can be regarded as a measure of the magnitude of the buoyancy velocity Vg to the 
thermal diffusive velocity, where Vg reads 
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is the Grashof number which represents the ratio of buoyant to molecular thermal transport (only two of 
the Gr, Ra and Pr numbers are independent) . 
Onset of gravity-induced convection for different heating conditions (from the side or from below) and 
for various geometrical configurations is a basic problem in many heat-transfer systems in technical 
applications and has been widely investigated in the literature. For instance, the behaviour of fluids 
uniformly heated from below falls into the category of phenomena known under the heading of 
"Rayleigh-Bènard" problem that is one of the most intensively studied hydrodynamical systems. Also, the 
case of configurations "heated from the side" has instigated much research. 
It is known that when gravity is opposite to the density gradient (  ) it has no effect (does not induce 

convective flows) for any value of its magnitude (this effect is well known on the ground: for instance 
fluids uniformly heated from above do not exhibit convective motion); when gravity is concurrent to   

(fluid heated from below) then fluid motion arises only if the critical conditions for the onset of 
convection are exceeded (i.e. if the Rayleigh number is larger than the critical one). Finally, when gravity 
is orthogonal  to   (fluid heated from the side) then convection arises for any value of the Rayleigh 

number.  
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2.1 Rayleigh-Bènard problem 

 
The physics of the Rayleigh-Bènard instability is well understood. Most of the available studies, however, 
considered infinite systems, i.e. the stability of the quiescent state of nonconfined fluid layers heated from 
below (e.g., Schlüter et al. [1]; Busse, [2]).  
Three cases of the boundary conditions are possible, in principle, for this configuration and have been 
investigated in the literature as well: (1) Stress-free isothermal horizontal boundaries, (2) No-slip 
isothermal horizontal boundaries, and (3) Stress-free thermally insulated upper and no-slip isothermal 
lower boundary. Cases (1) and (2) are classical and the critical Rayleigh numbers for the onset of 
convection are Racr=657 and Racr=1707, respectively. In the third case, Racr=669. It is also known that the 
onset of convection in all three problems is caused by two-dimensional perturbations of the diffusive state 
(see, e.g., the discussions in Gelfgat [3]) and that the threshold value of the Rayleigh number does not 
depend on the Prandtl number, i.e. on the model liquid used for the experiments. 
If systems confined laterally by rigid sidewalls are considered, even in containers of large horizontal 
dimensions, however, the lateral walls can have a significant influence on the flow pattern that develops 
when the Rayleigh number exceeds its critical value. Thus results for the corresponding infinite layer 
cannot, in general, be used to make predictions about either the detailed structure or the stability of the 
roll pattern in practical situations  (Catton [4]).  
 

a) 
 

b) 
 
Figs. 1 Two-dimensional rectangular container heated from below and cooled from above with adiabatic sides 
(Pr=0.01, Silicon, Rayleigh-Bènard problem), Ra=3103  (Ra based on the depth of the container): (a) A= 3, (b) A=4. 
 
For two-dimensional enclosures, it has been clearly illustrated by many investigators, in fact, that there 
are several modes of the most dangerous perturbation which replace each other when the aspect ratio A 
(ratio of the horizontal extension and of the height of the finite layer) is varied (Gelfgat [3]). Within this 
context it should also be mentioned that the increase of the aspect ratio A generally results in the decrease 
of the critical threshold (for no-slip boundaries: A=1, Racr  2585,  A=2, Racr  2013, A=3, Racr  1870, 
A=4, Racr  1810, A=5, Racr  1779, A, Ra 1707, Luijkx and Platten [5]) and in the increase of the 
number of two-dimensional rolls within the finite-size rectangular container, respectively (see Figs. 1).  
Several studies have also elucidated that in large convection layers (where the lateral extent is much 
larger than the depth) for fixed values of A and Rayleigh numbers in the range Ra=Ra+O(2/A) where 
Ra is the critical Rayleigh number for the corresponding infinite layer, there exists a class of finite-
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amplitude steady-state two-dimensional "phase-winding" solutions that correspond physically to the 
possibility of an adjustment in the number of rolls in the container as the local value of Rayleigh number 
is varied (Daniels [6]).  
For the three-dimensional enclosure, similarly to the two-dimensional case, there are several modes of the 
most dangerous perturbation which replace each other when the aspect ratio is varied. However, the 
spectrum of possible perturbations is more complicated in the three-dimensional case. The larger variety 
of perturbations is obviously caused by the three-dimensional geometry. An additional complexity is 
caused by the variety of the symmetries of the problem. Along these lines, an interesting parametric study 
of the Rayleigh–Bènard instability in rectangular two-dimensional and three-dimensional boxes has been 
carried out recently by Gelfgat [3]. As an example of the complexity of the 3D problem, the reader will 
find seven distinct branches of possible supercritical states for the Rayleigh–Bènard convection in a cube 
in the articles of  Pallares et al. [7] and Puigjaner et al. [8]. 
Because of the light shed on the problem by these and previous studies, most of the scientific community 
is currently aware of the importance that the control of the boundary conditions and the geometry of the 
container may have on the threshold values and observed flow patterns. Non-linear effects, geometrical 
constraints and the multiplicity of solutions are all essential ingredients of this type of flow. 
Compared to the buoyant flow between parallel planes of infinite extent and the case of rectangular 
enclosures, the circular cylindrical problem has received less attention.   
Some initial studies dealing with the primary instability of the motionless thermal diffusive state in 
bounded cylindrical fluid layers are due to Charlson and Sani [9,10]. Owing to subsequent investigations, 
it is known (see Touihri et al. [11] and references therein), however, that the structure of the emerging 
buoyancy flow, which is given by the first primary threshold, depends on the aspect ratio A 
(height/diameter). For the case of adiabatic sidewalls, in particular, the flow is axisymmetric for A<0.55 
(m=0) and asymmetric for larger values of A (m=1, where m is the number of disturbance nodes in the 
azimuthal direction). Transition between axisymmetric and asymmetric modes occurs around A=0.72 if 
conductive lateral boundaries instead of adiabatic walls are considered. 
The thresholds for this primary (steady) instability are independent of the Prandtl number (the critical 
Rayleigh number behaves merely as a decreasing function of the aspect ratio).  
If the Rayleigh number is further increased the flow can undergo a subsequent transition to even more 
complicated flow patterns. This aspect is still a subject of investigation (see, e.g., Müller et al. [12],  
Neumann [13], Wagner et al. [14]). 
Wanschura et al. [15] made a complete analysis of this secondary instability, but the study was limited to 
a range of aspect ratio for which the first primary threshold corresponds to steady axisymmetric flow. For 
this case the unstable mode for the secondary transition is generally a steady mode m=2, but it can also be 
a steady mode m=1,3 or 4 according to the aspect ratio and the Prandtl number (m=1 and 3 for Pr=0.02 
whereas m=4 appears for Pr=1). It was shown that the secondary threshold increases with the Prandtl 
number and depends also strongly on the aspect ratio. They also elucidated how for large Prandtl 
numbers, the axisymmetric flow becomes unstable due to the classical thermal (Rayleigh-Bènard) 
instability mechanism whereas for small Prandtl numbers (liquid metals) the secondary instability is 
inertial (hydrodynamic) in nature. 
Wanschura et al., [15] also investigated the case of liquid bridge (free lateral boundary, i.e. cylindrical or 
quasi-cylindrical liquid/air interface) showing that, unlike the case with solid boundaries, the onset of 
pure buoyancy convection in such a configuration is always three-dimensional for any value of the aspect 
ratio. 
 
 

2.2 Lateral heating 
 
Also "the heated from the side" problem has received much attention over the years. 
The motivation of such an interest is strictly related to the manufacture of bulk semiconductor crystals 
(see, e.g., Carruthers [16]). In particular Hurle [17] showed that oscillatory buoyancy convection was 
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responsible for the presence of striations in crystals growing from melts. Accordingly, the problem of 
onset of oscillatory instability has been extensively studied.  
The simplest geometry among several crystal growth technologies has the horizontal configuration of the 
Bridgman method (Dupret and Van der Bogaert [18]; Monberg [19]), where the convective flow is 
induced by the horizontal component of the temperature gradient. 
A synthesis of available stability analysis results concerning the simplified case of horizontal fluid layers 
of infinite extent limited from below and from above by parallel planes (with temperature changing 
linearly as a function of the horizontal co-ordinate) obtained by different research groups, is given in the 
article of Gershuni et al. [20]. It is shown therein that, if a velocity profile with an inflection point in the 
centre of the layer section is assumed as representative of the basic flow in this configuration (known as 
the Hadley circulation, Fig.2), three perturbing mechanisms (two-dimensional hydrodynamic, three-
dimensional oscillatory helical wave and two-dimensional Rayleigh modes) are possible: The 
hydrodynamic mode corresponds to a shear instability and is related to the formation of vortices on the 
frontier (i.e. close to the mid-section of the layer) of the two opposing flows characterising the basic state 
(i.e. close to the aforementioned inflection point); the Rayleigh mode follows from the presence of zones 
of potentially unstable stratification near the upper and lower horizontal boundaries (induced by the 
aforementioned basic flow) that makes possible the onset of instability of the Rayleigh-Bènard type 
therein (steady longitudinal rolls (SLR): in practice this flow exhibits strong analogies with the 
convective case already discussed before in the case of uniform heating from below); finally, the helical 
wave mode is due to the onset of a pair of gravitational travelling waves perpendicular to the basic flow 
(this instability appears in the form of oscillating longitudinal rolls (OLR) and is basically a three-
dimensional phenomenon). 
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Fig. 2 Basic-state velocity and temperature profiles for an infinite horizontal liquid layer confined by two rigid walls 
 
 
These three mechanisms occur in delimited intervals of Prandtl number: For small Prandtl numbers 
(0<Pr<0.14) the most dangerous is the plane (2D) hydrodynamic mode (this instability is initially 
stationary but onset of oscillatory convection is possible for large values of  the temperature gradient); in 
a narrow range of Prandtl numbers (0.14<Pr<0.44) instability is caused by the OLR mode; for Pr>0.44 the 
instability source is transferred to the Rayleigh mode which remains the most dangerous up to extremely 
large Pr. Naturally this mode does not exist in the case of absence of unstable stratification zones, like the 
case of layer with horizontal insulated boundaries (see Kuo and Korpela [21]) where only hydrodynamic 
and OLR modes occur in the range of small Pr. Hart [22, 23] determined the sensitivity the Hadley 
circulation to both these transverse and longitudinal disturbances (corresponding, as explained before, to 
perturbation rolls with axis perpendicular and parallel to the temperature gradient, respectively), whereas 
Gill [24] focused specifically on the longitudinal disturbances. These results were refined by Laure [25] 
and Kuo & Korpela [21] who found that for adiabatic boundaries, the first transition is to steady rolls for 
Pr<0.033, and to OLR for 0.033<Pr<0.2.  
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For practical purposes, the simplest model of the convective flow in the horizontal Bridgman crystal 
growth device is the flow in a laterally heated rectangular enclosure of finite extent. This model has been 
intensively studied from a theoretical point of view (see, e.g., Batchelor [26]; Cormack et al. [27]) as well 
as both experimentally and numerically (see the very rich reference list in Bontoux et al. [28]), and is used 
as a convenient benchmark problem for particular values of the aspect ratio and the Prandtl number 
(GAMM Workshop: Roux 1990).  
A quite exhaustive parametric study of multiple steady states, their stability, onset of oscillatory 
instability, and some supercritical unsteady regimes of convective flow in two-dimensional laterally 
heated rectangular containers of finite extent with adiabatic upper and lower boundaries has been carried 
out recently by Gelfgat et al. [29,30] for Pr=0.015.  
Four distinct branches of steady-state flows (pertaining to the aforementioned 2D-hydrodynamic mode) 
were found for this configuration. A complete study of stability of each branch was performed for the 
aspect ratio of the cavity varying continuously from 1 to 11. The results were represented as stability 
diagrams showing the critical parameters (critical Grashof number and the frequency at the onset of the 
oscillatory instability) corresponding to transitions from steady to oscillatory states, appearance of 
multiroll states, merging of multiple states and backwards transitions from multiroll to single-roll states 
(Figs. 3 for instance show the multiple steady states of convection in a laterally heated closed cavity with 
A= 4). 
 

a) 
 

b) 
 

Figs. 3 Multiple steady states of convection in a laterally heated enclosure with A= 4 (cold and hot sides on the left 
and on the right of each frame respectively, upper and lower boundaries with adiabatic conditions). Pr=0.01, Silicon. 
Single- and two-roll  steady-state flows for Ra=1103  (a), and Ra=2103 (b), respectively (Ra based on the depth of the 
cavity). For A=4, only two branches of possible steady state exist. 

 
Like the case of Rayleigh-Bènard convection, these studies have also been extended to the case of 
cylindrical geometry.  
Two possible configurations have been considered in the literature: (1) Horizontal cylinder with 
differentially heated end walls, (2)  Laterally heated vertical cylinders. 
For the first case, in the past, flow predictions have often been made by using an asymptotic analytical 
approximation in the core (Bejan and Tien [31]), or by assuming a two-dimensional solutions for the 
plane of symmetry. Three-dimensional computations by Bontoux et al. [28] showed, however, that in 
reality the buoyancy flow in this configuration is highly three-dimensional.  
The case of a laterally heated vertical configuration is even more interesting for the aims of the present 
work, since, like the case of a rectangular container, it has extensive background application in the field of 
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bulk crystal growth. Many bulk crystal growth processes are carried out in axisymmetric geometric 
configurations.  
Deviation from axisymmetric wall temperature conditions in vertical cylinders was investigated by 
Pulicani et al. [32] as possible source of nonaxisymmetric convection observed during vertical directional 
solidification experiments. However, even under axisymmetric external conditions, the axisymmetric melt 
flows frequently become unstable and bifurcate to asymmetric steady or oscillatory states. The 
instabilities of melt flow lead to the appearance of temperature oscillations and asymmetric flow patterns 
that, in their turn, lead to the aforementioned inhomogeneities in the structure of the growing crystals. 
Some interesting results concerning the stability of buoyant axisymmetric convection in a vertical 
cylinder with a parabolic temperature profile at the sidewall have been recently presented by Gelfgat et al. 
[33] for 0Pr0.05 and 1A4. This configuration was studied as a relevant model of the vertical 
Bridgman (Crochet et al. [34]; Favier [35]) or liquid encapsulated melt zone technique (Lopez et al. [36]). 
The critical parameters corresponding to a transition from the steady axisymmetric (basic state) to the 
three-dimensional asymmetric (steady or oscillatory) flow pattern were computed and it was elucidated 
that the instability of the flow is three-dimensional for the whole range of governing parameters studied. 
In particular the axisymmetric flow in relatively shallow cylinders tends to be oscillatory unstable via an 
hydrodynamic Hopf bifurcation of the circulating flow, while in tall cylinders the instability sets in due to 
a steady bifurcation caused by the Rayleigh-Bènard mechanism. In the first case the three-dimensional 
perturbation has the form of a travelling wave; accordingly the oscillatory perturbation patterns (as well 
as the oscillatory component of the flow) rotate around the axis with the angular velocity f/m (where f is 
the frequency of the oscillations). 
This analysis also predicted the possible existence of very complex three-dimensional behaviours for 
fixed values of the aspect ratio with the possibility of an adjustment in the number of azimuthal 
disturbance nodes as the value of the Rayleigh number is varied in a restricted range: For instance, for 
A=1 the critical Rayleigh numbers, that correspond to the azimuthal modes with m=2 and m in the range 
5-10 (m is the number of disturbance nodes in azimuthal direction like the case of cylinders heated from 
below), are relatively close and grow rapidly with the increase of Pr. For this reason for Pr<0.02 a 
complex interaction of several azimuthal modes at relatively large supercriticalities is possible. In 
particular for Pr=0.01 the most dangerous mode with m=4 is excited at Ra3103, then the m=2 mode 
would be excited at Ra3.7103 and at Ra4.5103 many additional modes would be excited.  
 

3 Marangoni convection 
 
In addition to the Prandtl number (eq. (1)), the following nondimensional numbers are of particular 
importance (T is the surface tension derivative): 
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The Reynolds number (Re) measures the magnitude of the tangential stress TT/L to the viscous stress 
2/L2; the Prandtl number (Pr) measures the rate of momentum diffusion  to that of heat diffusion , 
and the Marangoni number is Ma=RePr. Only two of these three numbers are independent. 
The appropriate scaling of the dimensional velocity is the Marangoni velocity: 
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Figs. 4 Types of Marangoni convection: (a) liquid bridge, (b) rectangular layer or slot, (c) annular geometry. 
 
 
Therefore, the Marangoni number can also be regarded as the measure of the relative importance of the 
Marangoni and of the thermal diffusion velocities. 
Like the case of thermogravitational convection described in section 2, if the externally imposed T 
yields imposed temperature gradients that are primarily perpendicular to the interface, the basic state is 
static with a diffusive temperature distribution and motion ensues with the onset of instability when T 
exceeds some threshold; if the externally imposed T yields imposed temperature gradients that are 
primarily parallel to the interface, in these cases motion occurs for any value of T. When the 
temperature gradient acting along the free surface reaches a critical value, various types of instabilities 
can be initiated in the system. 
Also in this case various simplified geometrical models (see Figs. 4) have been introduced over the years 
for the study of this type of convection, its stability and bifurcations under the effect of temperature 
gradients with different possible directions.  
The problem concerning thin fluid layers uniformly heated from below falls into the category of 
phenomena known under the heading of "Marangoni-Bènard" convection.  
This phenomenon, is characterised by the suggestive presence of aesthetic hexagonal cells (see, e.g., Figs. 
5); it is also known that at a certain distance (in terms of value of the Marangoni number) from the 
threshold of primary instability, square convection cells rather than the seemingly all-embracing hexagons 
become the persistent dominant features of this type of convection (Figs. 6). 
The related mechanisms however are not relevant for the aims of this article and are no longer discussed 
within the present section (even if some theoretical relevance could be outlined with regard to the 
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Czochralski technique). The reader will find the state of the art in the recent article of  Eckert et al. [37], 
in the book of Colinet et al. [38] and references therein. 
 

a) b) 
Figs. 5 Marangoni-Bènard convection, observable on the free surface of a layer of Silicone oil 1 [cs] covered by air, 
having depth 1 [mm] and horizontal extension Lx=Lz= 2 [cm] (Ma based on the depth L

y
 of the layer, zero-g 

conditions): (a) Ma= 300, Hexagonal cells, (b) temperature distribution corresponding to the presence of hexagonal 
cells.   

 

a) b) 
Figs. 6 Marangoni-Bènard convection, observable on the free surface of a layer of Silicone oil 1 [cs] covered by air, 
having depth 1 [mm] and horizontal extension Lx=Lz= 2 [cm] (Ma based on the depth L

y
 of the layer, zero-g 

conditions): (a) Ma= 600, Square cells, (b) temperature distribution corresponding to the presence of square cells.   
 

 
3.1 Differentially heated free surfaces 

 
On the contrary, Marangoni convection driven by differentially heated free surfaces has very important 
effects during the semiconductor crystal growth carried out by a number of techniques; for instance, the 
Czochralski (see, e.g., Hurle [39] and Nakamura et al. [40]), the Floating Zone and the "open-boat" (Hurle 
[39]) methods. An undesired dopant distribution, in fact, has been reported in many circumstances. Also 
in these cases (section 2.2 for the corresponding problem of buoyancy flow) the dopant is found 
concentrated in regular banded structures called "striations", which are thought to be caused by an 
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oscillatory convection. For these reasons much attention has been devoted to flows in open cavities, liquid 
bridges and annular configurations, used, respectively, as models of the open-boat horizontal melt growth, 
of the Floating Zone method and of the Czochralski technique.  
The state-of-the-art for the floating-zone problem and the corresponding historical developments will be 
discussed in the last part of this article that is entirely devoted to these aspects. The first part of present 
sub-section is limited to the historical perspective for  the open-boat problem, namely an upper surface-
tension-driven flow, which implies Marangoni convection in a rectangular open cavity with an insulated 
bottom wall and differentially-heated side walls.  
It is well known that for small temperature differences T, the flow in such configurations is steady and 
simply unicellular even for the case of elongated cavities (see, e.g., Fig. 8a). In the case of two-
dimensional models, it appears as a unique large roll, whose axis is perpendicular to the temperature 
gradient and whose position changes according to the Prandtl number (at low Pr a recirculation roll 
develops near the cold wall, while at higher Pr the roll develops near the hot wall). It is also known that 
for low values of the Reynolds–Marangoni number, this fluid configuration reaches a parallel flow state 
in the central region (core flow) of the cavity with the exception of an upwind region (close to the hot 
sidewall) in which the flow is accelerated and a downwind region (close to the cold sidewall) in which the 
flow is decelerated.  
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Figs. 7 Basic-state velocity profile for an infinite horizontal liquid layer bounded from below by a rigid wall: (a) 
linear flow solution, (b) return-flow solution 
 
 
Along these lines, it is worth starting the discussion about the instabilities of this system by mentioning 
the milestone linear stability analysis of Smith and Davis [41]. They considered a fluid layer with infinite 
extent, exhibiting free surface supporting Marangoni stresses (with a temperature gradient along x, see 
Fig. 4b), without gravity nor heat exchange to the ambient and found two types of thermal instabilities in 
the case of undeformable interface: Stationary multicellular flow (SMC) and oblique hydrothermal waves 
(HTW). 



 
 
 
 
 
Cryst. Res. Technol. 40, No. 6, 531-549 (2004) 
 

The first takes the form of stationary longitudinal rolls (this steady multicellular state is made up of a 
series of steady co-rotating rolls) that become unstable in much the same way as the classical Marangoni 
layer heated from below previously discussed (however, these rolls do interact with the underlying shear 
flow; the energy driving the instability comes from the vertical temperature gradient induced by a balance 
between horizontal convection and vertical conduction). The second thermal instability takes the form of 
propagating waves (deriving their energy from the imposed horizontal temperature gradient when the 
Prandtl number of the liquid is small and from the vertical temperature gradient when the Prandtl number 
is large).   
The occurrence of SMC or HTW modes of convection was found to depend on the Prandtl number and on 
the basic flow considered (with or without return-flow profile). Two parallel-flow solutions were 
assumed, in fact, as possible basic states reproducing the aforementioned core region of the initial 
unicellular flow, the first referred to as "linear-flow solution" (Fig. 7a) and second referred to as "return-
flow solution" (Fig. 7b, it yields a simple parabolic polynomial expression for the horizontal velocity 
profile). For the return flow, hydrothermal waves correspond to the preferred mode of instability.  
This oscillatory mechanism was disclosed for the first time in the study of Smith and Davis [41]. They 
together with the subsequent weakly non-linear analysis of Smith [42] also elucidated that the oblique 
unsteady hydrothermal wave is basically a three-dimensional phenomenon exhibiting an angle of 
propagation relative to the basic state that is a function of Pr: The angle of propagation of this oblique 
hydrothermal wave is nearly perpendicular to the basic state for low-Pr materials (i.e. the disturbance 
propagates almost exactly in the spanwise direction, i.e. perpendicular to the surface flow and along z, see 
Fig. 4b) and nearly parallel to the basic state for high Pr materials (i.e. the disturbance propagates almost 
exactly in the upstream direction). 
 
 
 

a) 

b) 

c) 
 
 
Figs. 8 Structure of pure Marangoni convection for Pr=0.01 (Silicon) and two-dimensional open cavity with aspect 
ratio A=4 (cold and hot sides on the left and on the right of each frame respectively, upper and lower boundaries with 
adiabatic conditions): (a) Ma=10, (b) Ma= 100, (c) Ma=1000 (Ma based on the length of the cavity). 
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Most of the subsequent analyses on the instabilities of Marangoni flow (also concerning quite different 
systems as liquid bridges, annular configurations introduced as models of the Czochralski method, 
bubbles surrounded by liquid, etc.) rely on these landmark studies. Even if limited to the case of absent 
end-effects, in fact, significant information was provided in terms of intrinsic mechanisms of the 
Marangoni flow instability, as explained in the following:  
For small Prandtl numbers (Pr<<1, semiconductor melts and liquid metals) when the Marangoni number 
is increased sufficiently, oscillatory behaviours should occur only if the extension (along z) perpendicular 
to the temperature gradient (along x) is sufficiently large whereas in the opposite situation only stationary 
rolls should appear (replacing the initial single elongated initial vortex, see, e.g., Figs. 8); in this case, in 
fact, the hydrothermal wave predicted by Smith and Davis [41], responsible for possible oscillatory flow, 
has a significant component perpendicular to the main flow and is therefore suppressed by 2D models 
and/or computations or by a reduced extension along the third direction (all the possible disturbances with 
wavelength larger than the allowed extension in fact cannot occur and this leads to strong stabilization of 
the basic flow) .   
On the contrary, for large Pr, the existence of oscillatory flow should be possible even if the extension 
along z is very small since in this case the hydrothermal wave should be almost two-dimensional. 
These theoretical arguments have received partial validation by a number of numerical and experimental 
studies carried out for finite-size open cavities and shallow liquid layers in the subsequent years. 
For instance the nearly two-dimensional nature of the hydrothermal wave for high Prandtl numbers is 
probably the reason why two-dimensional numerical computations (see, e.g., Peltier and Biringen [43]) 
easily capture oscillatory flow in open containers and/or finite extended layers. Xu and Zebib [44] found 
two-dimensional supercritical oscillatory bifurcations over a wide range of Prandtl numbers (1<Pr<13.9) 
and aspect ratios A (ratio of the length to the height of the finite layer). They also noted that the critical 
threshold tends to the corresponding value predicted by Smith and Davis [41] for the hydrothermal wave 
case, in the limit as A. 
Among other things numerical studies about laterally confined two-dimensional layers and cavities also 
elucidated the control that the boundary conditions and the geometry of the container may have on the 
threshold values and observed flow patterns. For instance Xu and Zebib [44] found that time-dependent 
motion is only possible if the aspect ratio exceeds a critical value that increases with decreasing Prandtl 
number.  
They also considered the three-dimensional case. For this case sidewalls located along z were found to 
have a damping effect on oscillations and hence increase the magnitude of the critical Ma. It was also 
illustrated how the existence of "spanwise standing waves" can reduce this critical Ma when the extension 
of the finite layer is increased along z. 
For the opposite case of small Prandtl number, it is worth mentioning the two-dimensional numerical 
simulations of Ben Hadid and Roux [45]. In agreement with the predictions of Smith and Davis [41] their 
computations did not capture oscillatory instabilities of the pure Marangoni flow in finite cavities and 
small Pr. 
 

 
3.2 Mixed flows: Buoyant-Marangoni convection 

 
Since the ratio of Rayleigh to Marangoni number grows quadratically with the linear dimension of the 
liquid zone (making thermal buoyancy convection less important for small liquid volumes), i.e.  
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          (3.4) 

 
if this ratio is kept small (W is kept large) by reducing L (few millimetres), the Marangoni effect can be 
emphasised in comparison with the buoyancy effect. 
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For Pr=0.015 and Pr=0.02 oscillations were found for mixed buoyant-Marangoni convection by means of 
two-dimensional numerical computations by Mundrane and Zebib [46] for various values of W. 
Apparently in contrast to the results of Ben Hadid and Roux [45], in practice these simulations showed 
that the presence of buoyancy convection can alter the mechanisms of Smith and Davis [41] and that this 
can lead to the onset of two-dimensional oscillatory flow (superimposed on the initial stationary rolls) 
also for low values of the Prandtl number. 
Most of the experimental results for these configurations, are related to the case of transparent liquids 
(high Prandtl number) for which direct observation is possible and on the ground conditions. Since the 
problem of buoyant-thermocapillary convection in cavities is governed by a relatively large number of 
nondimensional parameters, and there is consequently a large number of different types of flow that can 
be found in this system, these results give disjoint glimpses of a wide variety of qualitatively and 
quantitatively different results in widely different parts of parameter space. 
For instance, the existence of thermocapillary instabilities, and in particular of oscillations, has been 
demonstrated in numerous experiments in the case of real three-dimensional configurations (planar 
rectangular pools designed to most closely mimic the conditions of the Smith and Davis analysis), but 
only a few of them have provided direct evidence of hydrothermal waves. In many experiments, the basic 
flow was observed to destabilise first against a stationary multicellular instability (transition from steady 
unicellular flow to steady multicellular flow with longitudinal rolls embedded in the main flow all 
rotating in the same direction) before exhibiting oscillatory behaviours. 
The existence of these oscillatory patterns not corresponding to the propagation of hydrothermal waves 
was observed by Villers and Platten [47], De Saedeleer et al. [48] and many others for Pr>>1.  
Riley and Neitzel [49] provided the first experimental demonstration of oblique hydrothermal waves in a 
rectangular pool Lx=530 [mm], Lz=550 [mm] for Silicone oil for sufficiently thin layers (h <1.25 [mm]). 

But for thicker layers, a steady multicellular flow appeared which becomes time-dependent when the 
temperature gradient is increased. 
The available results in the case of transparent liquids have been summarised in the recent analysis of 
Burguete et al. [50] where it is shown how depending on the height of liquid and on the extension along z, 
the two-dimensional basic flow destabilises into oblique travelling waves or longitudinal stationary rolls: 
The first phenomenon seems to be favoured for small thickness of the layer and large extension of the 
pool along z; vice versa the latter tends to become dominant for thick layers and small extension along z. 
In this case the oscillatory behaviour that occurs when the thermal gradient is further increased is 
characterised by oscillation of the multicellular pattern (hereafter referred to as OMC). 
It is important to shed some light on the fact that this oscillating multicellular flow is also a time 
dependent state, but is not a traveling-wave one, since it is not characterised by a well definite wave speed 
(an important difference between the HTW and OMC states is that the first one is preceded by a steady 
unicellular flow that behaves as an underlying terrain for the propagation of the waves, whereas the 
second one is preceded by the steady multicellular flow SMC, see also Bucchignani [51]). 
These results are in partial agreement with the findings of Smith and Davis [41], the discrepancies 
probably being due, like the case of small Prandtl number, to the effect of buoyancy forces.  
For possible explanation of the experimental results obtained on the ground and deviation with respect to 
the theory for pure Marangoni flow, the reader may consider the overview of Gershuni et al. [20], already 
cited in section 2.2 with regard to the case of infinite layers bounded from above and from below by rigid 
walls as well as the analysis of Parmentier et al. [52] (in practice, the former analysis considers 
conducting boundary conditions whereas the latter addresses the case of adiabatic horizontal surfaces).  
According to Gershuni et al. [20] when the upper boundary is free (Fig. 9), if the Marangoni flow is weak 
(W0.1) the mechanisms leading to flow instability are essentially the same as in the pure buoyancy case 
(the aforementioned 2D steady or oscillatory hydrodynamic mode for Pr<0.045, the 3D oscillatory 
longitudinal rolls for 0.045Pr0.85 and the 2D Rayleigh mode for Pr>0.85), whereas for the case of 
dominating Marangoni convection (W>1), the hydrodynamic mode is suppressed (the inflection point 
disappears) and the most dangerous instability is either the 3D-oscillating mode (OLR induced by waves 
of gravitational type) for Pr<1 or the stationary longitudinal rolls (SLR Rayleigh mode) for Pr>1. With 
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regard to the latter mode of convection, the recent stability analysis of Mercier and Normand [53] in 
particular has clearly shown in the case of a liquid with Pr=7, the existence of a transition between 
stationary rolls and travelling waves when W exceeds a value Wo which is a function of the surface heat 
exchange with the ambient. This analysis provides a quite definitive explanation for the transition 
between hydrothermal travelling waves and stationary rolls that is observed on Earth for transparent 
media when the depth of the fluid pool is increased. 
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Fig. 9 Basic-state velocity and temperature profiles as a function of W, for an infinite horizontal liquid layer bounded 
from below by a rigid wall and from above by a free surface. 
 
 
 
Within the context of the present paragraph it is also worthwhile to stress how, besides the case of two-
dimensional and three-dimensional rectangular layers, slots and elongated cavities, the mechanism of 
hydrothermal-wave propagation, disclosed by the analysis of Smith and Davis [41] in the case of pure 
Marangoni flow, has some outstanding applications also for cylindrical configurations with free lateral 
surfaces (these aspects are treated in section 4). 
 
Hydrothermal waves in other systems 
 
Finally, let us mention that travelling waves with characteristics similar to hydrothermal waves have been 
observed also in other experimental configurations. Kassemi and Rashidnia, [54], for instance, detected 
azimuthal hydrothermal waves travelling in the liquid around air bubbles trapped by gravity below heated 
walls. 
The azimuthal propagation of hydrothermal wave-like structures has been also reported in the case of 
annular shallow layers used as models of the Czochralski technique and subject to radial horizontal 
temperature gradients (outer portion of the annulus heated with respect to the inner portion, see Fig 4c). 
For instance such phenomena have been clearly observed by Schwabe [55] in the case of a fluid with 
Prandtl number Pr=7 both under microgravity and under normal gravity. Furthermore the presence of 
hydrothermal waves of the type predicted by Smith and Davis [41] in the case of a small Prandtl number 
fluid has been proven for the first time in the recent numerical investigation of Li et al. [56] (see Fig. 10). 
These authors also showed that when the thickness of the low-Pr layer is increased, transition from 
travelling waves to multicellular oscillatory flow occurs (compare Fig. 10a and 10b).  
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 a) 
 

 b) 
 
 
Figs. 10 Snapshot of surface temperature fluctuation and space-time diagram of surface temperature along a 
circumference at r= 20 [mm] for a layer with a=15 [mm], b=50 [mm], Pr=0.01, Silicon, adiabatic conditions at the top 
and bottom surfaces (after Li et al. [56]): (a) d=1.5 [mm], Ma=10.67 (Ma based on the reference length L=d2/(b-a)), 
the fields correspond to the propagation along the clockwise azimuthal direction of an hydrothermal wave, (b) d=8 
[mm], Ma=151.8 (Ma based on the reference length L= d2/(b-a)), the fields correspond to the presence of radially 
extended rolls periodically alternating their azimuthal sense of rotation. 
 
 

4 The Floating Zone technique and related models 
 
Different models of the floating zone process (FZ) have been proposed in the literature. In particular, till 
date two models have enjoyed a widespread use: the “half zone” and the “full zone” (Figs. 11). 
The Marangoni flow in the FZ process is characterised by two separated toroidal vortices in the upper and 
lower part of the zone (Fig. 11b). Each of these parts corresponds approximately to a half-zone 
configuration. This model has distinct advantages for both the experimentalist and also for numerical 
investigators. In particular, the ends of the domain are isothermal, the interface is adiabatic and the 
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applied temperature difference (difference of the temperature of the supporting disks) driving the 
Marangoni surface flow can be fixed a priori in the analyses.  
In practice, the half zone configuration is supposed to model the flow in a half of the real floating zone 
under the constraint that the flow is symmetric by reflection about the plane at midheight between the 
rods, and that the imposed no-slip condition on this plane does not significantly alter the dynamics.   
Such a constraint is removed in the full zone model, the presence of a ring heater around the equatorial 
plane of the zone is simulated imposing a specified heat flux distribution on the free surface with a 
maximum of the flux in correspondence of the equatorial plane (the mirror symmetry with respect to the 
equatorial plane can be broken). The ends of the liquid zone are plane and isothermal like the case of the 
half-zone, but the supporting disks are posed at the same temperature, and the maximum temperature 
occurs along the free surface at midheight.  
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                     HALF ZONE                                               FULL ZONE  
                             (a)                                                                 (b)    
Figs. 11 Geometrical models of the FZ technique and related thermal boundary conditions: 
 (a) The half-zone, (b) the full-zone 
Even if there is no doubt that the full-zone is a more realistic configuration, the half-zone has become 
over the years a very important "paradigm" model for fundamental research, leading to a wealth of 
important results. 
 

4.1 Half-zone  
 
Experiments [57-60] performed with high Prandtl number fluids (characterised by Prandtl numbers higher 
than those typical of liquid metals) showed that for sufficiently small values of the Marangoni number, 
the convection in liquid columns (half zone configuration) heated from above or from below, is laminar, 
steady and axisymmetrical, but when the Marangoni number exceeds certain critical values (the so-called 
critical Marangoni number Mac) depending on the Prandtl number of the liquid, on the geometry (aspect 
ratio and effective volume of liquid held between the supporting disk) and on the boundary conditions, 
the liquid motion can undergo a transition to an oscillatory three-dimensional (3D) complex flow pattern.  
The appearance of these instabilities in organic liquids was initially used by the investigators (in the 80's) 
to provide a possible explanation for the undesired microscopic imperfections found in the final crystals 
obtained in microgravity conditions and even under normal gravity conditions in situations where the 
Marangoni flow is emphasised with respect to buoyancy forces (W>>1, microscale experimentation).  
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Additional research carried out in the subsequent years pointed out, however, that the choice of the proper 
model liquid is a very delicate aspect of the problem. As highlighted by many linear stability analyses 
(see, e.g., Kuhlmann and Rath [61]), in fact, the instability of Marangoni flows is initiated through 
different mechanisms according to the liquid used; by means of an energy analysis, in particular, 
Wanschura et al.[62] elucidated that the first bifurcation of the flow is due to inertia instability of the axial 
shear layer below the free surface for small Pr fluids (semiconductor melts and liquid metals) and 
hydrothermal wave for large Pr fluid (transparent organic liquids) case.  
The instability is hydrothermal in nature for Pr>>1 (for this case it is strictly related to the coupling and 
interplay between the velocity and temperature fields) and hydrodynamic in nature for Pr<<1 (i.e. it does 
not depend on the behaviour of the temperature field that in this case simply acts as a driving force for the 
velocity field). 
These theoretical analyses also elucidated that for transparent organic liquids the transition to 3D flow is 
always associated with the onset of oscillatory flow (Hopf bifurcation) whereas for semiconductor melts 
the instability breaks the spatial axisymmetry (but the flow regime is still steady, i.e. a stationary 
bifurcation) prior to the onset of time dependent flow field.  
For the first case, in particular, Kuhlmann and Rath [61] found that the 3D supercritical state after the 
Hopf bifurcation point, is given by superposition of two counter-propagating  hydrothermal waves, with 
axial and azimuthal components, similar to those already disclosed in the landmark analysis of Smith and 
Davis [41] in the case of infinite horizontal liquid layers (see section 3.1).  
In principle, if the two waves have equal amplitude the resulting disturbance is a "standing wave", with 
the minimum and maximum disturbances pulsating at fixed azimuthal positions; while the superposition 
of waves with different amplitude gives rise to a "travelling wave", with the minimum and maximum 
disturbances travelling in azimuthal direction. Unfortunately, nothing can be predicted by the linear 
stability analyses about the amplitude of these disturbances. 
The experiments performed on the ground and in microgravity conditions revealed one or the other mode 
of convection. For instance, the travelling wave was observed by Chun and Wuest [57], Preisser et al. 
[58]. The standing wave, instead, was observed during experimental ground-based activities (e.g., Velten 
et al. [59]; Frank and Schwabe [60]). These regimes were also studied by means of direct numerical 
solution of the time dependent and nonlinear Navier-Stokes equations. Along these lines, recent 
numerical results obtained by Lappa et al. [63], have elucidated that the standing wave and the travelling 
wave models correspond to two consecutive transitions of the Marangoni flow. In other words, the flow 
exhibits a first transition from the axisymmetric steady to the three-dimensional oscillatory state, 
characterised by the standing wave and, after a certain time, a second transition from the standing wave to 
the travelling wave. The numerical results also pointed out that the transition from one regime to the other 
depends on the aspect ratio of the liquid bridge. Azimuthal standing wave regimes tend to be stabilised 
when the aspect ratio is reduced (Lappa et al. [63]). 
The results concerning Pr>>1 are no longer discussed in the following since they are not applicable to 
semiconductor melts, even if the possible existence of steady hydrodynamic bifurcations also for the case 
of transparent liquids has been pointed out recently in the very interesting analysis of Hu and Tang [64] 
for fat (convex) liquid bridges. 
For liquid metals, outstanding pioneering numerical studies were carried out by Rupp et al. [65] and 
Levenstan and Amberg [66]. The free interface was assumed to be cylindrical in these studies and the 
azimuthal wave number (m) was found to behave as a decreasing function of the aspect ratio i.e. 
2mA=const; Lappa and Savino [67] extended such a relationship to the case of  dynamical aspect ratio 
changes induced by solidification. 
Imaishi et al. [68] depicted in detail the complex spatio-temporal evolution of the flow field that occurs 
after the secondary (oscillatory) bifurcation of the Marangoni flow for different values of the aspect ratio 
A and of the Prandtl number (0Pr0.02), elucidating different (referred to as "torsional") oscillatory 
behaviours (Fig. 12). 
 
 



 
 
 
 
 

M. Lappa: Thermal convection in models of crystal growth from the melt 
 

 
 

4

5

6
78

10 11

13

14

141516

17
1819

+

-
 a)              

12

3

6

78

910

11

12

13

14

15
16

17

19

20 +

-
   b) 

 

    
2

6

1011
12

13

14
15

1516
1617

18

19

+

-
 c)             

1
2

3
5

6
7

8
9

1011

12

13

14
16

1718

19
20 Level T

20 4.77E-02
19 4.02E-02
18 3.27E-02
17 2.51E-02
16 1.76E-02
15 1.01E-02
14 2.59E-03
13 -4.93E-03
12 -1.24E-02
11 -2.00E-02
10 -2.75E-02
9 -3.50E-02
8 -4.25E-02
7 -5.00E-02
6 -5.76E-02
5 -6.51E-02
4 -7.26E-02
3 -8.01E-02
2 -8.76E-02
1 -9.52E-02

+

-
 d) 

 
 
Figs. 12: Snapshots of temperature disturbances in a cross-section over a period of oscillation (Gallium liquid bridge, 
1g, cylindrical interface, L= 1 cm, Ma=160, heating from below, Secondary instability of Marangoni flow, "torsional" 
regime: temperature spots move forth and back). 
 
 
 
The effect of a noncylindrical shape was considered by Lappa et al. [69] and Chen et al. [70] for the first 
bifurcation. They found in the case of half-zone under microgravity that for a fixed aspect ratio the critical 
azimuthal wave number can be shifted to higher values by increasing S (convex shape) or to lower values 
by decreasing S (concave shape) where S is the so-called "volume factor" (ratio between the actual 
volume of the liquid bridge and the volume of an idealised cylinder of the same height and of the same 
base). 
With regard to effect of gravity, some interesting results about liquid bridges (A=1, L= 1 [cm]) heated 
from above or from below in the case of low Prandtl number liquids were yielded by Lappa et al. [71]. 
According to their simulations if the deformation of the shape induced by gravity is taken into account, 
gravity always acts stabilising the Marangoni flow regardless of the direction of the gravity vector 
(parallel or antiparallel to the axis), whereas in the case of straight surface the heating from below 
condition leads to destabilisation of the flow. The on-ground deformation of the shape also influences the 
value of the azimuthal organisation of the flow field. The azimuthal wave number is shifted to higher 
values if the heating from above condition is considered.  
Among other things, this study also disclosed that the steady (first) bifurcation in liquid bridges heated 
from below with pronounced shape deformation (e.g. Gallium half zone with height 1 [cm]) is 
suppressed; in this case, in fact, the flow undergoes a direct transition to oscillatory flow with 
hydrodynamic pulsating and rotating modes of convection. These regimes are qualitatively similar to 
those usually observed in the case of high Prandtl number liquids and hydrothermal behaviours (see Figs. 
13 and 14).  
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Figs. 13: Snapshots of temperature disturbances in a cross-section over a period of oscillation (Gallium 
liquid bridge, 1g, Ma=300,  amphora-like shape, heating from below, primary instability, rotating 
regime).  
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Figs. 14: Snapshots of temperature disturbances in a cross-section over a period of oscillation (Gallium 
liquid bridge, 1g, Ma=300, amphora-like shape, heating from below, primary instability, pulsating 
regime: temperature spots pulsate at fixed azimuthal positions).  
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4.2 Full-zone  
 
For the full-zone model only a very limited number of numerical results are available (see the excellent 
studies of Baumgartl et al. [72], Cröll et al. [73] and Lan and Chian [74]). 
The independence and separation of the flows in the upper and the lower half of a full-zone and the mirror 
symmetry, which are stated by using a half-zone model, generally are not true.  
This effectively rules out the possibility to discuss and elucidate the full-zone behaviour in the framework 
of previous worth studies dealing with the half-zone as the complete structure of the convective field is 
required to account for nonlinearities and other complex effects arising from the mutual interaction of the 
two aforementioned "facing" toroidal vortices in the FZ.  
In the absence of gravity effects, for the basic state, radial velocity and temperature are symmetric with 
respect to the midplane, whereas the axial velocity is antisymmetric. For the disturbance modes, the same 
symmetry or the opposite case (all fields antisymmetric except for symmetric axial velocity) is possible in 
theory. Non-linear available simulations (Lappa [75]) have shown, however, that the azimuthal 
disturbances always exhibit antisymmetric behaviour with respect to the equatorial plane, i.e. the latter 
case occurs (the toroidal roll in the upper part tends to exhibit the maxima of the azimuthal disturbance 
around the positions where the other one (lower half) is characterised by the minima and vice versa, see, 
for instance, Fig.15).  
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Fig. 15 Structure of 3D Marangoni flow (AF=0.3, S=1, m=6, Ma30, zero-g): Surface azimuthal velocity 
distribution. 
 
The dependence of the azimuthal wave number on the aspect ratio A for the case of cylindrical interface 
is very similar to that already discussed for the half-zone (2mA=const), but the scenario completely 
changes if the effect of S is taken into account: unlike the half-zone, m, in fact, increases in case of 
deviation from a volume equal to the cylindrical one for both cases S<1 and S>1 (Lappa [76]).  
 

a)         c) 
Figs. 16: On the left, structure of 3D Marangoni flow with m=3, AF =1.0, S=0.85, Ma=50, zero-g; on the 
right, structure of 3D Marangoni flow with m=2, AF=1.0, S=1.3, Ma=25, zero-g.  
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The degree of interaction of the toroidal convection rolls located in the upper part and lower part behaves 
as a function of the concavity of the free surface. In the case of slender configuration (S<1) the flow 
exhibits nearly complete separation of the toroidal vortices (see Fig.16a). On the contrary, for S1 strong 
interaction occurs (Fig. 16b).  
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Figs. 17 Comparison between the full zone and the half zone (Pr=0.01, microgravity conditions, cylindrical interface, 
AH =L/D aspect ratio of the half-zone, the heigh of the full-zone being given by 2L): (a) Critical Marangoni number, 
(b) Azimuthal wave number. 
 
 
Besides these aspects the major difference between the two half- and full- models under microgravity 
conditions comes from the instability threshold. In half zones and zero-g conditions, in fact, several 
investigators (Levenstam and Amberg [66]; Chen et al. [70]) found Mac1 values which are two times 

higher than the values calculated for the case of cylindrical full-zone (see Figs.17).   
The Mac value for a half-zone is likely to be higher than that for a full-zone because of the additional no-
slip condition at the heated disk and the reduced degrees of freedom compared to the full-zone 
configuration (Lappa [75]).  
 

a)     b) 
 
Figs. 18 velocity field in the meridian plane (A=1.0, S=1.0, Ma=30): (a) microgravity conditions, m=2, (b) on the 
ground conditions, m=1.  
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If the effect of the gravitational field is taken into account, and the analysis is limited to the primary 
bifurcation like the case treated before for microgravity conditions, a key factor is its influence on the 
shape of the free surface, whereas the role played by the buoyancy effect can be considered almost 
negligible (Lappa [77]). For instance, in the case A=1, microgravity conditions and cylindrical shape, the 
critical Marangoni number for Silicon melt is Mac1

=12.43. If the gravity-deformation of the shape is 

considered the critical Marangoni number (Mac1
=8.40) is significantly decreased with respect to the cases 

where the cylindrical shape is assumed (Mac1
=O(40%)).  

For a volume equal to the cylindrical one the on the ground Marangoni flow is destabilised with respect to 
microgravity conditions and the azimuthal wave number is shifted to a lower value (see Figs. 18). The 
same trend occurs in the case of S<1; gravity acts destabilising the Marangoni flow and shifting the 
azimuthal wave number to lower values. Vice versa, stabilisation occurs in the case S>1 (Lappa [77]). 
The reader will find additional information in the recent book of Lappa [78] (Chapter 4). 
The effect of gravity on the secondary bifurcation of the flow is still a subject of research. 

 
5 Conclusions 

 
Discerning of the relevant mechanisms at the basis of flow instabilities in relevant geometrical models of 
crystal growth processes from the melt, is of paramount importance. It is a necessary pre-requisite of any 
attempt devoted to the precise definition of operating parameters that may provide a stable melt flow 
pattern under the required technological conditions and/or to the introduction of possible strategies for 
control of melt convection (for instance "thermal feedback control" in the case of hydrothermal 
instabilities or application of magnetic fields to the case of transitions hydrodynamic in nature). In the 
present overview a quite exhaustive picture of the different fluid-dynamic mechanisms (and related 
"ranges" of applicability) responsible for onset of flow and related bifurcations has been provided. 
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