
PHYSICAL REVIEW E 87, 023105 (2013)

Quantum-electrodynamical parametric instability in the incoherent photon gas
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We present a theory for the quantum-electrodynamical (QED) parametric scattering instability of an intense
photon pulse in an incoherent radiation background. The pump electromagnetic (EM) wave can decay into a
scattered daughter EM wave and an acousticlike wave due to the QED vacuum polarization nonlinearity. By a
linear instability analysis we obtain a nonlinear dispersion relation for the growth rate of the scattering instability.
The nonlinear QED scattering instability can give rise to the exchange of orbital angular momentum between
intense Laguerre-Gaussian mode photon pulses and the two daughter waves, which may be a useful method to
detect the highly energetic photon gases existing in the vicinity of rotating dense bodies in the Universe, such as
pulsars and magnetars. The observation of the scattered waves may reveal information about the twisted acoustic
waves in the incoherent photon gas.
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I. INTRODUCTION

The quantum-electrodynamical (QED) photon-photon scat-
tering effects can be expressed through the effective-field
theory represented by the Heisenberg-Euler Lagrangian [1],
which gives a nonlinear term in the Maxwell’s equation that
is analogous to self-interaction effects in classic nonlinear
optics. Similar to the classic four-wave mixing process,
the quantum vacuum effect can generate photons with new
frequencies by four-wave interaction due to elastic photon-
photon scattering [2]. Recently the matterless double slit
was suggested to observe the photon-photon scattering and
to realize the controlling of light with light [3,4]. The
QED corrections can give rise to single photon effects,
such as vacuum birefringence [5], photon splitting [6], and
lensing effect in strong magnetic fields, as well as collective
nonlinear excitations, such as self-focusing of photons, the
formation of solitons, generation of harmonic waves, etc.
The photon acceleration associated with collective photon
interactions has been explored by considering a test photon
immersed in a modulated radiation background [7]. These
strong-field QED effects have also attracted much attention
due to their important implications in the laboratory and
astrophysics [8].

Since the lowest order QED effects are proportional to the
fine-structure constant squared, the correction term will be
important in the presence of high-amplitude electromagnetic
fields when they are comparable to the Schwinger critical
field (Ecrit = 1016 V/cm). The available intense laser pulses
now reach 1022 W/cm2 (corresponding to an electric field
∼1012 V/cm) [9] with the help of chirped pulse amplification
techniques, and the next generation of lasers may reach up
to 1026 W/cm2 (corresponding to ∼1014 V/cm) [10]. It is
expected that the effects of QED in the next generation
laser-plasma systems will be important [8,11] and that the
nonlinear vacuum effect of elastic photon-photon scattering
may be detectable in a plasma channel [12]. The x-ray
free-electron lasers (XFEL) [13] are expected to make the

quantum vacuum directly accessible for observations, where
pair creation is predicted to take place [14].

In fact, extreme conditions are thought to exist in astro-
physical settings such as pulsars and magnetars [15,16]. In
magnetars, the energy densities of the photon gas could be
20–22 orders of magnitude larger than that of the cosmic
microwave background, where the energy density is 2.6 ×
105 eV/m3 [17]. Hence, one can expect that QED effects
will strongly influence nonlinear interactions of an incoherent
photon gas with γ -ray bursts, which are among the most
intense pulses in the Universe [18]. Marklund et al. [17]
presented a Zakharov-like system of equations describing the
nonlinear interactions between intense photon pulses and an
incoherent photon gas, where the QED nonlinearity of intense
photon pulses drive acousticlike perturbations in the radiation
background. It is found that the QED nonlinear effect can
give rise to the collapse of intense pulses and the formation of
photonic solitons [19,20]. The intense photon pulses undergo
splitting in due course of time, and wedges are developed in
the incoherent photon gas [21].

In this paper we present an investigation of the QED
scattering instability of intense photon pulses propagating
in the bath of an incoherent photon gas, which is similar
to the three-wave process in nonlinear optics. We use the
Zakharov-like system [17] to model the scattering process with
the help of WKB approximation as well as the energy and
momentum conservation. Furthermore, we present possible
application of the QED scattering instability to astrophysical
settings. The basic equations support Laguerre-Gaussian (LG)
mode solutions. The photon orbital angular momentum (OAM)
carried by LG states has been used as a method to study the
radio sources in astrophysics [22]. The OAM can encode
information [23] and give us a new radar communication
concepts and methodologies [24], and can help to probe
the existence of magnetic monopoles [25]. We expect that
our results may be useful to detect information about the
incoherent high-energy photon gas in astrophysics settings.
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II. QED SCATTERING INSTABILITIES

The photon QED self-interaction can be formulated by
the Heisenberg-Euler Lagrangian density [1] L = ε0F +
κε2

0 [4F 2 + 7G2], where F = (E2 − c2B2)/2 and G = cE · B,
where κ = 2α2h̄3/45m4

ec
5 is the coupling constant, α =

e2/4πε0h̄c is the fine-structure constant, h̄ is Planck’s constant
divided by 2π , me is the electron rest mass, c is the speed of
light in vacuum, and ε0 is the vacuum permittivity. The last two
terms in the Heisenberg-Euler Lagrangian density represent
the vacuum polarization and magnetization, respectively. Since
higher order (in α) terms are omitted in the Heisenberg-Euler
Lagrangian density, the QED modified Maxwell equations are
valid only for |E| � Ecrit and c|B| � Ecrit. The dispersion
relation for intense photon pulses interacting with an intense
background radiation gas with the energy density E can
be written as ω ≈ c|k|(1 − 2λE) [8], where λ = λ± with
λ+ = 14κ and λ− = 8κ standing for two different polarization
states of the photons. Here ω and k are the frequency and
wave vector of intense coherent photon pulses. The energy
density of the radiation can be written as E = E0 + Eg in the
presence of propagating intense photon pulses. The perturbed
energy density Eg is much smaller than the equilibrium
value E0. By using the dispersion relation and the standard
method for a slowly varying envelope, based on the Marklund-
Brodin-Stenflo equation [17], the QED nonlinear interaction
of coherent photon pulses with an incoherent photon gas can
be modeled by

i

(
∂

∂t
+ ĉkp · ∇

)
Ep + c

2kp

∇2
⊥Ep = Q1EgEs, (1)

i

(
∂

∂t
+ ĉks · ∇

)
Es + c

2ks

∇2
⊥Es = Q2EpE∗

g , (2)

i

(
∂

∂t
+ V k̂g · ∇

)
Eg + V

2kg

∇2
⊥Eg = Q3EpE∗

s , (3)

where the coupling coefficients are Q1 = −2λckp/3, Q2 =
−2λcks/3, and Q3 = −4V kgλε0E0/3, which come from the
QED vacuum polarization effect. Here we have assumed the
electromagnetic (EM) waves to be of the form Ep,s exp(ikp,s −
iωp,s) + c.c. (c.c. standing for complex conjugate) and the
acoustic perturbations in a photon gas Eg exp(ikg − iωg) +
c.c., with slowly varying amplitudes Ep and Es standing
for the amplitudes of the pump photon pulse and scattered
waves, respectively. The electric and magnetic fields are
Ep,s = Ep,ŝep,s and Bp,s = Ep,s k̂p,s × êp,s/c, respectively,
where êp,s is the unit vector in the direction of Ep,s . The
asterisk denotes complex conjugate. In the derivation above,
we also used the standard eikonal representation and the WKB
approximation |∂Ep,s/∂t | � |ωp,sEp,s |, |∂Eg/∂t | � |ωgEg|,
|̂kp,s · ∇Ep,s | � |kp,sEp,s |, and |̂kg · ∇Eg| � |kgEg|. The unit
vectors are defined as k̂p ≡ kp/kp, k̂s ≡ ks/ks , and k̂g ≡
kg/kg . The differential operators ∇2

⊥ are ∇2 − (̂kp,s,g · ∇)2

in Eqs. (1)–(3), respectively.
Equations (1)–(3) can be used to investigate the parametric

scattering instability where an intense EM wave Ep decays into
a scattered EM wave Es and an acousticlike wave Eg in the
background intense radiation gas. In the parametric process,
the energy and momentum conservation relations are ωp =
ωs + ωg and kp = ks + kg with ωp,s,g and kp,s,g representing

the frequencies and wave vectors of the pump EM wave,
scattered EM waves, and acousticlike waves, respectively. For
the background photon gas, the directions of the photons in the
gas are random, and the acousticlike waves have the effective
acoustic speed V = c/

√
3 in the averaged fluid description

of the photon gas. The dynamical equation, which has been
derived from the radiation hydrodynamic equations, for the
acousticlike perturbation (see Refs. [8,17,19]), are driven by
the QED nonlinearity of the intense EM pulses.

We first present a linear instability analysis of the QED
scattering process. For the parametric approximation, we
consider a homogeneous intense EM wave Ep, with Ep 

Es and ε0|Ep|2| 
 Eg . The scattered EM wave is Es =
Ês exp(iK · r − i
t) + c.c., and the acoustic wave is Eg =
Êg exp(−iK · r + i
t) + c.c., with the scattered wave fre-
quency 
 and vector K. Inserting these Fourier representations
into Eqs. (1)–(3) and separating different Fourier modes and
eliminating the Fourier coefficients, we obtain the nonlinear
dispersion relation

(

 − cK‖ + cK2

⊥
2ks

)(

 − V K‖ − V K2

⊥
2kg

)
+Q2Q3|Ep|2 = 0, (4)

where K‖ and K⊥ are the parallel and perpendicular compo-
nents of the wave vector K, respectively. The growth-rate γ of
the instability (with 
 = 
r + iγ ) is

γ =
[

− 1

4

(
cK‖ − cK2

⊥
2ks

− V K‖ − V K2
⊥

2kg

)2

+Q2Q3|Ep|2
]1/2

. (5)

For the parallel case K‖ = K and K⊥ = 0, the growth
rate is γ = [Q2Q3|Ep|2 − (c − V )2K2

‖/4]1/2 for K <

4λ|Ep|(cV kskgε0E0)1/2/3(c − V ).
Next, we use numerical simulations to study the nonlinear

evolution of the QED scattering processes. We use a pseu-
dospectral method for spatial derivatives with periodic bound-
ary conditions and the standard fourth-order Runge-Kutta
method for time stepping. Our numerical results of Eqs. (1)–(3)
are displayed in Fig. 1. The initial value of the homogeneous
pump pulse is λ

√
ε0E0Ep = √

0.02 at t = 0. A low-amplitude
noise of the order 10−4 was used as initial conditions for the
scattering wave λ

√
ε0E0ES and acoustic wave λEg to give a

seed for any instabilities excited by the QED nonlinearity.
We used the wave numbers ks = 0.9kp and kg = 0.1kp. The
results in Fig. 1 shows that initially the scattered EM waves and
acousticlike waves grow exponentially. At time kpct = 270,
the pump wave is depleted and the amplitudes of the scattered
daughter waves and acousticlike waves reach a maximum.
The lower-right panel in Fig. 1 shows the time evolution
of the amplitudes of Ep, Es , and Eg at z = 0, exhibiting a
predator-prey-like behavior where the wave energy oscillates
between the different wave modes.

Let us consider the multidimensional instability of the QED
scattering process. First, we neglect the time derivatives and
coupling terms in the right-hand side of Eqs. (1)–(3), to obtain
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FIG. 1. (Color online) The dynamics of the QED scattering
instability of intense EM pulses in an incoherent photon gas.
The pump pulse Ep decays into scattered waves Es and acousticlike
waves Eg . The parameters are ks = 0.9kp and kg = 0.1kp . At time
t = 270/kpc, the pump Ep depletes and Es and Eg have amplitude
maxima. In the lower right panel, the amplitudes of the Ep (dotted
curve), Ed (dashed curve), and Eg (solid curve) at z = 0 are plotted
versus time.

the paraxial equations

i
∂Ep

∂z
+ 1

2kp

∇2
⊥Ep = 0,

i
∂Es

∂z
+ 1

2ks

∇2
⊥Es = 0, (6)

i
∂Eg

∂z
+ 1

2kg

∇2
⊥Eg = 0,

where we have assumed that the three waves propagate
primarily along the z direction. These paraxial equations
can be expressed in cylindrical coordinates r,ϕ,z with ∇2

⊥ =
(1/r)(∂/∂r)(r∂/∂r) + (1/r2)∂2/∂ϕ2, and solved in terms of
LG modes as [26–28]

Ep = Ẽp (z) Fp1,l1 (r,z) eil1ϕ,

Es = Ẽs (z) Fp2,l2 (r,z) eil2ϕ, (7)

Eg = Ẽg (z) Fp3,l3 (r,z) eil3ϕ,

where Fpj ,lj (r,z), with j = 1,2,3, are the LG functions, given
by

Fpj ,lj (r,z) = 1

2
√

π

[
(pj + lj )!

pj !

]1/2

X|lj |L|lj |
pj

(X)e− X
2 . (8)

Here X = r2/w2
j and wj ≡ wj (z) are the beam waists of the

EM waves and acousticlike waves, and the associated Laguerre
polynomials L

|lj |
pj

(X) are defined by the Rodriguez formula

L
|lj |
pj

(X) = (Xlj pj !)−1 exp(X)dp[Xlj +pj exp(−X)]/dXp, pj

and lj are the radial and angular mode numbers of the LG
photon pulse, respectively, ϕ is the azimuthal angle, and
the azimuthal modes lj are the eigenmodes of the angular
momentum operator Lz [28]. Although acoustic waves (such
as electron plasma waves and ion-acoustic waves) have no

intrinsic eigenmodes of the angular momentum in contrast to
the EM pulses, the corresponding phonons or plasmons can
also carry OAM [26]. The LG-mode phonons can be excited by
the stimulated Raman or Brillouin scattering of laser beams in
plasmas [29]. The daughter scattering waves can also contain
information carried by the pump LG pulse in the plasma [27].
Here we derive the solutions with LG modes of the paraxial
equations for the acousticlike waves exited by the QED
nonlinearity in the incoherent photon gas background. The
solution of the acousticlike wave with LG modes can be written
as Eg = ẼgFp3,l3 (r,z) exp(il3ϕ) exp(ikgz − iωgt) + c.c.

We next investigate numerically the temporal evolution and
exchange of OAM between the pump and the scattered EM
waves and acousticlike waves in a photon gas. For this purpose,
we use the LG solution [cf. Eq. (7)] as an initial condition for
Ep in our simulation. The other parameters are ks = 0.7kp

and kg = 0.3kp. The initial pump LG wave is λ
√

ε0E0Ep =√
0.002

√
3/4πr exp(−r/2)(3 − 3r + r2/2) with r = (x2 +

y2)1/2, obtained by taking p1 = 2 and l1 = 1 in the LG
functions. A low-amplitude noise of the order 10−4 is used as
an initial condition for λ

√
ε0E0Es and λEg , to give a seed for

any instability. Initially, the scattered wave and acousticlike
wave grow exponentially and exhibit the signatures of LG
modes. We confirm the assumption of the exchange of OAM
between the pump EM wave and two daughter EM waves.
Furthermore, the energy conservation is also confirmed by
our numerical simulations. It should be mentioned that the
energy will exchange between the EM pump wave and the two
daughter EM waves due to the QED nonlinearity. To evaluate
the growth rate of the instability of QED scattering, we suppose
that the amplitudes depend on time and rewrite the nonlinearly
coupled equations (1)–(3) as i∂Ẽp/∂t = Q̃1ẼgẼs , i∂Ẽs/∂t =
Q̃2Ẽ∗

g Ẽp, and i∂ Ẽg/∂t = Q̃3ẼpẼ∗
s , where the coefficients

are Q̃1 = 2πQ1R, Q̃2 = 2πQ2R, and Q̃3 = 2πQ3R, and
the quantity R ≡ R(z) = ∫ ∞

0 Fp1,l1Fp1,l1Fp1,l1rdr [26]. We
consider the parametric instability and assume that ∂Ẽp/∂t 
0. Henceforth, we can derive

∂2Ẽs

∂t2
− Q̃2Q̃3|Ẽp|2Ẽs = 0,

(9)
∂2Ẽg

∂t2
− Q̃2Q̃3|Ẽp|2Ẽg = 0.

From Eq. (9) one can easily obtain the solutions as
Ẽs(z,t) = Ẽs(z,0) exp(γ̃ t) and Ẽg(z,t) = Ẽg(z,0) exp(γ̃ t) with
the growth rate γ̃ = (Q̃2Q̃3)1/2|Ẽp|. Apparently, the derived
growth rate is valid if the nonlinearity is very weak. As
illustrated in Figs. 1 and 2, the growth rate of the scattered
wave is different from that of the acoustic perturbation, which
is due to the fact that the QED nonlinearity is not weak. The
numerical results show that the incident pump EM pulse can
excite daughter EM waves and acousticlike waves of a photon
gas with different LG modes. Furthermore, one can determine
the LG modes of the acoustic perturbations in the photon gas
by checking the states of scattered daughter EM waves, which
can be guided by the growth rate γ̃ due to the orthogonality
relations of the LG functions. Thus, our results may have
potential applications in astronomy. Harwit first studied the
OAM for the astronomy application [30]. Recently, Tamburini
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FIG. 2. (Color online) The dynamics of OAM exchange due to the
QED scattering instability between the pump EM wave λ

√
ε0E0Ep

and scattered EM waves λ
√

ε0E0Es as well as acousticlike waves λEg

at different times kpct = 0, 600, and 800 (upper to lower panels). The
parameters are ks = 0.7kp and kg = 0.3kp .

et al. [31] suggest that on Earth, the astronomers can set up
the best existing telescope to detect and measure light that has
been twisted by rotating massive black holes. Since the rotation
is common for astrophysical objects in the Universe, we may
expect that the incoherent photon gas existing in the vicinity of
pulsars and magnetars may have acoustic LG modes twisted
by the new relativistic effect of space-time wrap up of rotating
pulsars or magnetars. Accordingly, from the OAM states of the

scattering EM waves excited by the QED nonlinearity we can
obtain information about the massive astrophysical objects.

III. SUMMARY AND CONCLUSIONS

In summary, we have studied stimulated scattering instabil-
ities of photon pulses in the bath of an incoherent photon gas.
Specifically, the focus has been on the parametric instability
caused by the QED nonlinearity. The expression for the
growth rate has been obtained. The numerical results of the
governing Eqs. (1)–(3) reveal that the pump EM wave decays
into daughter EM waves and an acousticlike perturbation. At
a certain time, the pump EM wave depletes and after that
begins to exhibit a nonlinear oscillatory phase, similar to a
predator-prey system.

We also present an important application of the QED
scattering to astrophysical settings. By neglecting the time
derivatives and nonlinear coupling term, we obtain LG mode
solutions for the pump EM waves, scattering EM waves, and
acoustic waves. The exchange of OAM between the pump
EM wave and the daughter EM wave and acousticlike wave
has been confirmed by numerical simulations. By considering
the orthogonality relations of the LG functions, the scattered
EM waves may carry information about the incoherent photon
gas, which can be used to detect the astrophysical objects as
the OAM states can be twisted by the space-time wrap up of
rotating pulsars and magnetars.
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