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Background and Aim of the work

Background

• The trajectory optimization for ascent and reentry vehicles is a well known problem in aerospace engineering. Usually, it is 

performed with direct optimal control approaches, where the numerical gradient-based solver evaluate the gradient using 

finite differences.

• The adjoint state method is an alternative to finite differences to evaluate the gradient.
• It requires way less functions evaluations than finite differences, 1 vs. n+1 -> faster

• Difficult/impossible to apply to those systems relying on data-based models -> required the generation of derivable surrogate models

Aims

• Use the adjoint state method to find the optimal reentry trajectory of a reusable launch vehicle using a direct single 

shooting approach. The adjoint state method is used to evaluate the gradient and investigated to understand the 

feasibility of this approach for direct optimal control methods.

• To do so, derivable surrogates of the aerodynamic and atmospheric models are generated using Multi Gene Genetic 

Programming (MGGP)
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The Adjoint State Method

We have a dynamical system governed by the following set of equations

x: state variables

u: control variables (optimization variables)

t: time

f: system's state functions

And we want to minimize the objective functional in the form

To do so, an optimization is performed using a gradient-based method. The adjoint state method is an 

alternative to the finite differences to evaluate the gradient of J
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The Adjoint State Method – Analytical Derivation

We have an objective function in the Mayer-Bolza form, and we are interested in its gradient with respect to 

the optimization variables u

Integrating by part and substituting

=0=0 =0
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The Adjoint State Method - Summary

Adjoint: Repeat once at each iteration of the optimizer

1. Propagate forward

2. Propagate backward

3. Evaluate gradient and objective function

FD: Repeat n+1 times at each iteration of the optimizer, 

where n is the number of optimization variables

1. Propagate forward

2. Evaluate nth component of gradient or objective 

function
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The Adjoint State Method - Issues

When using the adjoint state method some issues arise due to numerical implementation and related errors:

• Errors due to propagation schemes
• Backward propagation is especially sensitive to the used propagation scheme

• Errors due to numerical integration

• If the used analytical models are complex, the function calls to use them might result in an overall slower 

process than the finite differences one. In particular, the call to the sensitivity matrices during the 

backward propagation and gradient evaluation can be very time consuming. (Related to implementation)
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Test case

Evaluation of the optimal reentry trajectory for the FESTIP-FSS5 reusable launch vehicle, so to get 

within the Final Approach Corridor (FAC) box at the end of the trajectory while satisfying the 

constraints.

States: v (speed), χ (heading angle), γ (flight path angle), θ (longitude), λ (latitude), h (altitude)

Control variables: α (angle of attack), σ (bank angle) 

Initial conditions

v0 2600 m/s

χ0 0 deg

γ0 -1.3 deg

θ0 -85 deg

λ0 30 deg

h0 51000 m

Final conditions

vf 91.44 m/s

χf -60 deg

γf -6 deg

θf (-80.7112 ± 0.0014) deg

λf (28.6439 ± 0.0014) deg

hf (609.60 ± 121.92) m

Admissible control ranges

α -2 deg < α < 40 deg

σ -90 deg < σ < 90 deg

Other constants

mass 45040 kg

S 500 m2

g0 9.8065 m/s2

ω 7.2921159e-5

Re 6371000 m

Constraints

q (dynamic pressure) < 4e4 Pa

az (normal acceleration) -25 m/s2 < az < 25 m/s2

FAC box requirements*
* Bollino, K.P.; Ross, I.M. A pseudospectral feedback method for real-time optimal guidance of reentry vehicles. Proceedings of the American Control Conference. IEEE, 2007, pp. 3861–3867. 
doi:10.1109/ACC.2007.4282500.
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Test Case - Dynamics

The system dynamics' equations used are those for a 3DOF flight over a spherical rotating Earth

With and

Analytical equations found using a 
Multi-Gene Genetic Programming 
algorithm
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Test case – GP and MGGP

Genetic Programming (GP) is an evolutionary algorithm that follows the Darwinian theory of evolution to find 

the fittest individual in a population that minimize/maximize a defined fitness function.
GP individual Crossover Mutation

Multi-Gene Genetic Programming (MGGP) is a GP variant where an individual is composed by a linear 

combination of n GP-trees. The optimization of the a0, a1, …, an parameters is done with a least square fitting.

The MGGP was coded in Python and will soon be available at https://github.com/strath-ace/smart-

ml/tree/master/GP

https://github.com/strath-ace/smart-ml/tree/master/GP
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Test case – Atmospheric surrogate models
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Test case – Aerodynamic coefficients surrogate models

R2 score: 0.9947458312064135R2 score: 0.9922325002535004
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Test case – Objective function

The cost functional J is built using an integral cost function g and a 

terminal cost function h.

The terminal cost function naturally reflects the goal of the optimization, which is to get the vehicle inside the 

FAC box. While the function g is used to consider the applied constraints. They are both formulated in quadratic 

form.
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Results

The optimal control problem is transcribed as a direct single shooting. The control points are placed every 

dt=2s, resulting in 490 optimization variables. Time is not an optimization variable. The same dt is used for the 

forward and backward propagations.

The used solver is the sqp as implemented in the Matlab's fmincon library. The optimizations were run on a 

laptop with a CPU Intel® Core™ i7-8750H @ 2.20GHz × 12 and 16 GB of RAM.

The initial guess for the single shooting optimization is obtained using a combination of two evolutionary 

algorithms: MOPED* and MP-AIDEA**. For more information regarding the procedure used to find the initial 

guess, please refer to ***.
Iterations Functions evaluations Objective function value First order optimality Time elapsed

Adjoint 20 204 9.181464e-05 2.020e-02 72 s

Finite Differences 29 14766 1.459218e-04 7.084e-04 778 s

* Costa M, Minisci E (2003) MOPED: a multi-objective Parzen-based estimation of distribution algorithm for continuous problems. In: EMO 2003: Evolutionary Multi -Criterion Optimization, Springer, Berlin, 
Heidelberg, vol 2632, pp 282–294
** Di Carlo M, Vasile M, Minisci E (2019) Adaptive multi-population inflationary differential evolution. Soft Comput 24(5):3861–3891. https://doi.org/10.1007/s00500-019-04154-5
*** Marchetti, F., Minisci, E. & Riccardi, A. Single-stage to orbit ascent trajectory optimisation with reliable evolutionary initial guess. Optim Eng (2021). https://doi.org/10.1007/s11081-021-09698-w

https://doi.org/10.1007/s00500-019-04154-5
https://doi.org/10.1007/s11081-021-09698-w
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Results – Control variables
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Results – FAC requirement and Constraints
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Conclusions and Future work

Conclusions

• The adjoint state method proved to be a faster and equally precise alternative to the finite differences 

method to evaluate the gradient of an objective function.

• If data-based models are used, analytical surrogate models must be crated to use the adjoint state 

method. MGGP proved to be a well performing technique to do so.

Future Work

• Issues related to the numerical implementation of the adjoint state method must be solved in order to 

fully exploit the expected advantages of the method.

• More research is needed to apply the adjoint state method to other optimal control transcriptions.
• Single Shooting vs Multiple Shooting
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