
PHYSICAL REVIEW A VOLUME 48, NUMBER 1 JULY 1993

Local and global effects of boundaries on optical-pattern formation in Kerr media
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The space-time field evolution in a Kerr slice with single feedback mirror is considered. A full sym-

metry analysis of the governing equations reveals profound dift'erences between plane-wave and
Gaussian-beam excitation. For Gaussian-beam pumping primary bifurcations to a succession of polygo-
nal figures are predicted and confirmed in numerical simulations. Secondary bifurcations are complicat-
ed by competition between local and global bifurcations. Chaotic itinerancy and intermittency are

among the phenomena observed in the simulations. For broad pump beams, multispot polygons with

fivefold symmetry are observed to coexist with sixfold quasilattice patterns, in excellent agreement with

the theoretical predictions based on symmetry considerations only.

PACS number(s): 42.65.—k, 05.45.+b, 47.20.Ky

I. INTRODUCTION

Spatial pattern formation in the transverse profile of
laser beams propagating in passive media, in presence or
in absence of optical cavities, has been recently studied
both theoretically and experimentally [l]. Macroscopic
symmetries provide a unifying approach to pattern for-
mation in physical systems that differ a great deal on mi-
croscopic scales. In general, bifurcation sequences to
different stable solutions are observed by changing con-
trol parameters [2,3]. Spatial structures associated with
these solutions bear either the full symmetry of the sys-
tem or a lower one corresponding to a subgroup of the
full symmetry. The symmetry analysis allows one to
separate model-dependent and model-independent
features [4], and provides a guideline for an accurate
comparison of theoretical models and experiments. Here,
for example, we are able to supply predictions about the
spatial structure of observable solutions of a model by
just considering its overall symmetry.

In this paper, we study pattern formation in the trans-
verse profile of a laser beam propagating through a thin
slice of Kerr medium and reAected back by a mirror after
propagation in vacuum [6]. We adopt the same govern-
ing partial differential equations previously used to study
the case of plane-wave input beams [6]. Here we specify
different boundary conditions corresponding to a laser
beam with a Gaussian intensity profile. Our main result
is that transverse boundary conditions modify the sym-
metry of the solutions with a deep inAuence on the ob-
served spatial structures.

In the case of plane-wave pumps, the system is invari-
ant under translations, reAections, and rotations in the
transverse plane, and has therefore a symmetry corre-
sponding to the Euclidean group E2. In these situations,
narrow intense channels of light (filaments) are formed
above the instability threshold of the uniform state.
These filaments arrange themselves on grids that break
the symmetry E2 but retain a discrete translational sym-
metry. Typical examples are rolls and lattices of squares
or hexagons, only the latter being stable in the Kerr slice
[6]

In contrast, boundary conditions that take into ac-
count the Gaussian intensity profile of real laser beams
force the system to be invariant under rotations and
reAections in the transverse plane only, the symmetry be-
ing reduced to the 02 group. This allows for the observa-
tion of solutions in which the filaments form polygonal
structures corresponding to the subgroups Dt (I being an
integer) of 02. Such solutions cannot be observed in the
plane-wave limit case.

Symmetry properties depend upon the governing par-
tial differential equations and upon the boundary condi-
tions [5]. For large aspect ratio systems, it is generally
believed that boundary conditions do not play a relevant
role [3]. This is not the case, however, for systems with
small aspect ratio in the transverse plane, i.e., the large
majority in optics. Therefore, in order to explain the spa-
tial structures arising in experiments, it is important to
know how effective the boundary conditions are in the
process of pattern formation. The results presented
below suggest that spatial patterns in many experiments
performed with Gaussian beams should be interpreted in
terms of the rotational symmetry only.

The paper is organized as follows. In Sec. II, we intro-
duce the model and discuss its symmetries. In Sec. III,
we review some mathematical properties of systems with
symmetry and use them to forecast the possible bifurca-
tions. Section IV provides the numerical computations
and their comparison with the theoretical predictions.
Concluding remarks in Sec. V link our considerations
with previous experimental results.

II. THE MODEL

In this section, we brieAy review the model equations
derived in [6] and describe the propagation of a coherent
field in a thin slice of Kerr materia1 in front of a mirror.
The equations are

OF=i nF, BB= ——nB,

(2)
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for the propagation in the nonlinear Kerr medium, and

2d ' ' 2d
(3)

for the propagation in vacuum to and from the feedback
mirror. F and B are the forward and backward complex
electric fields, n is the excitation density of the medium, g
is the susceptibility, o. is a parameter that measures the
relative strength of diffraction versus diffusion (o is small
for strong difFusion), I. is proportional to the transverse
slice dimension, and d is proportional to the distance of
the mirror from the slice. All the variables are adimen-
sional, the lengths being rescaled by the diffusion length
and the time by the recombination time of the excita-
tions. We suppose that the field frequency is far from res-
onance and that the diffusion length is much larger than
the wavelength; therefore we do not consider absorption
of radiation in the medium or interference between back-
ward and forward fields. Moreover, the slice is con-
sidered antireAected to eliminate cavity effects, and thin
enough to neglect diffraction inside the medium.

Physically, the origin of the formation of nontrivial
spatial structures can be traced in the conversion of the
phase modulation of F by the medium [Eq. (1)] into an
amplitude modulation of B via the propagation to and
from the mirror [Eq. (3)]. Equations (1)—(3) are supplied
with transverse and longitudinal boundary conditions.
More specifically, we impose the forward field to be equal
to the input beam at the entrance of the slice
[F(z=0)=F;„],the excitation density to be confined
within the slice (no fiux conditions for n ), and the back-
ward field to be proportional to the forward field at the
mirror.

In order to apply group-theoretical methods to the
analysis of the bifurcations, we need to know the group of
symmetries of this model. This means to find all those
transformations that map (local) solutions of Eqs. (1)—(3)
with specified boundary conditions into other solutions of
the same equations. We recall that there are groups of
continuous transformations, containing the identity,
called connected (e.g., rotations), and also groups of
discrete symmetries, such as rejections. For instance,
the group 02 of orthogonal transformations of the plane
is composed of the connected subgroup SO2 of rotations,
parametrized by an angle, and of the discrete subgroup
D &, which is made up of the identity and of the reAection
with respect to one axis. The 02 group itself is then not
connected. By applying the systematic computational
method described in [7], we can find all the connected
symmetries arising from transformations of the form

g,o(x, u) =(:-,(x,u), V,(x,u))=(x', u'), (4)

where x are the independent variables of (1)—(3) (i.e., time
and space coordinates), u are the dependent variables (in
our case F, B, and n), and e is a parameter of the group.
If u =f(x) is a solution of (1)—(3), then g,f is a solution.

The method consists in finding the infinitesimal genera-
tors of the group of symmetries, from which the actual
form of Eq. (4) is derived by integration of a set of ordi-
nary differential equations [7]. We discuss here the sym-

R,o(x,y, z,F)=(e 'x, e 'y, e 'z, F),
l E'7

U, o(x,y, z, F)=(x,y, z, e 'F),
(7)

(&)

and analogously for B, where we have omitted the trivial
symmetries associated with linear combinations of solu-
tions refiecting the linear character of Eq. (3). The sym-
metry group T3 represents the translational invariance
due to the constant coefBcient of the derivatives in Eq.
(3); SO@ gives the invariance under rotation in the trans-
verse plane, which reflects the scalar nature of the opera-
tor VJ' R i represents a scaling invariance; U& is the phase
invariance that corresponds to rotations of the real and
imaginary parts of the field.

Equations (1) and (2) are invariant under transforma-
tions of the groups T3, T, (time translations), SO& (rota-
tions in the transverse plane), and U, (phase invariance
for the fields). To these connected groups we must add
the discrete group D, (reflections with respect to one axis
and the identity), lifting the spatial symmetry from SO2
to Oz. Analogously, the field symmetry is lifted from
U(1) to the group of unitary 2X2 matrices U(2).

Notice that Eqs. (5)—(8) do not mix independent and
dependent variables. This is usually not the case for the
Navier-Stokes equations. This in turn shows that there
are limitations in the analogy between optical and hydro-
dynamical systems.

We can easily see that with any relevant choice of
boundary conditions, the symmetry related to transla-
tions along the propagation direction z is removed and
the U2 transformations of the fields F and B must be
identical. When F;„is a plane wave, the model is invari-
ant under rotations, reAections, and translations in the
plane transverse to the propagation direction z, while
when F;„hasa Gaussian intensity profile, the model is in-
variant under rotations and rejections only. From now
on, we shall use the compact form

B,u=G(u;p) (9)
to represent Eqs. (1)—(3), where u is the set of dependent
variables (F,B,n), p is a generic control parameter, and
G (u; p ) is a nonlinear differential operator.

metrics of each equation and of the boundary conditions,
without showing the explicit calculations, which are
straightforward but extremely lengthy. The symmetries
that determine the nature of the bifurcations are those
common to Eqs. (1)—(3) and to the boundary conditions.
Note that it is necessary to follow the systematic calcula-
tions presented in [7] in order to guarantee the detection
of all the connected symmetries present in the model. An
analysis based on an incomplete set of symmetries would
lead to spurious bifurcations and, for our purposes, to the
prediction of patterns that cannot be observed numerical-
ly or experimentally.

The connected group of symmetries for the propaga-
tion in vacuum given by Eq. (3) is formed by the follow-
ing subgroups of transformations

T3o(x,y, z, F)=(x+ei,y+e2, z+e3,F),
SOz&& (x,y, z, F)=(x cose4 —y sine4, ,

x sine4+y cose4, z, F),
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III. GENERAL REMARKS ON SYMMETRY BREAKING

From the theoretical point of view, problems with
Gaussian beams are difficult to handle because analytical
forms of the steady state for generic pump shapes are
usually unknown. It is in this kind of situation that
group theory is particularly useful. For example, in this
paper we are able to predict the possible bifurcating solu-
tions and their spatial structure by using symmetry con-
siderations only. More detailed information, such as the
stability of the solutions and the subcritical or supercriti-
cal character of the bifurcations, has been obtained later
by numerical simulations. Symmetry provides the right
framework for the numerical analysis because it allows
interpretation of the results and checks of their validity,
an extremely useful tool when dealing with partial
differential equations. Before entering the details of our
analysis, we provide a short list of the main results of this
section, i.e., the effects of the Oz symmetry in pattern for-
mation.

(1) The steady-state bifurcations obtained by changing
one control parameter (codimension one} from a state
with the full 02 symmetry generate states whose spatial
patterns have an overall dihedral symmetry DI and may
sometimes locally look like lattices of hexagons. The in-
teger l, specifying the number of sides of the polygon, de-
pends on the model and on the control parameters.
These bifurcations are pitchfork bifurcations.

(2) There exist secondary bifurcations of codimension
one, which break the symmetry DI. For every l, these
secondary bifurcations give rise to rotating patterns [8] or
to stationary solutions with spatial symmetry Dk, k being
a factor of I.

(3) There exist codimension-two mode-mode interac-
tions between patterns with different l values, originating
a complex sequence of bifurcations [9].

(4) Patterns with different 1 may have heteroclinic con-
nections resulting in aperiodic intermittency among the
patterns. This is a "global" effect in the sense that sym-
metry has implications on the stable and unstable mani-
folds of the solutions of DI symmetry.

The stationary solutions of (9) are given by

y E.O2. Whenever u is not invariant under all the opera-
tions of 02 (i.e., it is a broken-symmetry solution), there
is an entire family of solutions yu obtained from u and
called conjugate solutions. This has important conse-
quences in the study of secondary bifurcations, as we will
see in the following of this paper.

The linear stability analysis of a solution u of (10) with
respect to a square integrable perturbation v, such that
u+ v is also a solution of the governing equations, can be
studied by taking the Frechet derivative

G (u+ ev; p) —G (u; p)G„u;pv=lim
e~o

(14)

G„(uo;p)v=A,v, (15)

and the bifurcations are obtained by requiring the real ei-
genvalue A, to vanish. By applying a generic operator y
of the 02 group to Eq. (15) and by using the commuta-
tivity of the operator G„(uo;p),we obtain

0

y&& G„(uo;p)v=G„(uo;p)yo v= Ay~ v . (16)

From Eqs. (15) and (16), it is clear that the eigenspace Eo
of G„(uo;p)at the zero eigenvalue is invariant under the

operation of the group of symmetry 02. More precisely,
the eigenfunctions of G„(uo;p) associated with the eigen-

0

value A, =O form a basis of an irreducible representation
of 02 in the subspace Eo. In our case, Eq. (15) takes the
form

d,F i (n F+—F—R')=AF,

The Frechet derivative is a linear operator and, in prac-
tice, can be performed as a partial derivative with respect
to u.

We begin with the primary steady-state bifurcations of
a solution uo that has the full symmetry of the system and
therefore depends only on the radial variable r. The
linear stability operator G„(uo,'p) depends on the un-

0

known function uo and commutes with all the operations
of 02, as can be seen easily by differentiating (13). Then,
the linear stability problem is

G(u;p)=0 . (10)

The bifurcation problem corresponds to the identi6cation
of their stability domain and to the characterization of
the solutions outside the boundaries. The action of the
02 group on the domain of Eq. (9) and on a generic func-
tion f can be derived from Eq. (6):

B,P —i V' F=A,F,

a,B+i V',B=XI,
2d

(18)

(19)

(12) Vi& —R'+(F F*+BB'+c.c. )=XR, (21)

where a& [0,2m. ) and k represents inversions. Formally,
the 02 symmetry of our system means that, for any ele-
ment y E02, we have

yaG(u;p)=G(yu;p) . (13)

It follows immediately from this equation that if u is a
solution of (10), then also yu is a solution of (10) for any

where uo=(F, B,n ) and v=(P, S,S), with the previ-
ously specified boundary conditions [11]. We recall that
uo is unknown, but it does not depend upon the angular
coordinate. By using cylindrical coordinates, one can see
that functions v of the type R&(z, r)si (InO) and
R&(z, r)cos(l8) are solutions of Eqs. (17)—(21), which are
then reduced to a system of partial differential equations
for the axial variable z and the radial variable r, with the
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dG(g ou„p) d(g ou, )=G (ui', p)+
d CX a=0 dc' a=o

=0. (22)

index l to be fixed. Note that R&(z, r)sin(l8) and
RI(z, r)cos(l8) provide a basis for an irreducible represen-
tation of 02, which is two dimensional if i%0 and one di-
mensional if l=0 [10]. Generically, a codimension-1 bi-
furcation will involve only one irreducible representation
of 02 [12],corresponding to a single value of l. From the
angular dependence of the eigenfunctions of Eo, we can
see that the two-dimensional eigenspace is invariant un-
der rotations of multiples of 2m. /l, corresponding to the
subgroup Sl of Oz. Notice that R&(z, r)cos(l8) is a one-
dimensional linear subspace of Eo, which is invariant un-
der the inversion 0~ —0, and that the only element of
Eo that is invariant under the full symmetry group 02 is
RI(z, r)=0. In general, apart from highly degenerate
cases, the spectrum of eigenvalues of the operator
G„(uo;p) is identical to that of its adjoint [in this case,

0
G (uo;p) is said to be a Fredholm operator of order 0].
Then, by assuming that this condition holds for our case,
we can use the result of [13] and state that there is a
branch of solutions u& whose spatial structure has the
symmetry of the dihedral subgroup DI.

DIThese solutions are contained in a subspace X ' such
that the operations of DI act as the identity transforma-
tion in this subspace. The bifurcation problem can then
be reduced to this subspace. It is important to notice
that this subspace is invariant under the action of ele-
ments of the subgroup D2&, which is larger than DI.
Moreover, the elements of D2I commute with the ele-
ments of DI and may be separated in two classes contain-
ing the elements that belong (do not belong) also to D&.

DIThese two classes operate on X as D, so that the bifur-
cations are basically governed by the action of D&. We
can then use the results of [14] and state that these bifur-
cations are symmetric pitchfork bifurcations, where the
two secondary branches are conjugate. Moreover, con-
sidering that the leading nonlinearities of (9) are quadra-
tic and that the product of cosines is again a combina-
tion of cosines, we can see that on one branch of the bi-
furcation, uI has the form g OR I(z, r)cos(ml8).
Rotations of an angle a&(0,2~/l) generate distinct
conjugate solutions. Rotations of an angle ~/l,
which belongs to D2I but not to DI, originate solutions
on the other branch of the bifurcation, of the form

o(
—1) R &(z, r)cos(ml8). The original 02 symme-

try, which is not shown by any of these solutions, is
recovered when considering the whole family of solutions
with spatial structure symmetric under D&. Notice that
when I =0, the bifurcations do not break the symmetry.

We briefly outline here the results of Ref. [8], which
apply to secondary bifurcations of systems with a sub-
group of the main symmetries isomorphic to the group
SO2 of rotations. As we have seen, for any solution u& of
Eq. (10) with dihedral symmetry D~, there is a family of
solutions g ul obtained by rotating u&. The total deriva-
tive with respect to the angular variable o. on the left-
hand side of Eq. (13) is

From Eq. (22), we can see that the system is neutrally
stable along the direction of the family of solutions. This
happens because the linear stability operator G„(ul',p)

I

has eigenvectors d(g ul)/da tangent to the family of
solutions g uI, corresponding to the eigenvalue A, =O. A
bifurcation of the family of solutions g uI occurs if the
operator G„(u&,'p) has an eigenvalue on the imaginary

1

axis whose eigenvector is not tangent to the family of
solutions. The dynamics of the system can then be
separated into the directions parallel and perpendicular
to the family of solutions g u&. Mathematically, this
means that the operator G(u&', p) of Eq. (9) can be split in
an operator G (u&, p) and an operator G (ul,'p), operat-
ing along the directions tangent and normal to the family
of solutions, respectively. An interesting phenomenon
can happen in this case: bifurcations in the normal direc-
tion will produce spatial structures drifting along the
direction parallel to the family of solutions g u&. There-
fore, a steady-state bifurcation can excite a frequency in
the system, in our case a rotation in the transverse plane.
A Hopf bifurcation can thus excite two frequencies, one
being the usual frequency associated to the imaginary
part of the eigenvalue, the other corresponding to the ro-
tation in the transverse plane. The possible bifurcations
depend on how the group of symmetry D& of the bifurcat-
ing solution u& acts on the subspace Eo of the eigenvec-
tors of the operator G„(uI ', p ) corresponding to the ei-

I

genvalue A,o =0. According to theorem (6.1) of Ref. [8],
the only possible secondary bifurcations of solutions v&

are the following.
(1) Conjugate branches of rotating waves if the sub-

space Eo is invariant under the action of the subgroup S&

of D(.
(2) Conjugate branches of steady-state solutions with

spatial symmetry D (m =l/2) if the subspace Eo is in-
variant under operations isomorphic to the subgroup D
ofD

(3) Two nonconjugate branches of steady-state solu-
tions with spatial symmetry D;, where i is a factor of I
different from l/2 and 1, if the subspace Eo is invariant
under the action of the subgroup S; of DI corresponding
to rotations of 2'/i

A similar theorem is provided in Ref. [8] for Hopf bi-
furcations. We found numerically bifurcations corre-
sponding to each of the cases listed above.

So far we have discussed local effects of the symmetry
in the neighborhood of bifurcations. There are also glo-
bal effects of symmetry, which may produce heteroclinic
connections among families of solutions corresponding to
different symmetries DI. These heteroclinic connections
are associated with chaotic or periodic trajectories start-
ing from the neighborhood of a family of solutions and
exploring successively regions of phase space close to oth-
er families, before eventually coming back close to the in-
itial condition. As the symmetry of the system deter-
mines the presence of invariant subspaces in the phase
space, heteroclinic cycles connecting different families of
solutions are, in general, more common in systems with
symmetry. Moreover, the robustness of these cycles is
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enhanced by symmetry, as transversal connections be-
tween stable and unstable manifolds are no longer a re-
quisite for their existence. Note also that heteroclinic cy-
cles have strong effects on the dynamics even when unsta-
ble [18]. Heteroclinic connections have also been studied
for the interaction between two modes obtained through
primary steady-state bifurcations in the presence of 02
symmetry in [15]. In optics, heteroclinic connections in
interaction among three modes obtained through primary
Hopf bifurcations with imperfect Oz symmetry have been
used [16] to explain the chaotic and periodic alternation
observed experimentally in Ref. [17]. In our system, we
found numerically chaotic itinerancy among solutions
emerging from primary as well as secondary bifurcations.
To our knowledge, a theoretical analysis of this case is
still lacking, but it should be possible following the lines
of Refs. [18,15,16].

In Sec. IV, we show by numerically integrating Eqs.
(1)—(3) that spatial structures with the dihedral symmetry
are stable for large regions of the parameter space when-
ever Gaussian input laser beams are considered. More-
over, secondary bifurcations of the kind described above,
as well as global behavior leading to intermittency, have
been detected and their effects on the dynamics of the
solutions analyzed. It must be stressed here that all the
predictions made above have been based on symmetry
considerations and not on specific knowledge of the solu-
tions of Eqs. (1)—(3).

IV. NUMERICAL ANALYSIS

We have performed numerical simulations of Eqs.
(1)—(3) using input beams with a Gaussian intensity
profile. We have used a hopscotch method [19] on a
two-dimensional grid of 256X 256 lattice points. Conver-
gence has been assured by taking the ratio between the
time step and the square of the mesh size smaller than
0.25. In order to organize the bifurcation trees, we have
used two control parameters: The beam waist and the
maximum intensity of the input beam. We found bifurca-
tions from solutions with the full 02 spatial symmetry
into solutions with dihedral symmetry, in agreement with
the general symmetry predictions of Sec. III. More pre-
cisely, we first observed a steady-state bifurcation that
does not break the symmetry from purely Gaussian
profiles into Gaussian-like structures with circular rings
in their tails. Then, by changing the control parameters,
another steady-state bifurcation occurs, leading to solu-
tions with spatial structure with dihedral symmetry D&

with 1=2,3, 5, 6. The number of filaments increases by
increasing the beam waist of the pump, and multistability
among these patterns has been observed. The near and
far fields of these spatial structures are shown in Figs. 1

and 2. Notice that whenever the beam waists are small
enough, the patterns corresponding to D2, D3, D5, and
D6 have 4, 3, 6, and 7 filaments, respectively. In some
cases, it is dificult to discriminate between different pat-
terns by using the far-field images only. For example, the
far-field images of the D2, D3, and D6 structures are re-
markably similar to regular hexagons, but, when studied
in detail, Fig. 1(c) shows a D2 symmetry only, while Fig.
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FIG. 1. Center region of the beam (64X64 lattice points) is
displayed in this figure and in the following ones. Panels (a) and
(c) show the near- and far-field distributions of a solution with
symmetry D» for o.=10, I=2.7, q=1092, where I is the ratio
between the maximum intensity and the threshold intensity for
the plane-wave case, and g is the ratio between the input beam
waist and the critical length for the patterns obtained with a
plane-wave input beam. In (b) and (d), we show the near- and
far-field distributions of a solution with symmetry D3 for o.= 10,
I=2.2, g=1.80. In the far-field images, the central peak has
been removed following the experimental procedure [22].
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FIG. 2. Panels (a) and (c) show the near- and far-field distri-
butions of a solution with symmetry D~ for o.=10, I=2.2,
g =2.40. In (b) and (d), we show the near- and far-field distribu-
tions of a solution with symmetry D6 for o = 10, I=2.2;
g=2. 64. In the far-field images, the central peak has been re-
moved following the experimental procedure [22].
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1(d) shows a D3 structure, being the superposition of two
triangles. These differences in the far-field patterns may
be dificult to observe experimentally. However, the as-
sessment of the correct symmetry of the spatial structure
is of fundamental relevance in determining the subse-
quent bifurcation tree, and near-field images are prefer-
able.

For small values of the beam waist, we observed secon-
dary bifurcations in which the spatial structures D3 are
slightly deformed and start to rotate slowly. From the
list of possible secondary bifurcations of codimension one
given in Sec. III, we know that the only possible secon-
dary steady-state bifurcations of a solution with spatial
symmetry D& (with l being a prime integer) lead to rotat-
ing waves. As the rotation depends basically on the pres-
ence of a continuous family of solutions with spatial sym-
metry D3 (a consequence of the rotational symmetry of
the system), this bifurcation may disappear if the rota-
tional symmetry is perturbed by either optical misalign-
ments in experiments or square grids in numerical simu-
lations. The detection of this bifurcation, therefore, can
provide a good test about the robustness of the 02 sym-
metry to perturbations.

For the D2 spatial structures [Fig. 1(a)], we have ob-
served secondary symmetry-breaking bifurcations to
metastable structures with symmetry D&, shown in Fig.
3(a). In our simulations, solutions with D, symmetry are

(a}

(c)

FIG. 3. (a) Structure with symmetry D &, which emerged from
a solution with symmetry D2 for o.=10, I=2.72, g=1.92. (b)
Structure with symmetry D&, which emerged from a solution
with symmetry D, for o =10, I=2.7, g=2.40. (c) Structure
with symmetry D2, which emerged from a solution with symme-

try D2 for o.=10, I=2.3, g=2. 64. The straight lines show the
symmetry axes.

metastable, so that after some time they break into rotat-
ing filaments. Note that the initial transition from D2 to
D

&
is one of the two possible codimension-1 bifurcations,

the other being a bifurcation into rotating patterns.
For the D5 spatial structures [Fig. 2(a)], we have ob-

served bifurcations to structures with symmetry D& also
[see Fig. 3(b)]. As the latter structure is unstable in our
simulations, the laser intensity oscillates among solutions
that have imperfect (yet recognizable) symmetries of the
D ] D 3 and D 5 type. In this case, the only possible
codimension-one bifurcation would originate rotating
structures, which, however, have not been observed in
our extensive numerical simulations.

For the D6 spatial structures [Fig. 2(c)], we have ob-
served secondary bifurcations to a D2 spatial structure
[see Fig. 3(c)], which has not been found in primary bifur-
cations. This is followed by irregular itinerancy among
structures with imperfect symmetry D „D4,and D6. Be-
cause of the complexity of the spatiotemporal evolution,
details about this kind of transition are available on video
cassettes. Note that the initial transition from D6 to D2
is one of the three possible codimension-one bifurcations,
the other two being transitions to D3 symmetric struc-
tures and to rotating solutions. This behavior indicates a
nontrivial interplay between codimension-one secondary
symmetry-breaking bifurcations of local nature and
heteroclinic cycles. In our case, spatial structures of type
D& and D4 have been generated via secondary bifurca-
tions only, while D3, D5, and D6 came from primary bi-
furcations. This situation has not been studied in the ex-
isting literature, and we envisage a future generalization
of the normal-form theory presented in Ref. [15] in order
to include our case.

We now select the control parameters so as to have a
stable spatial structure with dihedral symmetry DI. By
increasing the waist of the input laser beam and by de-
creasing its maximum intensity, it is possible to increase
the total number of filaments of the solutions, preserving
the overall symmetry DI. In Figs. 4(a) and 4(b), for exam-
ple, we show a D5 and a D6 structure made up by three
different pentagons and hexagons, respectively, one inside
the other. These spatial structures are stable in our nu-
merical simulations for times as long as 200 units on the
time scale of the excitation density. The number of fila-
ments on the pentagons is Sm and on the hexagons is 6m,
where m is an integer index such that the mpth structure
contains all the structures with m & mp and is contained
in all the structures with m )mp. This is in agreement
with the form of the DI solutions given in Sec. III in
terms of cosines. Locally, the outer filaments arrange
themselves on small hexagons around the core of the spa-
tial structure. In the case of the D& spatial structure
shown in Fig. 4(a), there is a pentagon at its core sur-
rounded by deformed hexagons. In contrast to what hap-
pens in systems with translational invariance, the penta-
gon here is not a defect, but is part of a spatial structure
with symmetry D5, which can be stable. Analogously,
the D6 spatial structure of Fig. 4(b) looks like part of an
hexagonal lattice, but its origin is a pitchfork bifurcation
and not a transcritical bifurcation typical of systems with
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FIG. 4. Spatial structures with a large numbers of filaments
with symmetry D, for o.=10, I=1.23, g=5.52 (a) and D6 for
0 =10,I=1.28, g=6.00 (b).

translational invariance [6]. Moreover, we observed a
wide region of bistability between these two spatial struc-
tures for large enough beam waists. In this region, we
found also a continuous competition between a pentagon
and a hexagon at the core of the spatial structure, while
the outer region remains unmodified. The experimental
observation of these patterns may not be easy but, never-
theless, our results show that the breaking of the transla-
tional invariance induced by the transverse boundaries is
relevant for wide input beams as well as for small ones.

If the pump intensity is increased quickly, we do not
observe the formation of rings in the tails of the Gaussian
profile, and filaments appear initially at random positions
in the transverse profile of the beam. Whenever new fila-
ments are created, they move and rearrange themselves
so as to form ordered structures, usually with a dip in the
center.

plained only when considering the 02 and the broken
translational symmetries. This means that in order to
compare pattern formation in experiments and theoreti-
cal models, one has to verify that the underlying sym-
metries are the same. In particular, we have shown that
special care has to be taken whenever the transverse
boundary conditions break the translational invariance of
the models.

Because of the universality of the symmetry considera-
tions used here, we expect results similar to that of Sec.
IV to hold for several optical systems ranging from lasers
to counterpropagating beams in gases. For example,
there is a striking similarity between Figs. 1(b) and 1(d)
and recent experimental results on alkali-metal vapors,
either cavityless [20] or in front of a single mirror [21] or
in presence of counterpropagation [22]. For all these
cases, we believe that the breaking of the translational
symmetry is the key ingredient for the formation of
dihedral structures. Predictions about changes and
dynamical behavior originating from these structures
have then to be based on models where the translational
symmetry is removed. It is important to point out that,
in order to observe 02 symmetry breaking in experiments
without optical cavities, one must check carefully that
the pump beams are actually 02 symmetric. Amplitude
or phase distortion can destroy the symmetry, and in that
case, the analysis presented here does not hold.

We wish also to stress that symmetry may be useful for
understanding to what extent the bifurcations depend
upon the model. In the present model, for example, we
do not include absorption in the medium. In real experi-
ment, this condition will not be fulfilled, but, as long as
the absorption is unsaturable (e.g. , band-tail absorption),
this should affect only the position of the primary bifur-
cations to solutions with spatial structure D„.When the
absorption is saturable, a new time scale appears in the
problem and the primary bifurcations could be Hopf bi-
furcations. Finally, the overall symmetry and its action
on the governing equations changes whenever the suscep-
tibility y is a tensor that depends on the spatial variables.
In this case, entirely new bifurcations could appear.
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