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A B S T R A C T

Squeeze film flow of a viscoplastic Bingham fluid between non-parallel plates has been analysed. It is assumed
that the force applied to the plates is known, therefore, their velocity must be found, and the film thickness
decreases then as time proceeds. Moreover, for non-parallel plates, the position along the plates at which flow
reverses direction is found as part of the solution. In the Newtonian limit, the thickness of the gap between
the plates in the parallel system never quite reaches zero at any finite time, while for the non-parallel case
a finite time can be obtained when the plates touch one another at a point. In squeeze flow of a viscoplastic
Bingham fluid between parallel and non-parallel plates, under a fixed applied force, a final steady film thickness
can sometimes be reached. This final thickness turns out to be sensitive not just to the plate tilt angle but
also to the so called Oldroyd number which is defined as the ratio between yield stress and imposed stress.
Nevertheless for squeeze film flow of Bingham viscoplastic fluid between non-parallel plates, the results show
that other cases exist in which the lubrication force cannot always balance the applied force, leading to the
plates approaching and touching at the narrowest end of the gap. Moreover torques that develop within the
system have been analysed.
1. Introduction

Squeeze film flows [1] are flows in which a material is compressed
between two approaching parallel or nearly parallel plane surfaces.
They have myriad applications, including in areas such as engineering,
biology, food industries, rheometry devices, compression moulding,
papermaking, etc. [1–4]. Squeeze film flows of Newtonian and non-
Newtonian fluids have been studied experimentally, theoretically and
numerically. In particular, there is a comprehensive review [4] on
squeeze flow theory and its applications in which a wide variety of
materials such as Newtonian, viscoelastic and viscoplastic with differ-
ent boundary conditions, i.e. perfect slip, no slip and partial slip at the
sample-plate interfaces have been investigated.

Squeeze flow tests can be carried out either using a specified shear
rate (constant displacement rate) or a specified shear stress (con-
stant load). Thus, results can be in the form of relations between
force–height, force–time and height–time depending on how the test
is done [1,2,4,5]. Assuming a no slip condition between the sample
and the plates, at fixed applied force, the shear rate in the squeeze
film tends to fall as time proceeds (the Newtonian case implies that
in fact). For viscoelastic fluids, this then means that elastic effects are
likely to become less important over time [6] (the fluids behave closer
to Newtonian). On the other hand, for a pseudo-plastic power law fluid
say, it implies that the effective viscosity rises as time proceeds (the
flow necessarily slows down relative to a Newtonian case) [2,4].

∗ Corresponding author.
E-mail address: elaheh.esmaeili@strath.ac.uk (E. Esmaeili).

Indeed viscoplastic materials [7–9] are of special interest in squeeze
film situations [3,4,10], since they flow as a fluid when the imposed
stress is bigger than the yield stress but can be treated as a plug-like
solid when the imposed stress is less than the yield stress. Therefore, the
squeeze film flow field for a viscoplastic fluid is often considered to be
divided into two regions [11–13], yielded (fluid) and plug (unyielding)
region. The surface which separates yielded and plug regions is called
the yield surface [14]. During squeeze film flow under constant load,
as time proceeds, the yield surface would be expected to shift so that
more and more of the flow domain is in the plug region and less of it is
in the yielded region, until the yielded region disappears and the flow
has stopped altogether, even whilst the squeeze film can remain at a
finite thickness [3,5,15].

These flows are however less simple than it might first appear. When
coupled with conventional lubrication theory applicable in small aspect
ratios, they lead to an apparent paradox (the so called ‘‘lubrication
paradox’’) [11,12,16,17]. Fig. 1 is predicted to have different horizontal
velocities. Hence there is predicted to be a non-zero strain rate in the
normal direction even in the (supposedly non-yielding) plug region,
albeit this is of much smaller magnitude than the shear strain rate in
the yielded region. The paradox has however been resolved by [18].
That analysis revealed [18,19] that the yielded region was in fact what
was termed a ‘‘fully-plastic’’ region, in which even the dominant shear
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stress component exceeded the yield stress. On the other hand, the
plug region was revealed to be merely a ‘‘pseudo-plug’’. When normal
stresses (in addition to shear stresses) as well as perturbations over
and above the leading order horizontal flow are taken into account,
the ‘‘pseudo-plug’’ was found to be at a stress condition just slightly
in excess of the yield stress. This then admitted the required non-zero
strain rate there, which as mentioned, is smaller than the shear strain
rate in the ‘‘fully-plastic’’ region. The ‘‘fully-plastic’’ and ‘‘pseudo-plug’’
regions were separated by what was termed a ‘‘fake yield surface’’. For
the present work however it is sufficient to consider just the leading or-
der horizontal flow and the pressure field that is associated with it. For
simplicity then we continue to use the terminology ‘‘yielded’’, ‘‘plug’’
and ‘‘yield surface’’ rather than the terms ‘‘fully-plastic’’ ‘‘pseudo-plug’’
and ‘‘fake yield surface’’ [18,19].

As alluded to above, literature has been published on the squeeze
film flow between parallel plates either with constant rate or constant
load. The work done by [5], investigated the behaviour of a yield
stress fluid between two parallel plates with a constant load, theo-
retically and experimentally. However, they have not dealt with the
non-parallel plates geometry. The work of [13] meanwhile provided an
asymptotic solution for the two-dimensional planar squeeze film flow
of a viscoplastic medium and analytical solutions for the flow fields
have been compared to numerical computations. We will make use
of these solutions. Nonetheless the work done by [13] and likewise
by [12], only investigated the squeeze flow of a viscoplastic fluid
between parallel plates with a constant squeezing rate. This requires
in particular that larger squeezing forces are applied as time proceeds,
with the squeezing force needing to become arbitrarily large as the gap
narrows.

Few studies have investigated non-parallel squeeze film flows. One
study by [20] carried out the two-dimensional numerical simulation of
the squeeze film flow of a viscoplastic fluid between two approaching
circular cylinders. In another study conducted by [21], the peristaltic
flow of a Herschel–Bulkley fluid is examined in an inclined tube. These
studies have not however used the calculation procedure developed
by [5] to establish under constant load conditions what the final state
of such systems might be. Thus, in the present work, non-parallel
squeeze flow of a viscoplastic Bingham fluid with an assumption of a
fixed squeezing force (arguably more realistic than fixed squeezing rate
which requires an ever increasing force) is developed. In the present
work, the final state of the system is identified, and it is also considered
how the squeezing rate varies with time (up to the final state). A
number of features specific to non-parallel plates i.e. identifying the
position along the plates at which flow direction reverses as well as
evolution of torque, have also been described.

What has motivated the present study are applications in which a
viscoplastic fluid is squeezed out of a complex shaped gap. One such
example is foam-based papermaking in which a foam carrier fluid is
squeezed out from a network of fibres [22]. There is no need for the
fibres in the network to be aligned parallel. Often moreover, length of
the fibres is significantly greater than the size of the bubbles in the
foam [23], in which case it might be permitted to treat the bubbles,
at least in a rough approximation, as if they were a continuum. Foam-
based making is in fact a very complex system [22,24], and the problem
to be solved here is admittedly just a highly idealised version of it.

The rest of this work is laid out as follows. Section 2 deals with
methodology and introduces governing equations for non-parallel
squeeze flow geometry. After that Section 3 deals with the results
obtained from the investigated squeeze flow problem. Finally, Section 4
considers the conclusions from the present study.

2. Methodology

In what follows, Section 2.1 describes the squeeze film flow prob-
lem between non-parallel plates, Section 2.2 deals with torques and
Section 2.3 considers final steady states. Following that, yield stress
2

contributions to force and torque are discussed in Section 2.4.
2.1. Squeeze film flow of Bingham viscoplastic fluid between non-parallel
plates

This section considers the squeeze flow of viscoplastic Bingham
fluid between non-parallel plates. The analysis for a parallel, Newto-
nian squeeze film is well known in the literature [25]. However for
completeness we have presented it in section S1 of the supplemen-
tary material. Moreover, the behaviour of a Newtonian fluid squeezed
between non-parallel plates is reviewed in section S2 to facilitate com-
parison with the non-parallel viscoplastic Bingham case, particularly
with regard to possible final states. The solution of squeeze film flow of
a Bingham viscoplastic in the parallel case has been investigated by [5]
and we provide the mathematical procedure in the supplementary
material, section S3 again to support the non-parallel plate case in the
present section.

In what follows, standard lubrication theory assumptions [25],
i.e. planar geometry, thin geometry, incompressible fluid, negligible
gravity, negligible inertia, no slip boundaries are considered to apply.
We consider a gap of initial thickness �̂�𝑐0 at the centre of the plates
of length 2�̂�. In Fig. 1 the top plate is moving downward with a
time-varying velocity �̂�𝑡𝑜𝑝 under a constant applied force 𝐹𝑎𝑝𝑝 (per unit
distance transverse to the two-dimensional plane) thereby displacing
the fluid, while the bottom plate is stationary. Moreover 𝜃 is the angle
between the upper surface and the horizontal coordinate (it is assumed
that the angle 𝜃 is small).

Governing lubrication equations [16] for a viscoplastic Bingham
fluid are

− 𝜕�̂�∕𝜕�̂� + 𝜕𝜏𝑥𝑦∕𝜕�̂� = 0 (1)

𝜕�̂�∕𝜕�̂� = 0 (2)

𝜕�̂�∕𝜕�̂� + 𝜕�̂�∕𝜕�̂� = 0. (3)

Here �̂� and �̂� are velocities in �̂� and �̂� directions, �̂� is pressure and 𝜏𝑥𝑦
denotes shear stress of the viscoplastic Bingham fluid which satisfies
(see e.g. [9])
{

𝜏𝑥𝑦 = ±𝜏0 + 𝜇 ̂̇𝛾 for |𝜏𝑥𝑦| > 𝜏0
̂̇𝛾 = 0 for |𝜏𝑥𝑦| ⩽ 𝜏0.

(4)

Here 𝜏0 is yield stress, ̂̇𝛾 = 𝜕�̂�∕𝜕�̂� is shear rate and 𝜇 is fluid viscosity
after yielding occurs. Here the ±𝜏0 term is positive if ̂̇𝛾 > 0 and it is
negative if ̂̇𝛾 < 0. The dimensional variables are denoted with a hat
symbol and their dimensionless analogues (described later on) will have
the hat symbol dropped.

2.1.1. Non-dimensionalisation of equations
We cast equations in dimensionless form. Horizontal lengths are

scaled by �̂�, and vertical lengths are scaled by �̂�𝑐0 . Horizontal velocities
are scaled by �̃� ≡ (𝐹𝑎𝑝𝑝∕𝜇)(�̂�2

𝑐0
∕𝐿2), and vertical velocities are scaled

by �̃� ≡ �̂�𝑐0 �̃�∕�̂�. Times are scaled by 𝐻𝑐0∕�̃� ≡ �̂�∕�̃�. Finally pressures
are scaled by 𝐹𝑎𝑝𝑝∕�̂�: note that this has the correct units of pressure
since 𝐹𝑎𝑝𝑝 is taken as applied force per unit distance transverse to the
two-dimensional calculation domain.

The dimensionless film thickness𝐻 is a function of both time 𝑡 and 𝑥
coordinate. We define 𝛿 as a rescaled angle, 𝛿 = 𝜃�̂�∕�̂�𝑐0 . Geometrically
𝛿 is the thickness change between the middle of the plate and one
of the ends divided by the initial thickness in the middle. Thus, the
dimensionless squeeze film thickness which varies with 𝑥-coordinate
and time 𝑡, can be determined

𝐻(𝑥, 𝑡) = 𝐻𝑐(𝑡) − 𝛿 𝑥 (5)

where 𝐻𝑐 (𝑡) is film thickness at the centre of the plates.
We can define a dimensionless group, the Oldroyd number (𝑂𝑑)
which represents the relative importance of yield stress effects and
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Fig. 1. Geometry of squeeze film flow between non-parallel plates.
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mposed stress [14]. In our system, Oldroyd number can be defined
s follows

𝑑 = Yield stress
Imposed stress

=
𝜏0𝐿2

𝐻𝑐0𝐹𝑎𝑝𝑝
. (6)

uppose we make shear rate ̂̇𝛾 ≡ 𝜕�̂�∕𝜕�̂� dimensionless on the scale �̃�∕�̂�𝑐0
nd shear stress 𝜏𝑥𝑦 dimensionless on the scale 𝜇�̃�∕�̂�𝑐0 . We deduce a
imensionless analogue of the constitutive equation

𝜏𝑥𝑦 = ±𝑂𝑑 + �̇� for |𝜏𝑥𝑦| > 𝑂𝑑
�̇� = 0 for |𝜏𝑥𝑦| ⩽ 𝑂𝑑.

(7)

ere the ±𝑂𝑑 term is positive if �̇� > 0 and is negative if �̇� < 0. Recasting
q. (1) in dimensionless form, integrating, and applying the boundary
condition in which at 𝑦 = 𝐻(𝑥, 𝑡)∕2, we have 𝜏𝑥𝑦 = 0, shear stress can
be written, at least in regions in which the fluid is yielding, as below

𝜏𝑥𝑦 =
𝜕𝑝
𝜕𝑥

(

𝑦 −
𝐻(𝑥, 𝑡)

2

)

= ±𝑂𝑑 + �̇� = ±𝑂𝑑 + 𝜕𝑢
𝜕𝑦

. (8)

n the non-parallel geometry, the point along the plates at which flow
everses such that the flow rate to either right or left is zero needs to be
etermined. This point will be denoted as 𝑥𝑐 . The domain for solving
he problem is divided into two sections 𝑥 > 𝑥𝑐 and 𝑥 < 𝑥𝑐 and we
onsider these in what follows.

.1.2. Squeeze film flow for domain 𝑥 > 𝑥𝑐
For the domain in which 𝑥 > 𝑥𝑐 , considering the fact that at the

ield surface (denoted 𝑦 = 𝑦𝑝𝑙𝑢𝑔), shear rate is zero and shear stress is
𝑑, using Eq. (8), pressure gradient with respect to 𝑥 will be found

𝜕𝑝
𝜕𝑥

= 𝑂𝑑
(

𝑦𝑝𝑙𝑢𝑔 −
𝐻(𝑥,𝑡)

2

) . (9)

By substitution of Eq. (9) into (8), and from the Bingham fluid rheology,
t is found that (in the yielded region 0 ≤ 𝑦 ≤ 𝑦𝑝𝑙𝑢𝑔), 𝜏𝑥𝑦 = 𝜕𝑢∕𝜕𝑦 + 𝑂𝑑,
hus, integrating and using the boundary condition in which at 𝑦 = 0,
= 0, the velocity profile in the 𝑥 direction for yielded and plug regions
ill be obtained.

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑢 = 𝑂𝑑
2(𝑦𝑝𝑙𝑢𝑔 −

𝐻(𝑥,𝑡)
2 )

𝑦2 − 𝑂𝑑
(𝑦𝑝𝑙𝑢𝑔 −

𝐻(𝑥,𝑡)
2 )

𝑦𝑝𝑙𝑢𝑔𝑦 for 𝑦 ⩽ 𝑦𝑝𝑙𝑢𝑔

𝑢𝑝𝑙𝑢𝑔 = − 𝑂𝑑
2(𝑦𝑝𝑙𝑢𝑔 −

𝐻(𝑥,𝑡)
2 )

𝑦2𝑝𝑙𝑢𝑔 for 𝑦𝑝𝑙𝑢𝑔 < 𝑦 < 𝐻
2
.

(10)

The equation for flow rate 𝑄 established from the velocity profile for
both plug and yielded regions is as follows

𝑄 ≡ 2

(

∫

𝑦𝑝𝑙𝑢𝑔

0
𝑢 d𝑦 + ∫

𝐻(𝑥,𝑡)
2

𝑦𝑝𝑙𝑢𝑔
𝑢𝑝𝑙𝑢𝑔 d𝑦

)

= 𝑣𝑡𝑜𝑝(𝑥 − 𝑥𝑐). (11)

Substitution of Eq. (10) into (11), taking the integral and making some
anipulations, the final equation for 𝑦 for the domain 𝑥 > 𝑥 will
3

𝑝𝑙𝑢𝑔 𝑐
be generated. If 𝐻(𝑥, 𝑡) is substituted using Eq. (5) a cubic equation for
𝑦𝑝𝑙𝑢𝑔 now results

𝑦3𝑝𝑙𝑢𝑔 −
3
2
(𝐻𝑐 (𝑡) − 𝛿𝑥)𝑦2𝑝𝑙𝑢𝑔 − 3

𝑣𝑡𝑜𝑝(𝑥 − 𝑥𝑐 )
𝑂𝑑

𝑦𝑝𝑙𝑢𝑔

+ 3
2
𝑣𝑡𝑜𝑝(𝐻𝑐(𝑡) − 𝛿𝑥)(𝑥 − 𝑥𝑐 )

𝑂𝑑
= 0. (12)

2.1.3. Squeeze film flow for domain 𝑥 < 𝑥𝑐
In the domain, 𝑥 < 𝑥𝑐 , the flow and the shear stress have opposite

sign from what they have for 𝑥 > 𝑥𝑐 . Working through the computation,
we deduce

𝑦3𝑝𝑙𝑢𝑔 −
3
2
(𝐻𝑐 (𝑡) − 𝛿𝑥)𝑦2𝑝𝑙𝑢𝑔 + 3

𝑣𝑡𝑜𝑝(𝑥 − 𝑥𝑐 )
𝑂𝑑

𝑦𝑝𝑙𝑢𝑔

− 3
2
𝑣𝑡𝑜𝑝(𝐻𝑐(𝑡) − 𝛿𝑥)(𝑥 − 𝑥𝑐 )

𝑂𝑑
= 0. (13)

2.1.4. Solving for 𝑦𝑝𝑙𝑢𝑔
The next step is to solve for the yield surface, 𝑦𝑝𝑙𝑢𝑔 , which is a

function of position 𝑥, based on the two obtained Eqs. (12) and (13) for
domains 𝑥 > 𝑥𝑐 and 𝑥 < 𝑥𝑐 respectively. To do so, a standard numerical
method such as the Newton–Raphson technique is employed. Following
an analogous procedure to that used for parallel plates (discussed in the
supplementary material, section S3.1), assuming small values of |𝑥 − 𝑥𝑐 |
and 𝑦𝑝𝑙𝑢𝑔 , a first guess for 𝑦𝑝𝑙𝑢𝑔 can be obtained. Specifically, based on
the observation that at 𝑥 = 𝑥𝑐 there can be no fluid motion either to left
or right, hence there is no strain rate 𝜕𝑢∕𝜕𝑦 at any 𝑦. Hence at 𝑥 = 𝑥𝑐 , we
must have 𝑦𝑝𝑙𝑢𝑔 = 0. For the domain 𝑥 > 𝑥𝑐 but close to 𝑥 = 𝑥𝑐 , it follows
hat 𝑦𝑝𝑙𝑢𝑔 must be small, i.e. 𝑦𝑝𝑙𝑢𝑔 ≪ 𝐻(𝑥, 𝑡)∕2. The integral within (11)
hen evaluates to 𝑢𝑝𝑙𝑢𝑔𝐻(𝑥, 𝑡) which we set equal to 𝑣𝑡𝑜𝑝(𝑥 − 𝑥𝑐 ), with
𝑝𝑙𝑢𝑔 ≈ 𝑦2𝑝𝑙𝑢𝑔𝑂𝑑∕𝐻(𝑥, 𝑡) via (10). We can use analogous assumptions for
he domain 𝑥 < 𝑥𝑐 , therefore, the initial guess for 𝑦𝑝𝑙𝑢𝑔 is

⎧

⎪

⎨

⎪

⎩

𝑦𝑝𝑙𝑢𝑔 =
√

𝑣𝑡𝑜𝑝(𝑥 − 𝑥𝑐)∕𝑂𝑑 for 𝑥 > 𝑥𝑐

𝑦𝑝𝑙𝑢𝑔 =
√

𝑣𝑡𝑜𝑝(𝑥𝑐 − 𝑥)∕𝑂𝑑 for 𝑥 < 𝑥𝑐 .
(14)

hese only apply if they predict 𝑦𝑝𝑙𝑢𝑔 ≪ 𝐻(𝑥, 𝑡)∕2. More generally we
an have 𝑦𝑝𝑙𝑢𝑔 values up to 𝐻(𝑥, 𝑡)∕2. Nevertheless once we have the
orrect 𝑦𝑝𝑙𝑢𝑔 value at any given 𝑥, we can readily find it at a nearby 𝑥,
sing one 𝑦𝑝𝑙𝑢𝑔 value as an initial guess for the next. We end up with
𝑝𝑙𝑢𝑔 values for all 𝑥, provided 𝐻𝑐 , 𝑣𝑡𝑜𝑝 and 𝑥𝑐 are given, and provided
𝑑 and 𝛿 are specified. The technique for finding 𝑣𝑡𝑜𝑝, 𝑥𝑐 and ultimately
queeze film thickness 𝐻 versus time 𝑡 is described next.

.1.5. Computing film thickness versus time
So far, the computational procedure for the constant load and

onstant rate systems have been similar. In this section, we proceed to
ind the force as a function of velocity, and hence the velocity required
o deliver a constant load, and so we start to see a deviation between
he constant load and constant rate systems.
Now, after finding 𝑦𝑝𝑙𝑢𝑔 , for the domain 𝑥 > 𝑥𝑐 , we have

= ∫

1 𝑂𝑑
𝐻(𝑥,𝑡)

d𝑥. (15)

𝑥

2 − 𝑦𝑝𝑙𝑢𝑔
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𝑝

𝑥

(

𝑇

Meanwhile for 𝑥 < 𝑥𝑐 we have

= ∫

𝑥

−1

𝑂𝑑
𝐻(𝑥,𝑡)

2 − 𝑦𝑝𝑙𝑢𝑔
d𝑥. (16)

The value of 𝑥𝑐 needs to be chosen to ensure 𝑝 is continuous at 𝑥 = 𝑥𝑐 .
Once that is achieved (for any selected 𝑣𝑡𝑜𝑝) the value of 𝑣𝑡𝑜𝑝 needs to be
chosen to ensure ∫ 1

−1 𝑝(𝑥) d𝑥 = 1, the integral being readily computed
numerically by quadrature. All this says is that in the dimensionless
system considered here, the constant load is set to unity. We then
evolve 𝐻𝑐 (𝑡) according to d𝐻𝑐(𝑡)∕d𝑡 = −𝑣𝑡𝑜𝑝, with 𝐻(𝑥, 𝑡) then given
by Eq. (5). To start the iteration at initial time, we need guesses of 𝑥𝑐
and 𝑣𝑡𝑜𝑝. However we have guesses corresponding to the Newtonian
case (see equations (S17) and (S18) in the supplementary material),
and in general we expect that the Newtonian 𝑣𝑡𝑜𝑝 provides an upper
bound for the velocity in the viscoplastic Bingham fluid case. Once we
have 𝑥𝑐 and 𝑣𝑡𝑜𝑝 values initially, we can then use 𝑥𝑐 and 𝑣𝑡𝑜𝑝 values at
one time step as initial guesses for the subsequent time step.

2.2. Computing torque

In addition to computing film thickness versus time, the numerical
scheme outlined above also allows us to track another quantity namely
torque 𝑇 . The scheme balances a lubrication force developed between
the plates to an external applied force (which as mentioned is unity in
the dimensionless system). However if the plates are tilted, a lubrica-
tion torque also develops and to keep the tilt angle fixed (as is assumed
here) an external applied torque would be needed to balance it. We can
however quantify the lubrication torque (per unit distance normal out
of the two-dimensional plane) via 𝑇 = ∫ 1

−1 𝑥 𝑝(𝑥) d𝑥. Since 𝑝 versus 𝑥 is
computed numerically at any instant in time, this torque can also be
evaluated by quadrature.

The question we now ask is whether the plates ever come to rest
at a finite film thickness (as is known to happen for a viscoplastic
Bingham fluid in a parallel plate geometry as described in supplemen-
tary material section S3) or whether their right hand ends manage to
touch (as happens for a Newtonian fluid between non-parallel plates
as demonstrated in section S2). The question is addressed in the next
section.

2.3. Steady state for viscoplastic Bingham fluid between non-parallel plates

This section develops the steady state solution for the system.
The analogous approach for a yield stress fluid system in a parallel
plate configuration is provided in section S3 and more specifically in
section S3.4 of the supplementary material. In the parallel plate system,
a steady state with a finite gap thickness is always found to exist.
However in a non-parallel plate system, a steady state with a finite gap
does not always exist. If there is no such steady state, then the plates
eventually touch.

2.3.1. Conditions for steady state to exist
In the final state, the plug region fills the entire gap and the yield

surface is at 𝑦𝑝𝑙𝑢𝑔 = 0. On the yield surface, there is a point now denoted
𝑥 = 𝑥𝑐𝑓 at which the dimensionless shear stress changes sign from −𝑂𝑑
to +𝑂𝑑. This 𝑥𝑐𝑓 is the final value of 𝑥𝑐 (which typically denotes the
point at which flow changes sign). However there is no flow at all in
the final state, so what changes sign is now the shear stress.

We integrate the equation 𝜕𝑝∕𝜕𝑥 = ∓𝑂𝑑∕((𝐻𝑐𝑓 − 𝛿 𝑥)∕2) applicable
in the final steady state. Here 𝐻𝑐𝑓 is the assumed final thickness at the
centre of the plates. Thus for 𝑥 > 𝑥𝑐𝑓 , the pressure profile is determined

𝑝(𝑥) = 2𝑂𝑑
𝛿

ln
𝐻𝑐𝑓 − 𝛿𝑥
𝐻𝑐𝑓 − 𝛿

. (17)

For 𝑥 < 𝑥𝑐𝑓 , the pressure profile is

𝑝(𝑥) = 2𝑂𝑑 ln
𝐻𝑐𝑓 + 𝛿

. (18)
4

𝛿 𝐻𝑐𝑓 − 𝛿𝑥
Since the pressure profile has to be continuous at 𝑥 = 𝑥𝑐𝑓 , Eqs. (17)
and (18) should be equal at this point

2𝑂𝑑
𝛿

ln
𝐻𝑐𝑓 − 𝛿𝑥𝑐𝑓
𝐻𝑐𝑓 − 𝛿

= 2𝑂𝑑
𝛿

ln
𝐻𝑐𝑓 + 𝛿

𝐻𝑐𝑓 − 𝛿𝑥𝑐𝑓
. (19)

Simplifying Eq. (19), a quadratic equation can be obtained

𝑥2𝑐𝑓 − 2
𝐻𝑐𝑓

𝛿
𝑥𝑐𝑓 + 1 = 0. (20)

Solving the quadratic Eq. (20) gives 𝑥𝑐𝑓 as a function of 𝐻𝑐𝑓 and 𝛿

𝑐𝑓 =
𝐻𝑐𝑓

𝛿
−

√

𝐻2
𝑐𝑓

𝛿2
− 1. (21)

The force applied over the entire plate length can be calculated utilising
the pressure profiles obtained above

𝐹 = ∫

𝑥𝑐𝑓

−1
𝑝(𝑥)d𝑥 + ∫

1

𝑥𝑐𝑓
𝑝(𝑥)d𝑥

= 2𝑂𝑑
𝛿

(

(

𝑥𝑐𝑓 −
𝐻𝑐𝑓

𝛿

)

ln
𝐻2

𝑐𝑓 − 𝛿2

(𝐻𝑐𝑓 − 𝛿𝑥𝑐𝑓 )2
+ 2𝑥𝑐𝑓

)

. (22)

Substituting the obtained 𝑥𝑐𝑓 from Eq. (21) into (22), considerable
simplification results, because the argument of the logarithmic term
turns out to be unity, so the logarithm itself vanishes. Assuming the
plates have stopped moving then, the force applied over the entire plate
length turns out to be

𝐹 = 4𝑂𝑑
𝛿

⎛

⎜

⎜

⎝

𝐻𝑐𝑓

𝛿
−

√

𝐻2
𝑐𝑓

𝛿2
− 1

⎞

⎟

⎟

⎠

= 4𝑂𝑑
𝛿

𝑥𝑐𝑓 . (23)

This force generated by the pressure profile must now be matched to
the unit force applied to the plates, and conditions determined in which
physically meaningful solutions for 𝐻𝑐𝑓 or equivalently for 𝑥𝑐𝑓 are
obtained. Setting 𝐹 = 1 we need to find combinations of 𝑂𝑑 and 𝛿 that
admit solutions with 𝐻𝑐𝑓 > 𝛿 or equivalently with 𝑥𝑐𝑓 < 1. It is clear
that to achieve this we require 4𝑂𝑑∕𝛿 > 1. Provided this condition is
satisfied, the gap at the right hand end 𝐻𝑐𝑓 − 𝛿 is then finite.

2.3.2. Final steady state torque calculation
As well as computing a force in the steady state, we can also

compute a torque. For a Bingham fluid in a non-parallel system this can
be obtained by taking the integral ∫ 1

−1 𝑥 𝑝(𝑥) d𝑥 using pressure profiles
provided in Eqs. (17) and (18). For comparison, analysis of torque
for a Newtonian fluid (albeit at unsteady state) has been done in the
supplementary material, section S2.2, but here we focus on the steady
Bingham case. We find

𝑇𝑠𝑡𝑒𝑎𝑑𝑦 =
𝑂𝑑
2𝛿3

(

2(𝐻2
𝑐𝑓 − 𝛿2𝑥2𝑐𝑓 ) ln

(𝐻𝑐𝑓 − 𝛿 𝑥𝑐𝑓 )2

𝐻2
𝑐𝑓 − 𝛿2

+4 𝛿 𝑥𝑐𝑓𝐻𝑐𝑓 + 2𝛿2(𝑥2𝑐𝑓 − 1)

)

(24)

where 𝑇𝑠𝑡𝑒𝑎𝑑𝑦 is the steady state torque and 𝑥𝑐𝑓 is a known function
of 𝐻𝑐𝑓∕𝛿 from Eq. (21). As before the logarithmic term vanishes (its
argument is unity) and after some further algebra using Eq. (20), the
steady state torque reduces to

𝑇𝑠𝑡𝑒𝑎𝑑𝑦 =
2𝑂𝑑
𝛿

𝑥2𝑐𝑓 . (25)

However, from Eq. (23) in the final steady state we already know
𝑂𝑑∕𝛿)𝑥𝑐𝑓 = 1

4 . Hence final torque is

𝑓𝑖𝑛𝑎𝑙 = 𝑥𝑐𝑓∕2. (26)

This indicates that 𝑇𝑓𝑖𝑛𝑎𝑙 depends on the film thickness at the right hand
end𝐻𝑐𝑓−𝛿 relative to the film thickness at the centre 𝐻𝑐𝑓 . For instance,
a final state with a gap on the right hand end that is not too narrow

relative to the centre (i.e. small 𝛿∕𝐻𝑐𝑓 , hence small 𝑥𝑐𝑓 ) leads to small
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𝑇𝑓𝑖𝑛𝑎𝑙. However a much narrower gap with plates almost touching when
hey stop (i.e. 𝛿∕𝐻𝑐𝑓 close to unity, hence 𝑥𝑐𝑓 close to unity) leads
to 𝑇𝑓𝑖𝑛𝑎𝑙 =

1
2 . Note that this is only half the torque of the Newtonian

ystem when it touches (see section S2.2 in supplementary material).
There is another way to interpret the torque obtained in Eq. (25).

ather than obtaining it at the final steady thickness 𝐻𝑐𝑓 , we can find
orque at any instantaneous 𝐻𝑐 . This allows us to estimate (at any
nstant) a yield stress contribution to both force and torque, the total
orce and torque being a sum of yield stress contributions and viscous
ontributions. This approach will be discussed in Section 2.4. However,
hen a steady state is reached, there is no motion, hence no viscous
ontribution, and so total force and torque arise entirely from yield
tress contributions.

.3.3. Maximum and minimum Oldroyd number
To proceed we next define a parameter called 𝜂 which involves the

ratio between the tilt angle and the Oldroyd number

𝜂 = 𝛿∕(4𝑂𝑑). (27)

Note that the bracketed term in Eq. (23) is always less than unity for
any 𝐻𝑐𝑓∕𝛿 > 1, i.e. 𝑥𝑐𝑓 < 1 always. Hence in order to satisfy the
constraint 𝐹 = 1, it is essential to have 𝜂 < 1. In other words for a
specified 𝑂𝑑 there is a maximum 𝛿 at which a steady state solution
ith a finite thickness could exist (or equivalently for any 𝛿, there is
minimum Oldroyd number, 𝑂𝑑𝑚𝑖𝑛, for a steady state with a finite
hickness to exist)

𝑑𝑚𝑖𝑛 = 𝛿∕4. (28)

f 𝑂𝑑 < 𝑂𝑑𝑚𝑖𝑛, the plates rather than reaching steady state instead must
ouch as they do in the Newtonian limit 𝑂𝑑 → 0. It is only in the limit
f parallel plates with 𝛿 → 0 that 𝑂𝑑𝑚𝑖𝑛 falls to zero. When plates are
ilted, the narrow end of the gap is more effective at supplying force to
he plates than the wider end is. The issue with increasing 𝛿 however
s that the gap only remains narrow over a limited domain of 𝑥 close
o its right hand end. An increase in 𝛿 therefore must be accompanied
y an increase in 𝑂𝑑 (effectively an increase in yield stress of the fluid)
o ensure that Eq. (23) in the absence of any fluid motion is still able
o satisfy 𝐹 = 1.
If 𝜂 > 1, there is no steady state in which the yield stresses in the

luid are able to balance the imposed unit force on the plates. The
lates must always keep moving until their right hand ends touch, as
appens in the Newtonian limit for instance. Moving plates always have
𝑝𝑙𝑢𝑔 > 0, and this leads to larger pressures 𝑝 and larger forces 𝐹 (due to
hose pressures) than a stationary plate case can deliver (via Eq. (23)).
ence moving plates can achieve 𝐹 = 1 even with 𝜂 > 1 even though
tationary plates cannot.
In addition to 𝑂𝑑𝑚𝑖𝑛 given above, there is a maximum Oldroyd

umber, 𝑂𝑑𝑚𝑎𝑥, at which 𝐻𝑐𝑓 = 1: at this 𝑂𝑑𝑚𝑎𝑥, the plates will not
ove at all. Inserting 𝐻𝑐𝑓 = 1 in Eq. (23) and rearranging, 𝑂𝑑𝑚𝑎𝑥 which
epends on 𝛿 turns out to be

𝑑𝑚𝑎𝑥 = 1 +
√

1 − 𝛿2
4

. (29)

.3.4. Phase diagram for permitted states of system
Fig. 2 shows the phase diagram in the 𝑂𝑑 versus 𝛿 plane in which

here are three regions, ‘‘do not move’’; ‘‘move and stop’’; ‘‘move and
ouch’’. Although (at any fixed 𝛿) there is both a 𝑂𝑑𝑚𝑖𝑛 and 𝑂𝑑𝑚𝑎𝑥 for
he plates to move and stop, in the case of fixed 𝑂𝑑, there is only
a maximum 𝛿 value, 𝛿𝑚𝑎𝑥 say. However what happens at that 𝛿𝑚𝑎𝑥
depends on the value of 𝑂𝑑. If 𝑂𝑑 < 1

4 , then 𝛿𝑚𝑎𝑥 corresponds to the
lates moving and touching. However if 𝑂𝑑 > 1

4 , then 𝛿𝑚𝑎𝑥 corresponds
o the plates not moving at all.
Generally speaking, the data for the unsteady state evolution are

ensitive to both 𝛿 and 𝑂𝑑 number. However the final fate of the system
5

i.e. whether the plates stop without touching or whether instead they
Fig. 2. Phase diagram in the 𝑂𝑑 vs 𝛿 plane for squeeze flow of viscoplastic Bingham
fluid between non-parallel plates. In the ‘‘move and stop’’ and ‘‘do not move’’ regions,
𝜂 < 1. In the ‘‘move and touch’’ region, 𝜂 > 1.

move and touch) is only dependent on the 𝜂 value. Indeed, if 𝜂 < 1, such
that the final film thickness is non-zero, the final state is approached
but an arbitrarily long time is needed to reach it at least in principle
(qualitatively this is similar to the viscoplastic Bingham case in a
parallel system). However, if 𝜂 > 1, the gap falls to zero at the right
hand end and a non-parallel viscoplastic Bingham system will behave
instead more like a Newtonian non-parallel case. In the Newtonian case,
the right hand ends of the plates touch in a finite time (see section S2).

2.3.5. Computing final film thickness
Having now identified the domain for which steady solutions are

possible, we proceed to analyse the steady solutions further. Returning
to Eq. (23) assuming 𝜂 < 1, and imposing 𝐹 = 1 we deduce

𝐻𝑐𝑓 = 𝛿2

8𝑂𝑑
+ 2𝑂𝑑. (30)

For any 𝑂𝑑 number less than the maximum, a final 𝐻𝑐𝑓 less than
unity can be determined. Now using this 𝐻𝑐𝑓 value, the point 𝑥𝑐𝑓 at
which the viscoplastic stress switches sign can be defined. This can be
determined via Eq. (21) and/or (23), and the result is

𝑥𝑐𝑓 = 𝛿∕(4𝑂𝑑) ≡ 𝜂. (31)

Note that this steady state viscoplastic 𝑥𝑐𝑓 in general differs from the
instantaneous Newtonian 𝑥𝑐 given by Eq. (S17). Note also that as 𝜂 → 1,
meaning the plates almost touch at their right hand ends once they have
stopped moving, we find that 𝑥𝑐𝑓 → 1, i.e. shearing in the final state
is entirely towards the left. Furthermore, as already mentioned, in the
non-parallel case torques can develop, and it turns out that final states
with the largest 𝑥𝑐𝑓 also exhibit the largest torques. Indeed based on
Eq. (26), torque is just 𝑥𝑐𝑓∕2 = 𝜂∕2.

Rearranging Eq. (30) in terms of 𝜂 gives 𝐻𝑐𝑓∕(2𝑂𝑑) which is the
average film thickness in the final state (at the centre of the plates)
relative to the parallel case. This satisfies
𝐻𝑐𝑓

2𝑂𝑑
= 𝜂2 + 1. (32)

nother important quantity, (𝐻𝑐𝑓 −𝛿)∕2𝑂𝑑, which is the minimum film
hickness (at the right hand end) in the final state relative to the parallel
ase, can be obtained
𝐻𝑐𝑓 − 𝛿
2𝑂𝑑

= (1 − 𝜂)2. (33)

The ratio between Eq. (33) and Eq. (32), (𝐻𝑐𝑓 − 𝛿)∕𝐻𝑐𝑓 , is a measure
of uniformity or otherwise of gap thicknesses such that it is zero if
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polydisperse (the gaps at either end of the plates have different sizes)
and unity if monodisperse (the gaps at either end have, in relative terms
at least, the same thickness)
𝐻𝑐𝑓 − 𝛿
𝐻𝑐𝑓

=
(1 − 𝜂)2

𝜂2 + 1
. (34)

To summarise Eqs. (32) and (33) give final film thicknesses in a tilted
case relative to a parallel one. Meanwhile Eq. (34) tells us about the
niformity of final film thicknesses in the tilted case. These quantities
epend on 𝜂, but not on 𝑂𝑑 and 𝛿 individually.

.4. Yield force and yield torque calculation

For the Bingham parallel system presented in section S3.3 of supple-
entary material, we discuss a so called ‘‘yield force’’ contribution to
he total force (the remainder of the total force being viscous force).
he yield force is the force that would be developed with a given
late separation in the hypothetical case in which motion is stopped.
ypically early on in the evolution, when plate separations are still
uite large, yield force can be relatively small, meaning that total force
s primarily viscous. However (see e.g. Figure S8) we show that over
ime eventually all the force becomes yield force. In this present section
e explore the analogous behaviour for the non-parallel system.
Of course in the non-parallel case, in addition to defining a ‘‘yield

orce’’, we can also define a ‘‘yield torque’’. Again these both corre-
pond at any given plate separation to the situation that occurs in the
ypothetical case in which motion is stopped. The formulae we need
re just (23) and (25), but using now the instantaneous 𝐻𝑐 , albeit still
omputing 𝑥𝑐 for this 𝐻𝑐 value using (21). Of course the yield force
and yield torque are not the same as the total force and total torque,
since the totals include viscous contributions as well. Typically we can
expect the yield force and yield torque to start out quite small, and only
grow to match the total force and total torque in a situation in which
the plates move and stop. On the other hand, if the plates instead move
and touch (which can happen in a non-parallel system but not a parallel
one), the yield force and yield torque might never match the total force
and total torque.

3. Results and discussion

In the present section, results for a viscoplastic Bingham fluid in
a non-parallel plate scenario are presented. We consider yield sur-
faces (Section 3.1), film thicknesses (Section 3.2), forces (Section 3.3),
orques (Section 3.4) and final steady states (Section 3.5). The supple-
entary material, sections S4 and S5 focus primarily on results for
he Newtonian fluid between parallel and non-parallel plates, and a
iscoplastic Bingham fluid in a parallel plate configuration, respec-
ively. Those results are useful for comparing and contrasting with the
iscoplastic non-parallel case to be treated here, along with additional
esults which are presented in section S6.

.1. Yield surface

The yield surface, 𝑦𝑝𝑙𝑢𝑔 versus 𝑥 for 𝐻𝑐 = 1 and 𝛿 = 0.2 is
hown in Fig. 3. This shows that 𝑦𝑝𝑙𝑢𝑔 for 𝑥 > 𝑥𝑐 is not necessarily a
monotonically increasing function of 𝑥, because 𝑦𝑝𝑙𝑢𝑔 has a maximum
value of 𝐻(𝑥, 𝑡)∕2 and𝐻(𝑥, 𝑡) is a decreasing function of 𝑥. Note that for
𝛿 = 0.2, the maximum 𝑂𝑑 just slightly above 𝑂𝑑 ≈ 0.495 is determined
(via equation (29)). Close to this maximum 𝑂𝑑 number, 𝑦𝑝𝑙𝑢𝑔 is small.

For small 𝑂𝑑 however, 𝑦𝑝𝑙𝑢𝑔 is close to 𝐻(𝑥, 𝑡)∕2 (except very close
to 𝑥 = 𝑥𝑐 where 𝑦𝑝𝑙𝑢𝑔 = 0). For 𝑥 just slightly greater than 𝑥𝑐 , the value
of 𝑦𝑝𝑙𝑢𝑔 increases very sharply at first (a consequence of the square root
law in Eq. (14)), but for values of 𝑂𝑑 = 0.1 or less, 𝑦𝑝𝑙𝑢𝑔 reaches a
maximum at a certain 𝑥, then, starts to decrease gradually.

The yield surface, 𝑦𝑝𝑙𝑢𝑔 versus 𝑥 corresponding to 𝐻𝑐 = 1 for
different 𝛿 values and a constant 𝑂𝑑 = 0.3 is shown in Fig. 4. It is seen
6

i

Fig. 3. Yield surfaces as functions of 𝑥 corresponding to 𝐻𝑐 = 1 and 𝛿 = 0.2 for different
Oldroyd numbers. Note that 𝑂𝑑 = 0.495 is close to the maximum 𝑂𝑑 number for the
particular 𝛿 = 0.2, so that 𝑦𝑝𝑙𝑢𝑔 ≪ 1 when 𝐻𝑐 = 1 in this case. The different 𝑂𝑑 values
here have different 𝑣𝑡𝑜𝑝 and 𝑥𝑐 , values for which are reported in section S6.

Fig. 4. Yield surfaces as functions of 𝑥 corresponding to 𝐻𝑐 = 1 and 𝑂𝑑 = 0.3 for
different 𝛿 values. The different 𝛿 values here have different 𝑣𝑡𝑜𝑝 and 𝑥𝑐 , values for
which are reported in section S6.

that, by increasing 𝛿, the value of 𝑥𝑐 increases and the yield surface
becomes increasingly asymmetrical, tending to be thicker on the left
hand side and thinner on the right hand side due to the geometrical
constraint. For even larger 𝛿 however, 𝑦𝑝𝑙𝑢𝑔 can be small even on the
left hand side, despite the wider gap there. This is due to 𝑣𝑡𝑜𝑝 turning
out to be small for these larger 𝛿. Indeed by rearranging equation (29),
a maximum value of 𝛿 (for the plates to move at all) just above 0.97
can be obtained for 𝑂𝑑 = 0.3.

Note that Figs. 3 and 4 tell us the locations of the plug region and
ielded region, but not the velocities within each of those regions. Data
or these velocities are however reported in section S6 in supplementary
aterial.
Note moreover that Figs. 3 and 4 just consider one instant of time,

.e. the initial instant at which 𝐻𝑐 = 1. The shapes of the yield surfaces
an also be computed at later times with 𝐻𝑐 < 1. However results are
ot presented here, because qualitatively the shapes are similar to those
lready seen in Figs. 3 and 4. The narrower the gap, the more impact
he yield stress has upon the system, to the point that motion might
top altogether (as per Section 2.3). Hence decreasing 𝐻𝑐 at fixed 𝑂𝑑
s similar, as far as shapes of yield surfaces are concerned, to increasing
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Fig. 5. Film thickness vs time for a constant 𝛿 = 0.2 and different Oldroyd numbers.

𝑂𝑑 at fixed𝐻𝑐 . Likewise the narrower the gap, the more impact a given
tilt angle has upon the ratio of the film thickness between the right hand
end and the centre. Hence decreasing 𝐻𝑐 at fixed 𝛿 is similar, as far
s shapes of yield surfaces are concerned, to increasing 𝛿 at fixed 𝐻𝑐 .
Instead of focussing on how 𝑦𝑝𝑙𝑢𝑔 varies with varying 𝐻𝑐 , we therefore
focus in what follows on how film thickness varies with time.

3.2. Film thickness versus time results

Changes of film thickness with respect to time for a constant 𝛿 =
0.2 and various 𝑂𝑑 numbers are shown in Fig. 5. For the maximum
𝑂𝑑 ≈ 0.495, the plates never move at all, whereas, for very small 𝑂𝑑
numbers (i.e. according to Eq. (28) for 𝑂𝑑 < 0.05 with this particular
𝛿), the plates move and touch one another, and for all values of 𝑂𝑑
number in between, the plates move and stop at a final film thickness
without touching one another at the right hand end. Assuming the
plates move and stop without touching, Eq. (30) implies final film
hickness is dependent not just on 𝑂𝑑, but also on the ratio between tilt
ngle 𝛿 and 𝑂𝑑 number which appears in the definition of 𝜂 in Eq. (27).
Film thickness versus time for different 𝛿 values and a constant

𝑑 = 0.3 is shown in Fig. 6. As 𝛿 increases, the final thickness 𝐻𝑐𝑓
ncreases. For any value of 𝑂𝑑, there is a maximum value of 𝛿 beyond
hich the system stops moving. Using Eq. (29), the maximum 𝛿 value
or a given 𝑂𝑑 number can be estimated (i.e. for 𝑂𝑑 = 0.3, a 𝛿𝑚𝑎𝑥 just
lightly above 0.97 is achieved). All the 𝛿 values here are therefore less
han the maximum. Hence, for all values of 𝛿 shown, the plates move,
ut also stop at final thickness since the value of 𝜂 (see Eq. (27)) is also
ess than unity. However, for some cases (e.g. 𝛿 = 0.97 or 𝛿 = 0.9) the
lates barely move before stopping.
A general comparison of film thickness versus time for squeeze film

low of a viscoplastic Bingham fluid with a constant 𝑂𝑑 = 0.3 between
arallel non-parallel plates with different 𝛿 values is depicted in Fig. 7.
n addition to that, changes of thickness at right hand ends of the plates
i.e. 𝐻𝑐 −𝛿) versus time for the two non-parallel cases are shown in the
igure.
The difference between the final film thickness in the parallel case

nd the 𝛿 = 0.2 non-parallel case is very small indeed, in line with the
rediction of (30) which suggests this difference is second order in 𝜂
nd hence in 𝛿. The difference with respect to the system with 𝛿 = 0.5 is
arger. Nonetheless, both the non-parallel systems shown here behave
t least quantitatively analogous to the parallel case, with the gap at
he right hand ends of the plates never reaching zero thickness as seen
or the curves of 𝐻𝑐 −𝛿 (contrast this with section S4 in supplementary
aterial and in particular Figure S3).
7

Fig. 6. Film thickness vs time corresponding to 𝑂𝑑 = 0.3 and different 𝛿 values.

Fig. 7. Film thickness vs time corresponding to 𝑂𝑑 = 0.3 for parallel plates and
non-parallel plates with 𝛿 values 𝛿 = 0.2 and 𝛿 = 0.5.

In Fig. 7 the parallel 𝐻𝑐𝑓 always lies between the non-parallel 𝐻𝑐𝑓
nd the non-parallel 𝐻𝑐𝑓 − 𝛿, but is always further from the latter. This
ollows from Eq. (33) which suggests 𝐻𝑐𝑓 − 𝛿 is a first order quantity
in 𝜂 and hence first order in 𝛿.

3.3. Contributions to the force

The force contributions (comprised of yield force and viscous force
contributions summing to unity) as time proceeds for different 𝑂𝑑
values and 𝛿 = 0.2 are shown in Fig. 8. The analogous result for
the Bingham parallel system has been provided in the supplementary
material, section S5.3.

For bigger 𝑂𝑑 numbers in the move and stop region (i.e. 𝑂𝑑 = 0.2,
𝑂𝑑 = 0.1), after relatively short times, yield force dominates the viscous
force which is similar to the behaviour of the Bingham parallel system.
However, for the smallest 𝑂𝑑 number considered (i.e. 𝑂𝑑 = 0.02) which
is in the move and touch region, the yield force starts small, and despite
it growing, it never approaches anywhere near unity. In fact when the
plates eventually touch at right hand end of the gap the yield force can
only ever reach (4𝑂𝑑)∕𝛿.

3.4. Torque results

Fig. 9 shows the numerically computed total torque (𝑇 ; see Sec-
tion 2.2) and also yield torque (𝑇 ; see Section 2.4) versus time for
𝑦𝑖𝑒𝑙𝑑
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Fig. 8. Force contributions to the squeeze flow vs time for different Oldroyd numbers
and 𝛿 = 0.2 in the non-parallel geometry.

Fig. 9. Numerically computed total torque and also yield torque versus time for
different 𝑂𝑑 numbers and 𝛿 = 0.2. The horizontal dashed lines are the final torques
attained in the limit of long times.

different 𝑂𝑑 numbers and a constant 𝛿 = 0.2. From the figure, for
each 𝑂𝑑 value the total torque is bigger than the yield torque and as
time proceeds, the total torque and yield torque come closer together.
For the largest 𝑂𝑑 number plotted (i.e. 𝑂𝑑 = 0.2), in fact total and
yield torques are close together for almost all times. However, for the
smallest 𝑂𝑑 number plotted (i.e. 𝑂𝑑 = 0.05), the yield torque starts
off very small as mostly viscous torque is present initially and only by
increasing the time, do the total and yield torques come closer together.
Note that case 𝑂𝑑 = 0.05 with 𝛿 = 0.2 has 𝜂 = 1 so is on the boundary
between the move and stop region and the move and touch region.
Any smaller 𝑂𝑑 number will be in the move and touch region, and in
such cases, the yield torque will never reach the same value as the total
torque.

Another important point is that as 𝑂𝑑 decreases, the torque overall
increases, whereas the yield torque starts off smaller but finishes larger
due to the fact that the smaller the 𝑂𝑑 number, the greater the nonuni-
formity (average film thickness relative to film thickness on the right
hand end) in the final state. This leads to a greater value of 𝑥𝑐𝑓 , and
thus a larger final yield torque. Indeed the predicted final torque for
each 𝑂𝑑 value is found via Eq. (26) and then given 𝑥𝑐𝑓 from Eq. (31),
the final torque is found to be 𝑇𝑓𝑖𝑛𝑎𝑙 = 𝛿∕(8𝑂𝑑). As seen in Fig. 9, the
curves for each 𝑂𝑑 value are approaching the predicted final torque,
although in the 𝑂𝑑 = 0.05 case, the approach is seen to be rather slow.
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Fig. 10. Final film thicknesses in terms of 𝜂 = 𝛿∕(4𝑂𝑑) values. The parallel case is
𝜂 = 0 and the plates touch at 𝜂 = 1.

This completes the discussion of torque in the Bingham fluid case,
although a comparison between torques for Newtonian and Bingham
fluids both as functions of 𝑥𝑐 has been discussed in the supplementary
material, Figure S5.

3.5. Steady states

In Fig. 10 plots are shown of 𝐻𝑐𝑓∕(2𝑂𝑑) the average film thickness
in the final steady state relative to the parallel case, (𝐻𝑐𝑓 −𝛿)∕(2𝑂𝑑) the
minimum film thickness in the final state relative to the parallel case,
and (𝐻𝑐𝑓 − 𝛿)∕𝐻𝑐𝑓 which is a measure of how uniform or nonuniform
of film thicknesses are, specifically (𝐻𝑐𝑓 −𝛿)∕𝐻𝑐𝑓 measures the ratio of
the narrowest point to the average film thickness. All these quantities
are plotted in terms of 𝜂 (see Eqs. (32)–(34)), recalling that they are
indeed functions only of 𝜂 and not of 𝑂𝑑 and 𝛿 individually. In the
case of the ratio (𝐻𝑐𝑓 − 𝛿)∕𝐻𝑐𝑓 in particular, note that as 𝜂 increases,
this ratio becomes smaller and hence the more polydisperse the system
becomes in terms of film thickness, since the narrowest gap at the right
hand end is then much thinner than the average thickness.

4. Conclusions

We considered a viscoplastic Bingham fluid squeezed between non-
parallel plates (extending the work of [5] which considered merely the
parallel geometry) under a fixed applied force (unlike the work of [13]
which considered a fixed squeezing rate and parallel plates). We have
also investigated the torque for the tilted plates.

Under a fixed applied force, a final film thickness can be found at
which the plates stop moving. The final thickness is sensitive to Oldroyd
number. A maximum Oldroyd number can be found beyond which
the film thickness remains constant always without any squeezing
whatsoever, due to the fact that the whole solution domain is in a plug
region even at the initial instant. However, decreasing Oldroyd number
allows the system to yield, and thereby reduce the film thickness as
time increases. In a parallel system though, for any finite Oldroyd
number, the two plates never touch even at infinite time. How the non-
parallel, viscoplastic system which is considered here behaves depends,
however, upon the ratio between the tilt angle, 𝛿 and the Oldroyd
number, 𝑂𝑑, this ratio appearing in the definition of a parameter 𝜂 ≡
𝛿∕(4𝑂𝑑).
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If this ratio is small (i.e. 𝜂 < 1), the behaviour is analogous to a
iscoplastic Bingham fluid in a parallel configuration: squeezing stops
hile the gap is still finite. If this tilt angle to Oldroyd number ratio
ecomes too large (i.e. 𝜂 > 1) however, the behaviour is more akin
o a Newtonian fluid in a non-parallel configuration: the plates touch
ne another at a point. It is in the narrow part of the gap in which
viscoplastic Bingham fluid is best able to resist squeezing, but for a
arge tilt angle, the gap can only remain narrow over a very limited
istance. Hence, with sufficient tilt, the applied force overcomes the
ield stress even in the narrow part of the gap and drives the plates to
ouch. Moreover larger Oldroyd numbers lead to smaller 𝜂 and hence
ore monodisperse film thicknesses.
Changing Oldroyd number also impacts on torque. Decreasing 𝑂𝑑

umber increases the torque value, and torque also increases as time
roceeds. In particular the torque is comprised of viscous and yield
tress components. As 𝑂𝑑 decreases, the yield torque component is
ypically very small at early times as viscous torque dominates the yield
orque. Then, as time proceeds and the system approaches a final state,
he yield torque tends to dominate the viscous torque due to the fact
hat fluid is not moving in the final state.
Although we have managed to obtain model predictions here it is

orth reflecting on the limitations of the model itself, that would also
eed to be overcome in future work. We have considered for simplicity
two-dimensional planar system (squeezing plates together). Squeez-
ng together plates is however often a three-dimensional problem, as
here will be many squeeze flow applications in which it is likely to
e easier for fluid to escape by flowing in various directions during
queezing. Moreover we have ignored rotation of the plates. In reality
he pressure field induced in the squeeze film, places not just a force
n the plates (that balances the applied force) but also, as we have
iscussed, a torque. By balancing torque in addition to force it should
e possible to deduce both a plate squeezing rate and a plate rotation
ate. Rotation does however lead to a slightly more complicated flow
ield in the squeeze film (specifically equation (11) no longer applies).
ere of course we have computed instead the torques that develop in
he absence of rotation. Nevertheless the signs of those torques suggest
hat had rotation been permitted, it would have been such as to move
he configuration closer to parallel as time evolved.
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