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Abstract

This paper proposes a method to generate trajectories that are optimal with

respect to multiple objectives and robust against epistemic uncertainty. Epis-

temic uncertainty is modelled with probability boxes and trajectories are opti-

mised with respect to the lower expectations on cost functions and constraint

satisfaction. The paper proposes an approach to the calculation of the lower

expectation using Bernstein polynomials, and an efficient many-objective op-

timisation of the trajectories. A surrogate model of the lower expectation is

combined with a dimensionality reduction technique to contain the computa-

tional cost and make the optimisation under epistemic uncertainty tractable.

This approach is applied to the design of a rendezvous mission to Apophis with

a spacecraft equipped with a low thrust engine. The paper presents both the

case in which the thrust and specific impulse are affected by a time dependent

uncertainty and the case in which the engine is affected by an outage that re-

duces the level of thrust at a random time along the trajectory.
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1. Introduction

This paper considers the problem of finding optimal trajectories subject to

epistemic uncertainty in control action and initial conditions. In particular the

paper considers the case in which the uncertainty is time dependent and an

optimal control law is sought that is robust versus multiple realisation of a set5

of uncertain system model parameters.

This type of problem well models the preliminary design of small-size low-

cost space missions, where the uncertainty on the performance of the spacecraft

is expected to be large, especially in the early stage of the system definition.

When this is the case the design of a single optimal trajectory without account-10

ing for uncertainty could lead to solutions for which, if a failure happens, it

could lead to a degradation in capability to achieve mission objective. A direct

assessment of the robustness of the solution via Monte Carlo simulation is, how-

ever, expensive, in particular in the case of epistemic uncertainty when a single

distribution is unknown.15

Thus in this paper we propose a method that uses Bernstein polynomials to

build a representation of a family of probability distributions and compute the

lower expectation on the realisation of a set of events. The trajectory is then

optimised with respect to this expectation. The use of the lower expectation as

cost function provides solutions that are robust against the worst case realisation20

of the uncertainty in the trajectory model. The paper is particularly concerned

with the development of an efficient approach to the calculation of the lower

expectation and optimisation of the trajectory.

Previous work on the subject was presented by Bernelli-Zazzera et al. [1]

using Taylor Algebra and more recently by Gerco et al. [2] using a set-oriented25

approach based on generalised polynomial algebra (GPA). In both cases, poly-

nomial expansions were used to relate the final state with a set of uncertain vari-

ables. The work in [1] assumes uncertainty only in initial/final states, and each

control law is optimal for each realisation of the uncertain variables. Thus it ob-

tains a family of control laws under the assumption that uncertainty is aleatory.30
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The work in [2], on the other hand, obtains a single robust feed-forward solution,

and considers the effect of epistemic uncertainty on in the initial state. More

recently Greco and Vasile [3][4] proposed a Belief formulation of optimal control

problems to combine operation and system level uncertainty, both aleatory and

epistemic.35

Stochastic approximation methods were proposed by Olympio [5], which

uses Robbins-Monro to enforce chance constraints, and Kiefer-Wolfowitz for

stochastic minimisation. The paper applies these methods to the optimisation

of a control law that is required to be robust to temporary single-engine failures,

where the trajectory is re-calculated following the engine recovery, thus being a40

feed-back control law as well. Also in this case the uncertainty is modelled as

aleatory.

In [6], Ozaki et al. proposed a method based on differential dynamic pro-

gramming with an unscented transform for uncertainty propagation. A feed-

back control law is introduced that optimises the expected value of a cost func-45

tion that combines ∆v with final distance to target. This formulation assumes

that the uncertainty is Gaussian and remains Gaussian when propagated for-

ward in time, thus it can always be described by the first two statistical mo-

ments.

Following a different approach, Wachi [7] proposed a method that changes50

targets in the event of a mission failure. A value is attributed to each target, and

its expectation is optimised using dynamic programming with a Markov decision

process formulation. In Jewison and Miller [8] an approach was proposed to

incorporate uncertainty in path constraints for close proximity operations.

In most of these methods, even though the problem is not deterministic,55

the assumption is still to have a complete knowledge of the probability density

function associated to each uncertain variable. However, many researchers have

argued that modelling uncertainty due to lack of knowledge probabilistically is

inadequate [9]. For example, if different experts suggest different probability

distributions, one could use a Bayesian approach and attribute a probability to60

each distribution. However, this could result in severely underestimating the
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probability of some negative event happening, leading to a less robust design

than desirable.

In the work of Di Carlo et al. [10], an epistemic uncertainty formulation was

proposed, using Dempster-Shaffer theory of evidence. The belief in meeting65

a propellant mass threshold is optimised subject to a constraint in the belief

in reaching the desired final state. Quantifying epistemic uncertainty using

lower expectation and Bernstein polynomials was first proposed by Vasile and

Tardioli [11] using a linear optimisation approach. However, the size of the linear

optimisation problem was growing exponentially with the number of dimensions.70

In this paper, we propose a many-objective (number of objective higher than

three) optimisation approach to find an approximation to the Pareto optimal

set of trajectories that maximise the lower expectation on the satisfaction of

the terminal constraints and the value of one or more objective functions. The

minimisation of the expectation is a hard global optimisation problem, in the75

general case, while the search for an approximation to the Pareto set in high

dimensions requires a high number of calls to both the objective and constraint

functions. Thus, in order to make the many-objective optimisation tractable,

we elaborate on the idea, proposed in [10], to use a surrogate model that di-

rectly maps the decision variables into the value of the lower expectation. This80

mapping completely bypasses the computation of the lower expectation during

the search for the Pareto optimal set. However, in order to build this mapping,

and to validate the approximation to the Pareto set, one has to evaluate the

lower expectation a number of times. Hence, we introduce a heuristic search

with polynomial complexity to efficiently calculate the lower expectation and85

revisit the approach proposed in [11], so that the number of parameters required

to minimise the lower expectation grows linearly with the number of uncertain

dimensions. Furthermore, because the accuracy of the surrogate representation

depends on the number of decision variables, we propose a dimensionality re-

duction technique that maps a subset of the space of admissible controls into a90

lower-dimensional space of proxy decision variables.

We use a simple case of a low-thrust trajectory to rendezvous asteroid
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Apophis as a paradigmatic example of two different problems: 1) an epistemic

uncertainty in initial conditions, thrust modulus and specific impulse and 2) an

epistemic uncertainty in the partial failure and recovery of the engine.95

The paper is structured as follows. After the formal formulation of the prob-

lem in Section 2, we then explain how the problem is transcribed in Section 3.

We then propose an approach to the computation of the lower expectation and

the optimisation of the trajectory under epistemic uncertainty and multiple cost

functions in Section 4. Finally, we apply this method to the above-mentioned100

case studies and present the computational cost compared to a direct sampling

of the uncertain variables in Section 5. Within this Section we also introduce

the dimensionality reduction method and the surrogate that models the rela-

tionship between decision variables and lower expectation. Finally, Section 6

contains test cases which exemplify and test the methods presented.105

2. Problem Formulation

In this paper we consider general many-objective optimal control problems,

of the following form:1

max
u∈U

[E(φ1),E(φ2), ...,E(φm)]T

s.t.

ẋ = b(x) + f(x,u, ξ)

E(g(x,u, ξ, t)) ≥ 1− εg

E(ψ(xi,xf , ξi, ξf , ti, tf )) ≥ 1− εψ,

(1)

where φ = [φ1, φ2, .., φm]T is a vector of scalar cost functions, ψ is a vector of

boundary conditions and g is a vector of the path constraints. The quantities

ξ, ξi, ξf ∈ Ξ are vectors of uncertain parameters, u ∈ U is the control law, εg

and εψ are two vectors of constants.110

1See Nomenclature at end of paper
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Definition 2.1. If h(ξ) is a generic quantity of interest and H an associated

target set, the lower expectation operator is defined as follows:

E = min
p∈P

∫
Ξ

(h ∈ H)p(ξ)dξ (2)

where the function p(ξ) is a probability distribution belonging to a family of

distributions P and Ξ is the space of the uncertain variables ξ. In Section 4,

the definition and calculation of E are explained in more detail. In Eq. (1) the

target sets for objective function φ, path constraint g and boundary constraints

ψ are respectively: Φ ⊂ Rmφ , Ψ ⊂ Rnψ and Γ ⊂ Rng .115

In the following the motion will be defined in non-singular equinoctial pa-

rameters [12], thus x = [a, P1, P2, Q1, Q2, L,m]T , and the vector b is:

b =

[
0, 0, 0, 0, 0,

√
µ

a

Φ2(L)

B3
, 0

]T
(3)

and the function f is:

f =



2
B

√
a3

µ [(P2 sinL− P1 cosL) fR + φL(L)fT ]

B
√

a
µ

[
−fR cosL+

(
P1+sinL
φL(L) + sinL

)
fT − P2

Q1 cosL−Q2 sinL
φL(L) fN

]
B
√

a
µ

[
fR sinL+

(
P2+cosL
φL(L) + cosL

)
fT + P1

Q1 cosL−Q2 sinL
φL(L) fN

]
B
2

√
a
µ

(
1 +Q2

1 +Q2
2

)
sinL
φL(L)fN

B
2

√
a
µ

(
1 +Q2

1 +Q2
2

)
cosL
φL(L)fN

−
√

a
µ
B
β fN (Q1 cosL−Q2 sinL)

ṁ


(4)

with

B =
√

1− e2 =
√

1− P 2
1 − P 2

2 , (5)

and

φL(L) = 1 + e cos θ = 1 + P1 sinL+ P2 cosL . (6)

See [12] for explanations of these formulas above. Since in the following it is

assumed that the control action a = [fT , fR, fN ]T is delivered by a solar-powered
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engine, the dynamics are written as:

a =
T (ξ)r2

AU

m(ξ)r2
[cosα cosβ, sinα cosβ, sinβ]

T
, (7)

where T (ξ) is the thrust at r = 1 AU . The mass flow equation is simply:

ṁ = − T (ξ)r2
AU

Isp(ξ)g0r2
(8)

where rAU is one Astronomical Unit and r = aB2/φL(L). In compact form the

differential equation in (1) can be written as:

ẋ = b(x) + d(x, α, β)F(ξ) (9)

which has the form of a stochastic differential equation with stochastic process

F(ξ). However, in this paper we are not concerned with the behaviour of the

differential system under the effect of a random process but with its response to

a piece-wise smooth function of ξ and to the ensemble of its realisations. Thus

in this model the short term random variations are not included, and the thrust

modulus and the specific impulse are written as follows:

T (ξ) =
∑
i

ηi(L)ξT,i (10)

Isp(ξ) =
∑
i

ηi(L)ξI,i (11)

Note that because of the Karhunen–Loève theorem, under suitable assumptions

on the nature of the functions ηi, ξT,i and ξI,i, the two expansions (10) and (11)

converge in L2 and uniformly in L to a zero-mean square-integrable stochastic

process. However, since we are not interested in the short term variation, the

lemmas on the derivation of the variation of the orbital parameters introduced120

by Pierret [13] do not apply. As will be shown in the next section even in the

case in which the form of Gauss equations derived by Pierret was applicable

it would introduce second order terms in the thrust magnitude that would be

neglected by the transcription process.

Model (10) is, however, not ideal to represent uncertainty in the thrust

magnitude due to engine outage events because it would require a very high
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order expansion. Thus, when studying the optimal response to engine outage,

we introduce the following piece-wise constant model:

T (ξ) =

{
ξδ,iT if L ∈ [ξL0,i, ξL0,i + ξ∆L,i]

T otherwise
(12)

where ξδ,i ∈ [0, 1], ξ∆L,i > 0 and ξL0,i ∈ [L0, Lf ].125

3. Problem Transcription

Problem (1) is here transcribed into a box constrained problem of the form:

miny∈Ŷ ,ν∈N̂ [−E(φ(y),ν),−E(g(y),ν),−E(Ψ(y),ν),ν]T (13)

where y is the solution vector, Ŷ the space to which it belongs, ν is a vector of

parameters (called thresholds in the remainder of the paper), that are used to

scale the Lebesque measure of the target sets. The nature of y and ν for the

particular transcription method used in this paper will be clarified in Sections130

3.1 and 4.

Problem (13) recasts the boundary and path constraints in (1), into objec-

tive functions and adds a measure of the target sets as an additional vector of

objectives. This formulation is more amenable to a solution when little is known

about the target sets. In fact, problem (1) might not have any admissible so-135

lution for a given combination of Γ,Ψ,εg and εΨ. On the contrary, problem

(13) always has a solution and provides a useful trade-off between constraint

satisfaction and cost.

Transcribing problem (1) into problem (13) requires solving the differential

constraints first and then calculate boundary and path constraints. In the fol-140

lowing section we will briefly present the transcription method. Note that the

method proposed in this paper is not dependent on the specific transcription ap-

proach although it is conceived to work with direct transcription methods. This

means that in principle one could use any exiting direct transcription approach

without any modification of the overall method for the treatment of epistemic145

uncertainty.
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3.1. Transcription of the Differential Constraints

In this study, differential, path and boundary constraints are transcribed

using a variant of the direct analytical multi-shooting algorithm proposed in

[14] and implemented in the software code FABLE (FAst Boundary-value Low-150

thrust Estimator)2. The transfer leg is split into a predefined sequence of nLT

finite coast and thrust arcs. Over each arc the differential constraints are solved

analytically with a first order expansion in the small quantity T/m (see [10] for

more detail). Note that because of the first order nature of the solution, any

second order term in T/m is neglected. Thus, even in the case of random noise,155

this approximation would not include second order terms in T/m. The motion

is assumed purely Keplerian along coast arcs.

The i -th coast arc is characterised by its length in longitude ∆LOFFi , i.e.,

the difference between the longitude at the end of the arc and at the beginning.

while the i -th thrust arc is characterised by its length ∆LONi , and by the azimuth160

αi and declination βi that the spacecraft engine is pointing towards (see Fig. 1

and Eq. (7)).

The low thrust trajectories considered in this paper consist of an injection

into a heliocentric transfer orbit by a conventional launcher, followed by a num-

ber of alternating coast and thrust arcs with ion propulsion. The injection is165

characterised by the departure time tD, and the magnitude v∞, azimuth γ and

declination δ of the hyperbolic excess velocity relative to the Earth in a helio-

centric reference frame. These four parameters define the initial conditions.

The variables described above form the solution vector:

y =
[
∆LOFF,∆LON,α,β, γ, δ, tD

]
. (14)

In the following we will consider 16 thrust and coast arcs, so variables ∆LOFF,

∆LON, α, β are each a vector with 16 elements, each element corresponding170

to each arc, for a total of 67 elements in y. Variables v∞, T , and Isp are

2https://github.com/strath-ace/smart-o2c
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Figure 1: Segmentation of the trajectory into coast arcs (black) and thrust arcs (red). “On”

nodes define the switching point from a coast to a thrust arc and “Off” nodes define the

switching point from a thrust to a coast arc.

considered uncertain, and so are contained in vector ξ. The exact formulation

of the uncertainty will be described in more detail in Section 6.

FABLE allows one to propagate only one realisation of ξ at the time, but

in this work FABLE was updated to propagate a large number realisations in175

parallel, using vectorisation. This is used to quickly generate many samples of

the quantities of interest for a single control under different uncertain variables.

3.2. Transcription of Cost Functions and Algebraic Constraints

In the general case algebraic or patch constraints can be applied to the

elements of vector y on each segment. In the following, however, we will not180

constrain the elements of y but the thrust magnitude T . The thrust level is an

uncertain quantity that is constrained to follow the models in Eqs. (10) and

(12).

The cost functions are computed by adding up the contribution of each seg-

ment. In particular, in the following we will be interested in the total propellant

mass and transfer time. The propellant mass is the sum of the propellant mass
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over each segment through the integral:

∆mi = −
∫ LOFF

LON

T (ξ)r2
AU

Isp(ξ)g0r2

dt

dL
dL (15)

The expectation that the total propellant mass is lower than a desired value νm

is therefore:

E(mp) = min
p∈P

∫
Ξ

(∑
i

∆mi < νm

)
p(ξ)dξ (16)

The target set for this cost function is Ψ = {mp|mp ∈ [0, νm]}. The time length

of each segment is:

∆t =

∫
∆L

(√
µ

a

Φ2

B3
−
√
a

µ

B

Φ
fN (Q1 cosL−Q2 sinL)

)
dL (17)

For more details on the transcription approach, including accuracy and com-

putational cost please refer to [14], [15], [16] and [17].185

4. Computation of the Lower Expectation

Before developing the solution of the transcribed problem (13), we introduce

a procedure to compute the lower expectations. This is a critical point of this

methodology that requires careful consideration because the computation of the

lower expectation is an NP-hard global optimisation problem, in the general190

case.

When uncertainty is epistemic, the probability distribution followed by the

uncertain variables ξ is often unknown or known with a degree of imprecision.

Multiple conflicting sources of information may suggest different distributions.

Thus, by combining these sources of information, one obtains a set that contains195

all distributions compatible with the available information.

In the following all the target sets in Eq. (13) will be defined through a

threshold function ν so that Φ = {φ|φ < νphi}, Ψ = {ψ|ψ < νpsi} and

Γ = {g|g < νg}. We can now introduce the indicator function I of a generic

quantity of interest h as:

I(y, ξ, νh) = h(y, ξ) < νh. (18)
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For clarity, throughout this section we will drop the dependency of I on y and

νh. Thus, the lower expectation operator defined in (2) becomes:

E(I; p) = min
p∈P

∫
Ξ

I(ξ)p(ξ) dξ, (19)

with expectation function:

E(I; p) =

∫
Ξ

I(ξ)p(ξ) dξ. (20)

4.1. Family of Distributions

We follow [11] and define the family of probability distributions P using

Bernstein polynomials. These Bezier curves are a linear combination of pos-

itive basis functions. If the coefficients are positive, the resulting function is200

guaranteed to be positive, which makes them ideal to represent probability dis-

tributions.

Let bj;q(x) be the jth univariate Bernstein basis functions of order q ∈ N,

scaled so that they are probability density functions (PDF), that is, they inte-

grate to 1 in their domain [0, 1]:205

bj;q(x) = (q + 1)

(
q

j

)
xj(1− x)q−j , j ∈ {0, . . . , q}. (21)

The multivariate basis functions B are simply the products of univartiate basis

functions:

Bj;q (x) =

nξ∏
k=1

bjk;qk(xk), (22)

where qk ∈ N indicates the degree of the polynomial along dimension k, and210

j = (j1, . . . , jnξ) is a multi-index, i.e., a tuple of nξ indices, each of which is

between 0 and qk. Bernstein basis functions are only defined for x ∈ [0, 1], so a

linear function τ is applied so that τ (ξ) ∈ [0 1]nξ ∀ξ ∈ Ξ.

The family of distributions could be defined as a linear combination of multi-

variate Bernstein basis functions, as in Eq. (23). This allows representing215
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multi-variate distributions (see for example Section 7.4 of [18]), including those

of correlated variables. The problem of finding the lower expectation is a linear

program, but the complexity is exponential with nξ, as the number of coefficients

is (q + 1)nξ , q being the degree of the polynomial.

Pm =


pm(ξ, c) =

∑
j∈J

cjBj;q (τ(ξ))

∀c > 0 :
∑
j∈J

cj = 1

 , (23)

220

where J = {0, . . . , q1} × . . . × {0, . . . , qnξ} ⊂ Nnξ represents the set of multi-

indices j.

An alternative is to have the distributions be the product of univariate Bern-

stein polynomials, as in equation (24). In this new family of distributions only

independent variables are possible, since the distributions are defined as the225

product of univariate functions. The number of coefficients is now (q+ 1)× nξ,

which no longer grows exponentially with the number of uncertain variables nξ.

However, Problem (19) is no longer a linear program.

Pu =


pu(ξ; c) =

nξ∏
k=1

qk∑
j=0

c
(k)
j bj;qk(τk(ξk))

∀c > 0 :
∑
j

c
(k)
j = 1 ∀k

 . (24)

Remarkably, using either of these families of distributions in the definition230

of the lower expectation produces the same results. In fact, the discrete set of

distributions Pj in Eq. (25) is also equivalent to either of the other two in terms

of the resulting value of the lower expectation. Since this set only requires nξ

integer coefficients, it is preferable to perform the optimisation in this set.

Pj = {Bj;q (τ(ξ)) ∀j ∈ J ⊂ Nnξ} . (25)

Furthermore, solving for family Pm requires evaluating all elements of the set235

Pj just to calculate the parameters for the linear program. Therefore it is less
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efficient than performing a brute-force search on this discrete set. Algorithms

that are less computationally demanding will be described in Section 4.3, using

Pj as the family of distributions.

The lemmas that follow formally demonstrate that both families Pm or Pu240

are equivalent to Pj when computing an approximation to the lower expectation

E. Their proofs are in Appendix A.

Lemma 1. If E is defined using the family Pm, there is always at least one

distribution p̂ ∈ Pj such that E(I) = E(I; p̂).

Lemma 2. If E is defined using the family Pu, there is always at least one245

distribution p̂ ∈ Pj such that E(I) = E(I; p̂).

Henceforth, the family of distributions considered is always Pj defined in

Equation (25). For ease of notation, Bj;q will be written as Bj. The optimisation

problem, in Eq. (19), is now written as

E(I) = min
j∈J

E(I;Bj). (26)

4.2. Estimating Expectation250

Given the difficulty of calculating the integral in Eq. (20) analytically, a

quasi-Monte Carlo approach is employed. This is identical to a Monte Carlo

approach, but instead of selecting the samples randomly, a deterministic, low-

discrepancy sequence ξ(1), . . . , ξ(N) is used. We use the Halton sequence [19] for

this purpose. The expectation E(I; p) can be estimated as255

ÊU (I; p) =
1

N

N∑
i=1

I(ξ(i))p(ξ(i)) , ξ(i) ∼ U. (27)

Here, ξ is not a random variable, but a deterministic sequence, the Halton

sequence. The expression ξ ∼ U means that ξ has uniform distribution. This

corresponds to taking the Halton sequence as is, with no transformation. Later

we will consider modifying the Halton sequence so that its distribution is not260

uniform.
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A well known upper bound on the absolute error resulting from quasi-Monte

Carlo is given by the Koksma-Hlawka inequality [20]. However, this upper

bound cannot be used for the purposes of this work. In fact, as explained in

[20], it requires an upper bound on the discrepancy of the sequence of samples.265

By definition, the discrepancy must be lower than 1, but for nξ = 10, the value

of the upper bounds in [20], which decrease proportionally to 1/N , are lower

than the trivial value of 1 only when N > 1019.

Therefore, the analysis of the error was performed using statistical methods

instead [19], as if ξ were randomly sampled, and afterwards an experimental270

analysis was performed for a special case of indicator functions that can be

easily integrated analytically.

Using probability theory, the standard deviation σU of the quantity in Eq.

(27) can be written as

σ2
U =

1

N

(∫
I2p2dξ −

(∫
Ipdξ

)2
)
≤ 1

N

∫
p2dξ, (28)

275

since 0 ≤ I ≤ 1 in all domain. This expression is easily estimated, since the

probability distribution is over independent variables:

σ2
U ≤

1

N

nξ∏
k=1

∫ 1

0

(bjk,qk(xk))
2

dxk. (29)

where xk = τk(ξk).

Lemma 3. The highest value of
∫ 1

0
(bj,q(x))

2
dx occurs for both j = 0 and j = q,

q being the degree of the Bernstein basis function bj,q(x).280

Proof. (With software aid.) Let vj =
∫ 1

0
(bj,q(x))

2
dx. Using Wolfram Mathe-

matica ®, one obtains

vj+1 − vj =

(
q + 1

j + 1

)2(
2q + 1

2j

)−1
(j + 1)(1 + 2j − q)

4(j − q)2 − 1
, 0 ≤ j < q , (30)

which shows that sgn(vj+1 − vj) = sgn(1 + 2j − q), where sgn(·) is the sign

function. Thus for j < q−1
2 , vj > vj+1 and for j > q−1

2 , vj+1 > vj , showing that
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the maximum value of vj must occur at either j = 0 or j = q, the two extremes

of this variable. Since there is a symmetry in the Bernstein basis functions, it

holds that vj = vq−j , and thus both v0 and vq maximise vj .285

From Lemma 3, if q is the degree of the polynomials in each dimension, the

upper bound on σ2
U becomes:

1

N

(
(q + 1)2

2q + 1

)nξ
. (31)

This upper bound for the standard deviation grows exponentially with nξ. For

example, if nξ = 10, q = 4, for the standard deviation to be below 0.01, N >290

2.7× 108 samples would be necessary.

To reduce the number of samples required to obtain sufficient accuracy,

we use importance sampling. By changing the sampling of the variables and

correcting the values of the samples appropriately, it is possible to obtain an

estimator that is also unbiased, but which has a different, ideally lower, variance.295

One possibility is to have ξ ∼ Bj, henceforth referred to as P-sampling.

A sequence following a univariate distribution P with cumulative distribu-

tion function (CDF) C(x), is obtained from a uniform distribution xu ∼ U ,

by having xP = C−1(xu) ∼ P . With a multivariate distribution of indepen-

dent variables, such as Bj, if Ck(c) is the CDF along the kth variable, doing300

xk,P = C−1
k (xk,U ) gives a sampling xP ∼ Bj. The inverse of Ck cannot, in

general, be found analytically, so instead we approximate it using linear inter-

polation with 10000 intervals. Appendix B contains an explanation of this

method as well as a discussion of its accuracy.

With P-sampling, the estimator becomes:305

ÊP (I; p) =
1

N

N∑
i=1

I(ξi) , ξi ∼ p (32)
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The standard deviation now follows

σ2
P =

1

N

(∫
I(ξ)2p(ξ)dξ − E2

)
≤ 1

N
(E− E2) ≤ 1

4N
, (33)

again using the fact that 0 ≤ I ≤ 1. This new expression does not increase with

nξ, thus, in order to obtain a similar limit on the standard deviation as before,

one only needs 2500 samples. In all the case studies in this paper the number310

of samples is 5000.

To confirm the advantage of using P-sampling, a numerical experiment was

run. For a number of randomly generated hyper-rectangular indicator functions,

the exact integral was calculated using analytical formulas, and estimated with

both strategies considered here. The degree q of the polynomial is 4, and nξ was315

between 1 and 10. Table 1 contains the maximum absolute errors with 10000

test cases obtained by comparing both estimations with the analytical result.

The results in the first column are for uniform sampling with N = 1.5 × 106

samples, and in the second are for P-sampling with N = 5000 samples. Table

1 shows that even with several orders of magnitude less samples the expectation320

can still be estimated with good accuracy when using P-sampling, and that for

high nξ P-sampling is better than uniform sampling.

The fact that ξ needs to be re-sampled for each evaluation of E(I; p) with

a different p, is a disadvantage, but, according to Eq. (31), for a given σ2,

the number of samples that one would need to generate with uniform sampling

grows exponentially with nξ, as opposed to the number of samples generated

with P-sampling that, according to Eq. (33), is constant with nξ. Given that,

with P-sampling, a new set of samples is generated for each call to E, the

theoretical maximum number of estimates of E(I, p) below which P-sampling

leads to a lower number of evaluations of I than uniform sampling, assuming

the same level of accuracy, is

N∗E = 4

(
(q + 1)2

2q + 1

)nξ
. (34)
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Table 1: Maximum absolute errors for different sampling techniques

Uniform sampling

N = 1.5× 106

P-sampling

N = 5000

nξ max abs error max abs error

1 8.3× 10−6 6.4× 10−4

2 5.5× 10−5 1.4× 10−3

3 3.1× 10−4 1.5× 10−3

4 1.0× 10−3 2.3× 10−3

5 3.1× 10−3 2.5× 10−3

6 1.1× 10−2 4.1× 10−3

7 2.9× 10−2 3.6× 10−3

8 7.9× 10−2 4.7× 10−3

9 1.7× 10−1 4.3× 10−3

10 5.2× 10−1 5.7× 10−3

4.3. Expectation Minimisation Algorithms

The value of the lower expectation ca we want to find the multi-index j

that solves Eq. (26). Applying an enumerative approach that goes through325

each possible combination of indices, is not a viable solution because the time

complexity would be exponential with the number of dimensions. Thus, in order

to keep the algorithmic time complexity polynomial with nξ, in this section,

we propose the use of a pattern search algorithm. With reference to Fig. 2,

at each iteration k, the pattern search logic we propose takes the multi-index330

jk = (jk1 , . . . , j
k
nξ

), and a neighbourhood Nk, and selects the multi-index jk+1 ∈

Nk that minimises E(I;Bjk+1). The neighbourhood Nk is composed of multi-

indices where only one index is different from jk. We consider two different

neighbourhoods, NB
k and NS

k (see Fig. 2).

The former contains every multi-index in J that is identical to jk in all but335

one index. The latter contains only the multi-indices in the former for which
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Figure 2: Diagram illustrating the neighbourhoods NB
k and NS

k around a 2D multi-index jk.

the different index only differs by one unit from the corresponding index in jk.

NB
k (jk) =

{
j ∈ J \ {jk} : ∃m, ∀i 6= m, ji = jki

}
(35)

NS
k (jk) =

{
j ∈ NB

k : ∃m, jm = jkm ± 1
}

(36)

This pattern search scheme is not guaranteed to always find the global opti-

mum. The solution returned at iteration k depends on the initial guess j0. Thus

we considered different initialisations. One is a greedy initialisation, starting

from:

∀k, j0k = argmin
i

∫
Ξ

I(ξ)bi,qk(ξk)dξ. (37)

Let jf1k be the outcome of the pattern search algorithm starting from the initial

point in Eq. (37). A second initialisation re-starts the search from the point

jf1+1
k defined as:

jf1+1
k = qk − jf1k ∀k. (38)

The solution obtained from this new starting point is termed jf2 , and the better

one of the two jω2 = argminj∈{jf1 , jf2} E(I; j) is retained.

We also considered an initialisation from a random starting points and a340

multi-restart procedure. These alternative initialisations of the proposed pat-
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tern search algorithm are compared with each other in Section 6.4.1, and against

a number of other heuristic search algorithms, namely simulated annealing,

taboo search, and Matlab’s® genetic algorithm, in Section 6.4.3.

5. Many Objective Optimisation of Lower Expectation345

Problem (13) is solved with a memetic algorithm called Multi Agent Col-

laborative Search (or MACS for short) [21]. MACS is a population based

memetic multi-objective optimisation algorithm that implements a combination

of Chebyshev and Pascoletti-Serafini scalarisations with an energy-based man-

agement of the archive containing an approximation of the Pareto set. MACS350

works by combining local search actions with social actions to move the agents

towards the Pareto front. At the same time an archiving process is used to select

which of the solutions found are to be kept. Only points which are not known

to be dominated are kept in the archive. For more details on MACS, its per-

formance versus other optimisers and its use for the solution of multi-objective355

optimal control problems, the interested reader can refer to [21] and [22]. MACS

is applied to problem (13) with the goal of reconstructing an approximation to

the set of Pareto globally optimal solutions. A good coverage of the Pareto

front in dimension higher than two, in criteria space, may require several thou-

sands of function evaluations. Furthermore, finding the global optimum of a360

general multi-modal function is an NP-hard problem. These two aspects com-

bined with the minimisation of the expectation, which in itself is an NP-hard

problem, make finding a solution to problem (13) quite challenging. Thus, in

this section we introduce two techniques that reduce the computational cost

required to find an approximated solution to problem (13): surrogate modelling365

of the lower expectation and reduction of the dimensionality of the decision

space. The combination of these two techniques allows MACS to search for a

solution in a reduced parameter space and by evaluating the surrogate rather

than the more expensive lower expectation. In the remainder of this section

we will first present the surrogate modelling approach and the dimensionality370
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reduction technique. We will then propose a method to reduce the size of the

set within which MACS searches for an optimal value of ν and we will conclude

the section with a description of the overall algorithm.

5.1. Expectation Surrogate Modelling

The idea is to avoid the solution of minimisation problem (19) by evaluating

a surrogate model Ẽ(y, ν) of E(y, ν). Once a surrogate of each lower expectation

is available, MACS is applied to the following approximated problem:

miny∈Ŷ ,ν∈N̂ [−Ẽ(φ(y),ν),−Ẽ(g(y),ν),−Ẽ(Ψ(y),ν),ν]T (39)

The solution of problem (39) depends on the quality of the surrogate, thus all the375

Pareto optimal solutions computed by MACS need to be validated at the end of

the optimisation and the surrogate model updated, if necessary, by computing

the exact value of the lower expectation.

In this work the surrogate Ẽ of E is built with the Kriging model implemented

in the DACE toolbox [23]. Other choices are possible but the main reason for380

using Kriging and DACE is the simplicity of implementation and the flexibility

offered by this model when it comes to the choice of the samples required to

build the surrogate. We used a Kriging model with linear regression functions,

and exponential correlation functions.

5.2. Dimensionality Reduction and Control Mapping385

The use of a surrogate of the lower expectation drastically reduces the com-

putational cost of the optimisation problem but both the number of calls to the

objective functions and the complexity and accuracy of the construction of the

surrogate depend on the dimensionality of y. For example, with 16 thrust and

coast arcs, the surrogate would have to be built on a vector y of dimension 67,390

which is a daunting task if E is a general multi-modal function.

In order to reduce such complexity, a dimensionality reduction approach is

introduced that maps the space of the controls onto a lower dimensional space.

In doing so the search is restricted to a subset of possible control laws and
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problem (13) is redefined such that the optimal solution is contained in such a

subset. In particular the search is limited to the control vectors y that satisfy

the following problem:

y∗(ξ) = argmin
y

mp(y, ξ)

s.t. r(y, ξ, tT ) = ri ∈ Dr

v(y, ξ, tT ) = vi ∈ Dv

(40)

where Dr and Dv are two predefined target sets. If one solves problem (40)

for all ξ ∈ Ξ then the search for an optimal solution reduces to the subspace

Ŷ = {y ∈ Y : y = y∗(ξ), ∀ξ ∈ Ξ}. Furthermore, problem (40) associates a

single control vector y to a triplet z = [ri,vi, ξ]. In other words, problem (40)395

can be understood as a map from the control space Y to the reduced space

Z = Ξ ×Dr ×Dv. The set Dr ×Dv is finite dimensional target set that is

independent of the size of the uncertainty or control spaces. The dimensionality

of Z, on the other hand, does increase with the dimensionality of the uncertainty

space, which would increase the computational cost and decrease the accuracy400

of the surrogate model. However, in this paper we limit our attention to cases

in which the uncertainty space has dimensionality ten or lower. In the case

of higher dimensional uncertainty spaces a further dimensionality reduction is

required, as presented in [24], for example.

Once the mapping is available we can use the new control vector z = [ri,vi, ξ]

to build the surrogate of the lower expectation Ẽ(z, ν), perform the search for

a solution in the reduced space Z and recover the corresponding control law

from the inverse mapping (or control mapping as we will call it in the following)

Z → Ŷ . Thus MACS is applied to the solution of the following approximated

and reduced problem:

minz∈Z,ν∈N̂ [−Ẽ(φ(z),ν),−Ẽ(g(z),ν),−Ẽ(Ψ(z),ν),ν]T (41)

The advantage is that during the solution of problem (41) and the computation405

of the expectation, the inverse mapping is not required. What is required is the
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mapping between the vector z and the lower expectations E which translates

into a much smaller dimensional problem.

5.2.1. Control Mapping

The mapping between the space Z and the control subspace Ŷ is realised by410

solving problem (40) for each vector z and deriving the corresponding control

profile y. Problem (40) is solved with FABLE [25] using a simple shooting

procedure and a gradient search.

Since the surrogate of the lower expectation requires the control mapping,

we start with a sample of values of z and solve problem (40) for each of them.415

This initial sample is used to build the first surrogate. MACS is then applied to

problem (13) and run till the stopping criterion is reached. Once an approxima-

tion to the Pareto set is available the members of the set are tested by solving

problem (40) and computing the exact value of the cost function.

This step is time consuming if the solution of problem (40) is expensive and420

the elements in the Pareto set are many. This suggests that the control map-

ping requires a further surrogate model that creates that functional relationship

between the reduced control vector z and the cost mp. In the following however

we will not apply this further surrogate as the solution of problem (40) for the

case in this paper is very fast. Furthermore, since MACS works with an external425

archive with a pre-defined number of elements, the complexity can be tuned by

limiting the size of the archive.

5.3. Threshold Mapping

By defining the search space as a hyper-rectangular region in the space of

the proxy control variables z and thresholds ν, a lot of function evaluations of430

MACS might go wasted because they correspond to two plateaus, one with lower

expectation equal to 0 and one with lower expectation equal to 1, as illustrated

in Fig. 3. Furthermore, the ridges of these two plateaus correspond to a sharp

change in the value of the lower expectation (see solid and dashed lines in Fig.
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3), which is undesirable of one uses a continuous function to build a surrogate435

model.

𝐸 = 0

𝐸 = 1

0 < 𝐸 < 1
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𝜈 = max
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ℎ 𝒛, 𝝃

samples

Figure 3: A diagram representing the search space - the vertical axis represents the threshold

value ν, while the horizontal axis represents the proxy control variable z. When using a

hyper-rectangular sample region, many of the samples fall into the regions where the lower

expectation is either 0 or 1, which are shaded in this diagram. Points in these regions are

always dominated. For example, point A is dominated by point B, and C by D, since they

have the same value of the lower expectation but with a larger threshold value.

Thus we investigated the use of a threshold mapping strategy to focus the

search only in regions where the lower expectation is in the open interval (0, 1).

That is, we introduced a proxy threshold variable ν∗ such that

0 < E(z,ν(ν∗, z)) < 1 . (42)

Let h(z, ξ) be the quantity of interest in the definition of the lower expectation,

as explained in Section 4, with h(z) = minξ∈Ξ h(z, ξ) and h(z) = maxξ∈Ξ h(z, ξ).

Eq. (42) implies h < ν < h, which can be trivially satisfied with the following

mapping:

ν(ν∗, z) = h+
(
h− h

)
ν∗ , ν∗ ∈ [0, 1] . (43)

24



This mapping can be used only to obtain the samples used to train the

surrogate model of the lower expectation, or can be called throughout the op-

timisation with MACS. In the following, the former use of the mapping will be

called thMap-dist and the latter use of the mapping will be called thMap-whole.440

With thMap-dist, a set of points z ∈ Z and ν∗ ∈ [0, 1]ns are sampled using

Latin hypercube sampling from a uniform distribution (LHSU) [26], where ns

is the number of quantities of interest h. Note that they are both sampled in

a hyper-rectangular region. Both the control map and the threshold map are

applied to each of these points, and the lower expectations E are calculated.445

The surrogate model on E is then trained in the same way as if there was no

threshold map, on the values of z and the mapped values of the thresholds ν,

so that Ẽ(z, ν) ≈ E(z, ν) as before.

With thMap-whole, the surrogate model is trained on z and ν∗, so that

Ẽ(z, ν∗) ≈ E(z, ν(ν∗, z)). Therefore the search space for MACS is Z × [0, 1]ns .

Since the actual quantity to be minimised is ν and not ν∗, the thMap-whole

option requires the additional surrogate model ν̃(ν∗, z) ≈ ν(ν∗, z). Hence, the

optimisation problem given to MACS is

min
z,ν∗

[
−Ẽ(z,ν∗), ν̃(z,ν∗)

]
. (44)

The method thMap-dist has the disadvantage of running MACS on a set that

is not contained within the set used to train the surrogate model. On the other450

hand, the method thMap-whole has the disadvantage of doubling the amount

of surrogate models needed, which can increase computational complexity as

well as adding inaccuracy to the expectation estimation. However, the value ν∗,

which indicates where the threshold is between minimum and maximum of the

quantity of interest, may be a better predictor of the lower expectation than455

the threshold itself.

In Section 6 we will compare these methods with each other as well as with

the algorithm without any threshold map.
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5.4. Overall Algorithm

The method proposed in this paper was implemented in Algorithm 1 corre-460

sponding to the flowchart in Fig.4.

The algorithm starts by generating sets Z and N of samples for the proxy

control variable z and threshold array ν, line 1 of Algorithm 1, with Latin

hypercube sampling from a uniform distribution. For each sample points z

and ν in sets Z and N , line 3, the following process is applied. The control465

law y is calculated from z = [ri,vi, ξ], at line 4, by solving Eq. (40) using

the Matlab® fmincon-interior-point algorithm. From the control law y and

thresholds ν, the lower expectations E are calculated, at line 5, using Algorithm

2. The values of E are then added to set E , at line 6.

The values in Z, N and E are then used, at line 6, to train the surrogate470

models Ẽ for each of the expectation functions. The loop starting at line 9 is

the core of the algorithm: MACS is repeatedly run for Nre−train subsequent

iterations. At each iteration MACS evaluates the surrogate models nf times

to find a set of vectors ZMACS and NMACS that approximate the global Pareto

front (line 10). Using the same archival strategy used in MACS [21], at line 11,475

Ns solutions are selected and added to Z, N respectively, at lines 12 and 13. At

lines 14-18 the lower expectations E corresponding to the solutions in ZMACS

and NMACS are calculated with Algorithm 2 and added to E . The surrogate

model is then re-trained at line 20 with the newly added values. After Nre−train

iterations, this algorithm will have created sets Z, N and E which include the480

initial sample used to initialise the surrogate model, as well as the Ns solutions

coming from each run of MACS. The last step at line 22 filters out all dominated

solutions from Z, N and E to obtain the final output sets Zf , Nf and Ef . This is

done, instead of just retaining the solutions found at the last iteration, because

many of the solutions found at each iteration may not be dominated by the ones485

found at subsequent iterations.

Algorithm 2 implements the computation of the lower expectation. For each

stochastic variable (line 1), line 2 greedily initialises the index vector j according

to Eq. (38). At line 3, the pattern search is run starting from this initial point.
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Then, from the solution of the pattern search, a new index vector is generated at490

line 4, and at line 5 the pattern search is run again from this new starting point.

At line 6, the multi-index corresponding to the smallest lower expectation is

selected.

Since part of the computational cost comes from the propagating of a given

control law corresponding to a given sample point, and the same sample points ξ495

are used for each quantity of interest, whenever the expected value is calculated

for a specific quantity hi < νi and values of p, z and ν, it is also calculated for

all other quantities hi < νi, and these results are stored for possible future use.

This is known as memoisation.

The number of initial training points Ninit, number of agents Np and archive500

size Na for MACS, as well as the number of points trained from each iteration

Ns can all be changed to accommodate the need for accuracy versus keeping

the execution time low. It is possible to start this method with a small amount

of points, and then add more, if a more accurate representation of the Pareto

front is desired.505

Note that if the threshold map thMap-dist is used, in Line 1 the LHSU

generates the set N ∗ of sample vectors ν∗. These samples are then converted

to ν with Eq. (43) before being added to N to calculate the surrogate of the

lower expectation in Line 5. If, instead, thMap-whole is used, the surrogate of

the lower expectation is built directly on the set N ∗ and an additional surrogate510

model ν̃(ν∗, z) ≈ ν is trained and passed onto MACS together with Ẽ.

27



Start

Sample with LHSU N training

points into sets Z, and N

Compute E for the values

of z and ν in Z, and N

Create surrogate models Ẽ
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Figure 4: Flowchart describing the overall process used in this work. The orange blocks

represent expensive computations of the control map and lower expectation. The same process

is described with more detail in Algorithms 1 and 2.
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Algorithm 1: Many-Objective Optimisation Under Epistemic Uncer-

tainty

Output: Samples from the Pareto Front contained in Zf and Ef
1 Z, N ← getLhsuSamples()

2 for i = 1 to Ninit do

3 z,ν ← Zi,Ni
4 y← optimise Eq 40(z)

5 E← LowerExp(y,ν) // See Algorithm 2

6 E .append(E)

7 end

8 model ← DACEfit((Z,N ), E) // From the DACE library [23]

9 for i = 1 to Nre−train do

10 ZMACS, NMACS ← MACS(model.predictor)// See [21]

11 ZMACS, NMACS ← Select_Ns(ZMACS, NMACS)

12 Z ← Join(Z, ZMACS)

13 N ← Join(N , NMACS)

14 for z, ν in ZMACS, NMACS do

15 [ri,vi, ξ]← splitZ (z)

16 u← optimise Eq 40([ri,vi, ξ])

17 E← LowerExp(u,ν) // See Algorithm 2

18 E .append(E)

19 end

20 model ← DACEfit (Z, E) // From the DACE library [23]

21 end

22 (Zf , Ef )← RemoveDominated (Z, E)
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Algorithm 2: Lower expectation

Input : A control law y and a vector of thresholds ν

Output: Vector of lower expectations E

// Each Ei is the lower expectation of Ii(ξ) = hi(ξ; y) < νi

1 for i = 1 to ns do

2 j0 ← GreedyInitialisation(Ii(ξ)) // See Eq. (37)

3 jf1 ← PatternSearch(j0, Ii(ξ)) // See Section 4.3

// Re-start

4 forall k do jf1+1
k ← qk − jf1k // See Eq. (38)

5 jf2 ← PatternSearch(jf1+1, Ii(ξ)) // See Section 4.3

6 jω2 ← argminj∈{jf1 , jf2} E(j)

7 Ei ← E(Ii(ξ), jω2)

8 end

6. Test Cases : Rendezvous with Apophis

In this section Algorithm 1 is tested on three case studies of a rendezvous

mission with asteroid Apophis, each of which with different forms of uncertainty

affecting the trajectory. In case 1, Section 6.1, the thrust and specific impulse515

are uncertain, in case 2, Section 6.2, there is an engine outage with uncertain

parameters, and case 3, in Section 6.3, is similar to the case 1 but with a reduced

range of the uncertain parameters. In all three test cases, the number of function

evaluations for each run of MACS was nf=10000 and the number of iterations

Nre−rain was set to 10. Different values for the size of the archive Na, number520

of agents in the population Np, and number of solutions to be validated Ns were

tested to assess the sensitivity of the performance of Algorithm 1 to the settings

of these parameters. The results of this sensitivity test will be presented in

Section 6.6. In particular, we will show that the main cost comes from Ns as it

requires the evaluation of the lower expectation and the actual control law.525

Apophis is an asteroid that in 2004 was classified as level 4 in the Torino
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scale, the highest ever score, due to a probability of impact that reached 1

in 60 at its highest estimate [27]. Later observations reduced this probability

to the point that the asteroid was reclassified as level 0 in the Torino scale.

Nonetheless its orbit regularly intersects the one of the Earth, and on average530

it passes within two lunar orbits every five years [27].

This makes it an excellent test case for robust design of asteroid rendezvous

missions, with the purpose of improving predictions about future approaches or

even redirect it if ever necessary. For such missions it is important to maximise

the attainment of the objectives even in the presence of significant epistemic535

uncertainty.

We considered a spacecraft equipped with an ion engine with uncertain

thrust and specific impulse and a launcher with uncertain launch performance.

The orbital elements for Apophis, for the epoch 28 September 2008, were taken

from the JPL small object database 3. The initial wet mass of the spacecraft540

m0 was set to 1000 kg.

The objective functions considered in all three test cases were the required

propellant mass mp, the distance to target ∆r and the relative velocity to target

∆v at rendezvous. The thresholds ν(·) for these quantities were also optimised

simultaneously with the other quantities, as in Eq. (13). Therefore, this opti-

misation problem is written as:

min
z,ν

[−Ẽ(mp(z), νmp),−Ẽ(∆r(z), ν∆r),−Ẽ(∆v(z), ν∆v), νmp , ν∆r, ν∆v]
T (45)

where the control mapping is used with z = [ξu, ri,vi], as defined in Eq. (40).

For simplicity of implementation, the two sets Dr and Dv were two cubes,

centred in Apophis, with edge size ρr and ρv. The values chosen for ρr and ρv

were 106 km and 0.25 km/s, respectively.545

In all test cases, the PDF of the uncertain variables belong to family Pu,

given by Eq. (23). No additional bounds for the coefficients cj were specified

in the definition of the p-boxes. As shown in Section 4, this is equivalent to

3https://ssd.jpl.nasa.gov/sbdb.cgi
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considering only distribution functions in family Pj . Thus all minimisations of

all expectation functions were run over family Pj . The degree of the polynomials550

was qk = 4 ∀k ∈ {1, . . . , nξ}.

6.1. Case 1: Uncertain Engine Parameters

In this test case the engine thrust T and Isp were considered to vary with true

longitude in a way that is uncertain. This is modelled with uncertain variables

ξT,i and ξI,i representing the value of these parameters at equispaced longitudes.

The values at intermediate longitudes were obtained by linear interpolation. The

Earth hyperbolic excess velocity v∞ was also considered uncertain. Therefore,

variable ξ is given as

ξ = [v∞ ξT,1 · · · ξT,nT ξI,1 · · · ξI,nT ], (46)

and, referring back to Eqs. (10) and (11), ηi is given as:

ηi(L) =


L− Li−1

Li − Li−1
if Li−1 < L ≤ Li

Li+1 − L
Li+1 − Li

if Li < L ≤ Li+1

0 otherwise

 , (47)

where Li are a sequence of nT or nI true longitudes equispaced and covering

the whole trajectory. We considered nT = 5 and nI = 4 so that nξ = 10. This

number was chosen to demonstrate the ability of this method to deal with high555

numbers of epistemic uncertain variables. The uncertain variables are bounded

according to Table 2, where ξL and ξU represent the lower and upper bounds,

such that Ξ =
[
ξL ξU

]
.

6.2. Case 2: Engine Outage

A different type of unexpected engine behaviour is an engine outage, formu-

lated as in Eq. (12). A single outage event is considered in this test case, thus

the subscript i is dropped from the uncertain variables, which are the location

of the beginning of the outage ξL0, its duration ξ∆L, and intensity ξδ. For lon-

gitudes between ξL0 and ξL0 + ξ∆L, the available engine thrust, which would be
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Table 2: Lower and upper bounds that define Ξ, the hyper-rectangular space of uncertain

variables, for the uncertain engine parameters test case.

v∞ [km/s] ξI,i [s] ξT,i [N]

ξL 3.5 2850 0.052

ξU 3.7 3150 0.058

T without the outage, becomes ξδT . Variable v∞ is still considered uncertain.

The uncertain vector ξ for this test case is given as

ξ = [v∞ ξL0 ξ∆L ξδ], (48)

so the number of uncertain variables is nξ = 4.560

As an example of engine outage being applied to a control vector, consider

the case illustrated in Fig. 5. The curves represent the engine thrust as a

fraction of its maximum value, with and without the effect of outage.

L0 L0
 +

 L

L

1

Control law

Outage

Figure 5: Example of the effect of engine outage as modelled in this work. Both lines represent

the fraction of maximum available thrust as a function of the true longitude L. The blue solid

line represents this fraction as specified by the control vector, and the red dashed line is the

thrust that is actually applied due to the outage.

The bounds for ξ for this test case are represented in Table 3.
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Table 3: Lower and upper bounds that define Ξ, the hyper-rectangular space of uncertain

variables, for the engine outage test case.

v∞ [km/s] ξL0 [rad] ξ∆L [rad] ξδ

ξL 3.5 0 0 0

ξU 3.7 4π π/8 1

Table 4: Values of dj used in the definition of the reduced uncertainty space Ξr in Eq. (49).

v∞ ξI,i ξT,i

dj 100 m/s 15 s 0.3 mN

6.3. Case 3: Uncertain Engine Parameters with Reduced Uncertainty Bounds565

The formulation in Section 6.1 assumes that the uncertainty in system pa-

rameters is the same during the operational phase as it was during the design

phase. However, this assumption can be considered to be over-pessimistic, as

the knowledge of the system improves through the design, construction and

testing phases. Hence, in this test case, the search space for the proxy control

variable is kept the same as Z = Ξ × Dr × Dv, but the lower expectation is

calculated with a reduced uncertainty space Ξr. The reduced uncertainty space

is defined as the hyper-rectangle centred on the value of ξ, used in the control

map, and with a range that is 10 times smaller than the range of Ξ:

Ξr =
{
ξ̂ ∈ Rnξ : ξ̂j = ξj + bjdj ∀bj ∈ [−1, 1] ∀j ∈ {1, . . . , nξ}

}
, (49)

where the values of dj are given in Table 4. This formulation simulates a scenario

where the design variables can be chosen a priori, but during the trajectory their

actual values can vary slightly about their design values.

6.4. Lower Expectation Algorithm Comparison

In this section we compare the algorithms for the estimation of the lower570

expectation that were presented in Section 4.3.
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For both of the first two test cases, Ninit = 100 initial guess solutions were gen-

erated to build the initial surrogate model, followed by Nre−train = 10 iterations,

or calls to MACS, with Np = Na = Ns = 10, giving a total of 200 evaluations of

the lower expectation for each test case. If dominated solutions are not removed575

this gives, for each test case, a sample of 200 pairs of z, ν which is representative

of a typical run of Algorithm 1 when applied to the case studies in this paper.

Given the similarity of test case 3 with test case 1, the analyses in this Section

do not include case 3. However, the next sections will present specific results

also on test case 3. For each pair of z, ν, we estimated E(mp), E(∆r) and580

E(∆v) using each of the proposed methods. For each quantity of interest (QoI)

hi ∈ {mp,∆r,∆v}, the lower expectation E(hi < νi) was estimated using the

methods in Section 4.3. Since there are 3 QoIs, three values of the expectation

were estimated per pair z, ν, corresponding to a total of 600 values of the lower

expectation for each test case.585

6.4.1. Pattern Search Variants

In Tables 5 and 6, the variants of the pattern search algorithm are compared

for test case 1 and 2, respectively. In these tables, the error rate is the percentage

of pairs z, ν for which each method does not obtain a value of E higher than

the lowest known minimum by less than 10−6, for each QoI. This lowest known590

minimum value of E is the putative global minimum and is estimated by taking

the best estimate of E from all algorithms being tested, including the ones

in Section 6.4.3. The average number of evaluations of E(I; j), NE, is used

to measure the efficiency of each algorithm. Due to memoisation (see Section

5.4), estimates of E used when computing the lower expectation for one of595

the QoIs, are used also for the other QoIs, so NE is the average number of

expectation evaluations to estimate all three lower expectations, E(mp), E(∆r)

and E(∆v), for each pair y, ν. The greedy initialisation in Eq. (37) is computed

by estimating the expectation for each possible marginal distribution bi,q on all

uncertain variables. The starting multi-index j0 is then formed by choosing for600

each dimension the marginal that minimizes the expectation. This results in an
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extra (q + 1)nξ evaluations of the expectation, which, for the methods that use

this initialization strategy (G and G+S), is included in the value of NE reported

in Tables 5 and 6.

The letter G in Tables 5 and 6 refers to the greedy initialisation in Eq.605

(37), and the letters G+S refer to the re-initialising in Eq. (38). R5 and R20

refer to initialising with 5 and 20 random starting points, respectively. For

the initialisation G and G+S we compared both neighbourhoods NS
k and NB

k .

However, since NB
k was consistently producing better results, both tests with

random initialisations R5 and R20 used only neighbourhood NB
k .610

The results on Tables 5 and 6 show that the G+S initialisation is the one that

consistently produced the best results. Furthermore, it used significantly fewer

function evaluations than R5 and R20. Note that the G and G+S strategies are

not necessarily globally convergent. Thus one can quantify the computational

effort to converge locally but cannot guarantee global convergence, even asymp-615

totically. In Section 6.4.2 we will show that a random restart can provide global

convergence in probability. Table 6 shows the results for case 2. In this case,

there are only 4 uncertain variables, thus fewer evaluations of E are required to

converge to a minimum. However, this problem appears to have a more complex

landscape and thus the error rates are higher.620

Table 5: Comparison of pattern search variants proposed in Section 4.3 for test case 1, with

10 uncertain variables. The error rate is the percentage of pairs z, ν for which each method

does not obtain the minimum value of E within ±10−6, this minimum being computed across

all algorithms being tested.

Starting point G G + S R5 R20

Neighbourhood NS
k NB

k NS
k NB

k NB
k NB

k

Error rate

E(mp) 5.0% 4.0% 1.5% 1.0% 2.5% 2.0%

E(∆r) 3.0% 2.0% 3.0% 0.5% 1.0% 0.5%

E(∆v) 5.5% 2.0% 5.5% 0.0% 1.5% 0.0%

average 4.5% 2.7% 3.3% 0.5% 1.7% 0.8%

NE 113.3 177.1 203.4 390.3 1263.0 7469.6
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Table 6: Comparison of pattern search variants proposed in Section 4.3, as in Table 5, for test

case 2.

Starting point G G + S R5 R20

Neighbourhood NS
k NB

k NS
k NB

k NB
k NB

k

Error rate

E(mp) 16.5% 3.5% 10.0% 1.0% 2.0% 1.5%

E(∆r) 20.5% 4.5% 14.0% 2.5% 5.5% 2.5%

E(∆v) 24.5% 8.0% 14.5% 2.5% 8.5% 5.0%

average 20.5% 5.3% 12.8% 2.0% 5.3% 3.0%

NE 54.4 77.7 110.1 139.5 212.3 472.3

6.4.2. Experimental Convergence Analysis of the Pattern Search Algorithm

In this section we present an experimental analysis of the convergence of the

pattern search algorithm with NB
k and a random initial point j0. We call this

method R1. We performed 200 independent runs of method R1, each with a

different randomly chosen starting j0 and recorded the value of the solution to625

which each run converged.

Firstly, the problem appears to have a small number of basins of attraction.

As shown in Fig. 6, for most of the expectation values, there were 3 or fewer

different outcomes. Therefore, for each expectation value, the density function

p(e) most appropriate to represent the outcomes e of each search, started from630

a random initial solution, is a multinomial distribution. The probabilities of

each outcome e are estimated for each pair z, ν by their relative frequency in

the 200 random restart test.

37



0 1 2 3 4 5 6 7 8
0

50

100

150

200

250

300

350

400

m
p

 r

 v

Figure 6: Histogram of the number of different outcomes obtained by the 200 random restarts

with pattern search (PS). These results were obtained for 200 pairs z,ν, with 3 QoIs, producing

600 estimates of the expectation, for test case 1. The results are segregated for each QoI.

For each pair z,ν, we computed the probability P (e < E + δ) for an array

of values of δ. Figure 7 presents the resulting 90% confidence lower bounds for635

this probability, i.e. the values r such that P (e < E + δ) ∈ [r, 1] with 90%

probability. Also note that if NR random restarts are performed, where we take

the best estimate ê, we have P (ê < E + δ) = 1− (1− P (e < E + δ))NR .
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Figure 7: Curves of 90% confidence lower bounds for lower expectations on each of the QoIs.

The plots represent r such that P (e < E + δ) ∈ [r, 1] with 90% probability (i.e. for 90% of

pairs z, ν) where e is the outcome of pattern search from a random initial point, and E is the

best estimate of the lower expectation available. This data was obtained for test case 1.

Thus, for test case 1, the pattern search algorithm can estimate the global

lower expectation with a maximum error of 20% with probability 0.95. Note,640

however, that the error quickly decreases to 5% with probability 0.87. This is

true in the case of a random restart of the pattern search but we have empirically

shown that the greedy + symmetric initialisation is more robust than a random

start (Tables 5 and 6) thus Fig. 7 is providing an empirical lower bound on the

probability of identifying the global lower expectation.645

6.4.3. Other Heuristic Search Algorithms

Finally, we compared the performance of other heuristic search algorithms,

namely simulated annealing (SA), taboo search (TS) and Matlab’s genetic al-
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gorithm (GA).

The implementation of simulated annealing follows [28] by using the param-650

eters suggested in [29] and having 5 × |Nk| moves per iteration, where |Nk| is

the size of the neighbourhood. The taboo search implementation is completely

deterministic, the point in the neighbourhood that minimises E and is not on

the taboo list is always chosen. For this reason, the taboo list has no size limit.

Both of these algorithms are run for both NB
k and NS

k . Because the lower655

expectation is always greater than or equal to zero, whenever any of these algo-

rithms finds a zero, the search is terminated. Matlab’s genetic algorithm is run

with the default parameters, i.e., a uniformly random initial population with

50 elements, the scattered crossover function with 0.8 crossover fraction, and a

Gaussian mutation function. The results are in Tables 7 and 8.660

These results demonstrate the efficiency, robustness and accuracy of the

pattern search algorithm with symmetric re-start. For the outage scenario,

Table 8, the taboo search has the smallest error rate, but it is evaluating almost

54+4×5 values of E, which corresponds to the cardinality of Pj plus the number

of integrations required for the initial guess, in Eq. (37), so this algorithm is665

close to a brute-force search.

Table 7: Comparing the best pattern search algorithm variants (PS G+S) with other algo-

rithms, namely simulated annealing (SA), taboo search (TS) and genetic algorithm (GA), for

test case 1.

Method PS G+S SA TS GA

Neighbourhood NS
k NB

k NS
k NB

k NS
k NB

k NB
k

Error rate

E(mp) 1.5% 1.0% 4.0% 4.5% 4.5% 4.0% 2.0%

E(∆r) 3.0% 0.5% 4.0% 2.5% 1.5% 1.0% 1.0%

E(∆v) 5.5% 0.0% 4.5% 3.5% 2.0% 1.0% 2.0%

average 3.3% 0.5% 4.2% 3.5% 2.7% 2.0% 1.7%

NE 203.4 390.3 4884.9 6623.7 4015.9 5953.3 10165.9
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Table 8: Comparing the best pattern search algorithm variants (PS G+S) with other algo-

rithms, namely simulated annealing (SA), taboo search (TS) and genetic algorithm (GA), for

test case 2.

Method PS G+S SA TS GA

Neighbourhood NS
k NB

k NS
k NB

k NS
k NB

k NB
k

Accuracy

E(mp) 10.0% 1.0% 6.0% 0.0% 1.0% 0.0% 2.0%

E(∆r) 14.0% 2.5% 10.5% 2.5% 0.0% 0.0% 3.0%

E(∆v) 14.5% 2.5% 12.5% 7.0% 0.5% 0.5% 6.0%

average 12.8% 2.0% 9.7% 3.2% 0.5% 0.2% 3.7%

NE 110.1 139.5 233.8 401.0 616.8 629.5 431.1

6.4.4. Scalability with the number of uncertain variables

In this section we experimentally assess the number of calls to the expecta-

tion E that are required to find the putative global minimum E∗ with accuracy

equal or better than 10−6 as the number of uncertain variables increases. Figure670

8 shows the average number of calls to E (over all 200 solutions evaluated in

test case 1) as a function of nξ, for the two initialisations G and G+S in Table

5. Note that while initialisation strategy G scales better than G+S, because

there is no restart, the percentage of times it converges to the global minimum

is lower, as Table 5 shows.675

In the same figure we represent also the limit case given by Eq. (34) which

is the number of calls to the expectation E that one would need to perform to

have a total number of samples with P-sampling equal to the number of samples

that would be required with uniform sampling. Note that for the sake of clarity

of representation, the black line is limited to nξ ≤ 5.680

41



3 4 5 6 7 8 9 10

n

0

50

100

150

200

250

300

350

400

N
u

m
b

e
r 

o
f 

e
v
a

lu
a

ti
o

n
s
 o

f 
E

G

G+S

Limit case

Figure 8: Average number of evaluations of E(I, j), for test case 1, for the pattern search

algorithms with NB
k with only the greedy start (G, in blue line) and with the greedy start

followed by the symmetric restart (G+S, in red line). The black line is the limit number of

calls to the expectation E given by Eq. (34).

6.5. Threshold Mapping Comparison

In this section we test the threshold mapping discussed in Section 5.3, on

the three test cases previously defined. The values of h and h were calculated

with Matlab’s fmincon-sqp, starting from the minimum and maximum of 5000

samples drawn from a Halton sequence. We compared the evolution, with the685

number of iterations, of four MO optimisation metrics and of the accuracy of the

surrogate model for different threshold mapping methods, when applied to the

Apophis rendezvous test cases. Figures 9 and 10 show the first test case from

Section 6.1 with 10 uncertain variables, Figs 11 and 12 are the same case with 5

uncertain variables, Figs 13 and 14 show the outage test case from Section 6.2690

which has 4 uncertain variables, and finally, Figs 15 and 16 show the results for

test case 3 from Section 6.3 with 10 uncertain variables.

The hypervolume was estimated with quasi-Monte Carlo sampling with 106

42



samples and a reference point obtained as the maximum value of each min-

imisation of the objectives for the points obtained in all the methods being695

compared. We also measured the generational distance (GD), the Hausdorff

distance and the modified inverse generational distance (IGD+) [30]. The ref-

erence Pareto samples used to calculate these quantities were the combination

of all non-dominated samples obtained from all methods being compared.

As can be seen from Figs 9, 11, 13 and 15, the threshold mapping methods700

offer a statistically significant improvement of the convergence to the global

Pareto front and a faster convergence. Without threshold mapping, the multi-

objective metrics barely improved with each iteration. Overall, thMap-whole

appears to be the more efficient threshold mapping algorithm.

The model accuracy was measured as the root mean squared error (RMSE)705

between the model prediction and the exact value of the lower expectations for

the values obtained in the last iteration for each method. This is plotted in Figs

10, 12, 14 and 16. The reason for this choice is that the surrogate model will only

converge for regions near the estimated Pareto front, since those are the training

points. Because this is a Kriging model, the error for any of the training points710

is zero, which is why only points from the last iteration are included - otherwise

the RMSE would trivially decrease as the points from previous iterations get

added to the training set. This is also why the last iteration always has error

equal to zero.

These tests show that, for the thMap-whole method, the error in the esti-715

mation of the lower expectation after 10 iterations of the surrogate was below

10% on average and in some cases even lower than 5%. We deemed this level of

approximation sufficient to provide a sufficiently accurate result considering the

computational cost. An exception was the outage test case, where the surrogate

model errors were much larger, Fig. 14, perhaps due to the discontinuous na-720

ture of the uncertainty. Here, the thMap-whole method produced much larger

errors, while the others approach the 10% value (except the no threshold map

version for E(∆v)). However, even here it is thMap-whole that produced the

best results in terms of the multi-objective metrics, which were calculated using
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the real values, not values obtained using surrogates.725

The no threshold map method tends to produce the worst results in terms

of MO metrics, see Fig. 9. In most of the cases it also produced the lowest

RMSE on E(mp < νm), but the highest RMSE on the other QoIs, see Figs

10 to 16. The thMap-dist method tended to have only slightly worse results

than thMap-whole, and thus can be seen as an acceptable trade-off between MO730

metric convergence and computational complexity. In test case 2, thMap-dist

produced better surrogate models than thMap-whole (Fig. 14), but worse MO

metrics, as shown in Fig. 13.

Figure 9: Pareto sample metrics as a function of the number of iterations. We include the gen-

erational distance (GD), the modified inverted generational distance (IGD+), the Hausdorff

distance, and the hypervolume. Apart from the hypervolume, smaller value is better. The

value for 0 iterations corresponds to the metrics for the initial training points. The shaded

areas enclose the observed values of these quantities for 90% of 50 trials and the solid lines

show the median.
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Figure 10: Plots of the RMSE of the surrogate model, at each iteration, for the values obtained

at the last iteration. Four runs are presented here, each a line on each subplot. The sub-

figures, from left to right, contain the RMSE on the surrogates of the propellant mass mp, the

distance to target ∆r and the relative speed to target ∆v. Again the shaded areas enclose the

observed values of these quantities for 90% of 50 trials and the solid lines show the median.

It is possible for a method to produce better solutions in terms of multi-

objective metrics, while producing worse results in the RMSE for the surrogate.735

A method that obtains a wider variety of points will also make it more difficult

for the surrogate model to fit the data. For instance, a method that only

produced points in a very small set, would result in a surrogate model with

good accuracy but the quality of its Pareto samples would be very low. Thus,

when comparing these methods, the factors that decide between better and740

worse methods are the MO metrics, not the surrogate model accuracy, since it

is the former that actually measures the quality of the resulting Pareto set.

Comparing the results obtained in test case 1 with nξ = 5 and with nξ = 10

gives insight into the effect of nξ on the quality of the results. The difference

does not appear significant, either in terms of the evolution of the MO metrics,745

Figs 9 and 11, or the RMSE of the surrogate models, Figs 10 and 12. The

only substantive difference is that the range of values of the RMSE for the

thMap-whole method is higher with nξ = 10 than with nξ = 5.
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Figure 11: Multi-objective metric plots, as in Fig. 9, for test case 1 with 5 uncertain variables.

Figure 12: RMSE plots, as in Fig. 10, for test case 1 with 5 uncertain variables.
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Figure 13: Multi-objective metric plots, as in Fig. 9, for the outage test case.

Figure 14: RMSE plots, as in Fig. 10, for the outage test case.
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Figure 15: Multi-objective metric plots, as in Fig. 9, for test case 3.

Figure 16: RMSE plots, as in Fig. 10, for test case 3.
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6.6. Influence of MACS Settings

In this section we consider the effect of three parameters that define the750

settings of MACS: the number of agents Np, the size Na of the archive where

Pareto solutions are stored, and the number of points Ns, in the archive, that

are validated every time the surrogate is updated. By definition the number Ns

has to be less or equal to Na.

Note that we do not use any historical point but only the most recent set of755

points returned by MACS. For all tests the number of function evaluations of

the surrogate by MACS, nf , was kept constant at 10000.

Since the validation of the Ns points requires the exact calculation of the

lower expectation and the control mapping, it is reasonable to try to keep this

number as low as possible. On the other hand an increase in these three pa-760

rameters is expected to lead to an improvement of the results, thus there is

a trade-off between quality of the Pareto front and computational cost. In

these tests, we used two different values for each parameter, 10 and 20 and we

tested many combinations of these values. Figure 17 shows that the combina-

tion Np = Na = Ns = 20 is statistically better. However, it comes with the765

cost of validating twice as many points per update of the surrogate. It is also

apparent that an increase in Ns is what leads to an improvement of all the

metrics. Because these improvements come at the expense of a higher compu-

tational cost, we will continue testing with Np = Na = Ns = 10. Figure 18,

on the other hand, does not show a significant difference in the RMSE for the770

different parameter choices, even though when Ns = 20, the surrogate model

has more training points.
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Figure 17: Multi-objective metrics, as in Fig. 9, but varying the numbers Np, Na and Ns for

test case 1 with nξ = 10.

Figure 18: RMSE of the surrogate model, as in Fig. 10, varying the numbers Np, Na and Ns

for test case 1 with nξ = 10.
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6.7. Trajectories - Case 1

Table 9 shows a selection of validated solutions found by MACS for the 6

objective problem in Eq. (45), using threshold mapping technique thMap-whole775

and Np = Na = Ns = 10.

Table 9: A selection of solutions for the 6 objective problem in test case 1. After solutions

with any E ≤ 0.01 were removed, 16 solutions were left, of which 10 are presented which

were selected using the archival strategy used by MACS [21]. E(x) is used as short-hand for

E(x < νx).

E(mp) E(∆r) E(∆v) νm [kg] ν∆r [AU] ν∆v [km/s]

0.989 0.024 0.277 47.922 0.042 2.348

0.442 0.416 0.123 53.881 0.061 1.692

1.000 1.000 1.000 33.643 0.089 2.711

0.188 0.061 0.925 40.955 0.045 2.645

0.013 0.010 0.013 50.275 0.023 0.856

0.342 0.999 0.278 50.330 0.097 2.516

0.522 0.975 0.032 42.922 0.079 0.965

0.969 0.519 0.029 46.256 0.094 1.774

0.035 0.133 0.618 51.188 0.049 2.622

0.996 0.756 0.230 51.204 0.083 2.303

As an illustration, the solution in the third row of Table 9 was plotted

in Fig. 19. The control laws corresponding to the elements in Table 9 are

represented in Figs 20 and 21. Figure 20 shows the thrust profile, with blue

segments representing thrust arcs, and white segments representing coast arcs.780

The angles of the thrust vector are represented in Fig. 21 for solutions 3, 6 and 9.

The difference in thrust length for these three solutions is less than one radiant

and the difference in thrust azimuth is below 10 degrees and near a value of -90

degrees. The declination is less than 15 degrees which corresponds to a nearly in-

plane manoeuvre. This is expected since the target orbit has a lower semi-major785

axis and is close to being coplanar with the departure orbit. Figure 22 shows the
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fourth solution in Table 9, vertical black line, and the associated dispersion of

the values of the QoIs when the uncertain variables follow a uniform distribution

or the distribution that minimises the lower expectation. The lower expectation

distribution is an extreme case that accounts for the lack of knowledge on the790

uncertain quantities. As such it gives an upper limit on the expected propellant

mass and violation of the constraints during the operational phase even when

the solution provided by MACS is close to satisfying the terminal constraints.

Figure 19: Plot of trajectories for the control law corresponding to the third solution in Table

9 and for 200 different samples of ξ. The plot is seen perpendicularly to the ecliptic plane and

the axis are in AU.

In the following we addressed also two reduced optimisation problems. One

with only the three expectations as objectives, and fixed thresholds, and one795

with the three expectations plus the threshold on the terminal velocity as ob-

jectives and the rest of the thresholds kept fixed.

Figure 23 shows the Pareto front for the 3 objective case. Given the lower

number of objectives we increased the values of Np, Na, and Ns to generate

a clearer figure. Figure 23 was generated with Np = Na = Ns = 10, 100800

initial training points, and thresholds νmp , ν∆r, and ν∆v fixed to 38 kg, 0.05

52



0 2 4 6 8 10 12

True Longitude from Departure [rad]

1

2

3

4

5

6

7

8

9

10

T
a
b
le

 r
o
w

Coast

Thrust

Rendezvous

Figure 20: Plot of the thrust profile as a function of the true longitude relative to departure for

the solutions in Table 9. The red diamond is the true longitude where Apophis is encountered

(in the nominal case).

AU and 1.5 km/s respectively. Figure 24 corresponds to the same problem

but was generated with Np = Na = Ns = 105, 200 initial training points.

It is interesting to note that Fig. 23 is a good approximation of a portion of

Fig. 23 which implies that Algorithm 1 can be effectively run with a reduced805

computational cost and still produce a good first approximation of the Pareto

set.

Figure 25 shows an approximation of the Pareto front for the 4 objective

problem with Np = Na = Ns = 220 and 200 initial training points. Here the

thresholds νmp and ν∆r were fixed to 38 kg and 0.06 AU, respectively. In order810

to better visualise this result, Fig. 26 shows three slices of the 4-dimensional

Pareto front obtained by only showing the points for which each of the lower

expectations is higher than 95%. In this figure one can better appreciate the

relation between the threshold ν∆v and E(∆v < ν∆v).
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Figure 21: Plots of the thrust vector azimuth and declination as a function of the true longitude

relative to departure for 3 of the solutions solutions in Table 9.

Figure 23: Scatter plot of the 41 non-dominated solutions obtained for the 3 objective problem,

test case 1, of optimising all lower expectations, having the thresholds νmp , ν∆r, and ν∆v ,

fixed to 38 kg, 0.05 AU and 1.5 km/s respectively. The lower expectations are represented

on the figure axis. The value of E (∆r < ν∆r) is also represented with the colour map. This

graph was obtained with Np = Na = Ns = 10 and 100 initial training points.
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Figure 22: Histograms of the QoIs that are obtained for the fourth solution in Table 9 for test

case 1. The blue and red histograms are the result of assuming a uniform distribution, and

the lower expectation distribution, respectively, in Ξ.

Figure 24: Scatter plot of the 324 non-dominated solutions obtained for same conditions as

Fig. 23, but with Np = Na = Ns = 105 and 200 initial training points.
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Figure 25: A plot of the 711 samples of the Pareto front obtained for the maximisation of

the lower expectations and the minimisation of the threshold ν∆v with the other thresholds

fixed. Each axis represents one of the lower expectations, and the colour scale represents the

threshold ν∆v . The thresholds νmp and ν∆r were fixed to 38 kg and 0.06 AU respectively.

This data was obtained using Np = Na = Ns = 220 and 200 initial training points.

Figure 26: This figure contains approximate slices of the Pareto front in Fig. 25 , obtained

by only showing the points for which each of the lower expectations is higher than 95%. The

other two lower expectations that are not used to filter the data are represented in the vertical

and horizontal axis, as labelled. The threshold ν∆v is represented in the depth axis, as well

as the colour scale.
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6.8. Trajectories - Case 2815

Also in this case we start by approaching the solution of the six objective

problem using threshold mapping thMap-whole, with Ninit = 100 and Np =

Na = Ns = 10. Table 10 shows a selection of solutions, and Fig. 27 shows a plot

of the trajectories corresponding to the fourth element on this Table. To help

illustrate the outage scenario, Fig. 28 shows, for the same control law, the thrust820

fraction that results from three different values of the uncertain parameters. The

control laws are also represented in Figs 29 and 30 for completeness.

Table 10: A selection of solutions of the 6 objective problem in test case 2 returned by our

method. These results were chosen in the same was as those in Table 9

E(mp) E(∆r) E(∆v) νm [kg] ν∆r [AU] ν∆v [km/s]

0.015 0.024 0.085 36.629 0.054 2.623

0.742 0.324 0.036 45.798 0.070 1.726

0.902 1.000 1.000 44.033 0.094 3.301

0.898 0.151 0.105 40.790 0.178 5.240

0.152 0.979 0.560 32.897 0.070 1.945

0.041 0.073 0.751 39.594 0.041 2.746

0.993 0.879 0.018 38.407 0.081 1.084

0.904 0.011 0.019 48.366 0.012 0.534

0.797 0.365 0.769 43.871 0.045 2.193

0.032 0.044 0.015 44.112 0.023 0.461

Figure 31 shows histograms for the values of the QoIs h as in Fig. 22. It

is noticeable that these histograms are not uni-modal, a characteristic of the

outage test case that is possibly related to the higher difficulty experienced in825

optimising this problem, most clearly seen in the higher errors for the surrogate

model (Fig. 14), and in the lower expectation estimation (Table 6), as well as

the somewhat lower quality Pareto front plots in Fig. 33. Nonetheless, this

method produced a variety of robust solutions for this problem.
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Figure 27: Plot of trajectories for the control law corresponding to the fourth solution in Table

10 and for 200 different samples of ξ. The plot is seen perpendicularly to the ecliptic plane

and the axis are in AU.
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Figure 28: Plot of the thrust modulus for three different values of the uncertain parameters

ξ. The legend shows the numerical values of ξ, defined as in Eq. (48). For the yellow line,

the outage happened during coasting arcs, producing no effect.
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Figure 29: Plot of the thrust profile as a function of the true longitude relative to departure for

the solutions in Table 10. Blue segments represent thrust arcs, and white segments represent

coast arcs. Note the presence of many zero-length arcs. The red diamond is the true longitude

where Apophis is encountered (in the nominal case).
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Figure 30: Plot of the thrust vector azimuth as a function of the true longitude relative to

departure for 3 of the solutions solutions in Table 10.
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Figure 31: Histograms showing the samples of the QoIs that are obtained for the third solution

in Table 10 for test case 2. The blue histogram is the result of assuming a uniform distribution

in Ξ, while in red is the distribution that corresponds to the lower expectation for each QoI.

After studying the 6 objective case, we fixed the thresholds on terminal830

position and velocity and solved a reduced 4 objective case with only the three

lower expectations and the threshold on mass. The remaining thresholds ν∆r

and ν∆v were fixed to 0.05 AU and 2 km/s. Figure 32 shows an approximation

to the Pareto front with 415 solutions. Figure 33 shows three slices of the four

dimensional Pareto front corresponding to expectations E > 80%.835
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Figure 32: Scatter plot representing the 415 non-dominated solutions obtained for the maximi-

sation of E
(
mp < νmp

)
, E (∆r < ν∆r), E (∆v < ν∆v) and the minimisation of the threshold

on the propellant mass νmp , for test case 2. The lower expectations are represented on the

figure axis, while the threshold on propellant mass is in the colour scale. The thresholds ν∆r

and ν∆v were fixed to 0.05 AU and 2 km/s respectively. Obtained using Np = Na = Ns = 220,

and 200 initial training points.

Figure 33: This figure contains approximate slices of the Pareto front in Fig. 32, obtained by

only showing the points for which each of the lower expectations is higher than 80%.

6.9. Trajectories - Case 3

The experiments carried out so far resulted in large values of the thresholds,

due to the severity of the assumed epistemic uncertainty during operations.

61



Therefore, test case 1 was run again but with a smaller uncertainty space Ξr

for the calculation of the lower expectation, while the uncertainty space used in840

the control map Ξ remained the same.

A sample of the solutions produced by the many-objective optimisation is

presented in Table 11. Figure 34 shows the histograms of the distribution of

the QoIs for one of the solutions in the final approximation to the Pareto set

provided by MACS, as in Fig. 22. The black vertical line represents the selected845

solution from the final Pareto set. The blue histograms are the dispersion of

the QoIs assuming a uniform distribution of the uncertain quantities.

Table 11: A selection of solutions of the 6 objective problem in test case 3 returned by our

method. These results were chosen in the same was as those in Table 9

E(mp) E(∆r) E(∆v) νm [kg] ν∆r [AU] ν∆v [km/s]

0.875 0.036 0.557 41.575 0.006 0.361

0.987 0.010 0.201 37.724 0.009 0.245

1.000 1.000 1.000 57.415 0.019 0.640

0.025 0.995 0.018 50.855 0.010 0.299

0.014 0.105 1.000 47.556 0.009 0.351

0.990 1.000 0.081 31.558 0.016 0.477

0.061 0.073 0.013 45.436 0.008 0.278

0.999 0.970 0.740 49.545 0.011 0.402

0.704 0.999 0.066 45.769 0.011 0.264

0.991 1.000 1.000 34.165 0.020 0.681

Figures 35, 36, and 37 show the trajectories in Table 11, which are similar to

the ones shown in Section 6.7 since they are elements of the same set of control

variables.850

Similarly to Fig. 26, Fig. 38 shows slices resulting from optimising the

4 objective problem, where the objectives are all the lower expectations, and

the threshold on the propellant mass νm. The remaining thresholds ν∆r and

ν∆v are fixed to 0.007 AU and 250 m/s, respectively. A total of 778 non-
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Figure 34: Histograms showing the samples of the QoIs that are obtained for the 9th solution

in Table 11 for test case 3. The blue histogram is the result of assuming a uniform distribution

in Ξ, while in red is the distribution that corresponds to the lower expectation for each QoI.

The vertical lines in the distance and relative speed histograms show the magnitude of the

target displacement in position and velocity, respectively.

dominated points were found. It is clear from both Table 11 and Fig. 38 that855

this uncertainty formulation produced solutions with much better thresholds

ν∆r and ν∆v. Figure 38 illustrates the dependency of the lower expectations on

the thresholds. Note in particular how the expectation on the terminal velocity

decreases as the available propellant decreases.
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Figure 35: Plot of the trajectory for the control law corresponding to the third solution in

Table 11. The plot is seen perpendicularly to the ecliptic plane and the axis are in AU.
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Figure 36: Plot of the thrust profile as a function of the true longitude relative to departure for

the solutions in Table 11. Blue segments represent thrust arcs, and white segments represent

coast arcs. Note the presence of many zero-length arcs. The red diamond is the true longitude

where Apophis is encountered (in the nominal case).
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Figure 37: Plot of the thrust vector azimuth as a function of the true longitude relative to

departure for 3 of the solutions solutions in Table 11.

Figure 38: This figure contains approximate slices for the maximisation of the lower expec-

tations, and the minimisation of the threshold on the propellant mass νm. The remaining

thresholds ν∆r and ν∆v are fixed to 0.007 AU and 250 m/s, respectively. These figures are

obtained by only showing the points for which each of the lower expectations is higher than

95%, as in Fig. 26. Obtained using Np = Na = Ns = 220, and 200 initial training points.
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6.10. Execution Times860

The execution time was split into four parts: the computation of E, the

control map, the threshold map, and running MACS on the surrogate model.

The following times were obtained in Matlab® 2018b on a Windows 10 computer

with Intel(R) Core(TM) i7-8700 @3.2GHz and 8GB of RAM.

• Running MACS on the surrogate model takes about 27 seconds per itera-865

tion with 10000 function evaluations for the first test case. For the second

test case, it took 15 seconds per iteration with the same settings, due to

the lower dimensionality of the search space.

• The control map (Problem (40)) took about 4.4 seconds, to calculate y

from z.870

• Solving Problem (26) to obtain E from y took on average 390.3 estimates

of E and 11.7 seconds for the first test case (variable thrust and Isp), for

an average of 0.030 seconds per estimate of E. For the engine outage

test case, there was an average of 139.5 evaluations of E (lower due to

the smaller number of uncertain variables) and about 15.1 seconds, for an875

average of 0.108 seconds per estimate of E (higher because the calculation

of the QoIs for the quasi-Monte-Carlo estimation of E could not be fully

vectorised).

• The computation of the threshold map, requiring the estimate of h and h,

took on average 0.45 seconds for test case 1 and 0.50 seconds for test case880

2.

There are in total 200 points for which E is calculated, 100 for the initial

surrogate, and NS = 10 per iteration, there having been 10 iterations. Both

test cases took approximately 1 hour to run. Despite the outage scenario having

fewer dimensions in the uncertainty space, this is counter-acted by the difficulty885

in vectorising the code that applies the outage conditions, which in Matlab can

make a significant difference in the execution time.
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6.11. Remarks on Accuracy of the Results

Although a formal convergence theory was not derived it is important to

remark some features of our results that come, by construction, from the way890

the method was devised.

• Since each uncertain variable is modelled with a p-box and the upper and

lower probability of each p-box are modelled with Bernstein polynomials,

the range of probability distributions within each p-box depends on the

degree of the Bernstein polynomials.895

• The lower expectation is minimal with respect to the set of distributions

that can be represented with Bernstein polynomials of a given degree

defined on a bounded support. Thus our results are valid for every distri-

bution in that set. This implies that a Monte Carlo simulation drawing

samples from any distribution, within that set, that is not minimal would900

return a higher expectation.

• From the error analysis on the minimisation of the expectation and on the

convergence of the surrogate one can expect an average error of < 10%

on the value of the lower expectation. This error does not necessarily

correspond to an outer approximation of the lower expectation but is905

deemed to be sufficient to compute an optimal solution. Once a solution

is available one can invest more computational resources to further refine

the computation of the lower expectation.

• The control law is optimal within the reduced control space defined by the

dimensionality reduction technique. Thus no consideration can be made910

on control laws that are outside this reduced space.

7. Conclusions

This paper has presented a method for obtaining robust solutions for the

optimal control problem of finding a trajectory to rendezvous with an asteroid.
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The uncertainty was modelled using lower expectation, a method which allows915

taking into account epistemic uncertainty. A method was proposed to solve

the optimisation problem required to calculate lower expectation, a NP-hard

problem, with polynomial complexity on the number of uncertain variables.

It was also shown to be efficient and accurate when compared to traditional

combinatorial optimisation methods.920

We also introduced threshold mapping, a novel method to improve the ef-

ficiency of the many-objective search process, and showed that it improves the

quality of the results without significant increase in computational time.

This method could be applied to any design problem subject to epistemic

uncertainty with multiple conflicting objectives. As future work we will consider925

improvements to the optimisation process, such as improving the efficiency of

the lower expectation calculation, and introducing constraints to the family of

distributions such as a minimum value of the integral for some subset of Ξ, to

represent any information that might be available in an otherwise epistemically

uncertain system. Theoretical work is also required to prove the convergence of930

the surrogate mapping the decision variables, handled by the optimiser, and the

value of the lower-expectation. In the paper we simply validated the result of the

surrogate and only empirically demonstrated the convergence. The dimension-

ality reduction approach could be further extended to remove the dependency

on the uncertainty space, as we preliminarily demonstrated in [24].935

Note that the results presented in this paper are illustrative of the way the

method can be used to design space missions. The choice of the uncertainty

on thrust and initial conditions led to large errors in velocity at the rendezvous

point in the worst case as the tacit assumption is that no feedback information

is available along the trajectory but the realisations of the uncertain variables940

are not know a priori. The approach presented in this paper provides the single

control law that is optimal for a set of realisations. The control map, however,

would allow a different use of the method as it provides a family of control

laws for which the terminal conditions are satisfied if the realisation of each

uncertainty variable is known a priori. To be noted that the focus of this paper945
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is to find a control law for a given transfer under uncertainty. In order to

extend the applicability of the method one would need to include other static

parameters, like the start and end date of the transfer, in the control map.

Furthermore, one can simulate the acquisition of observations along the tra-

jectory. This would introduce a feedback and a further reduction in the effect950

of uncertainty on the terminal conditions.
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Appendix A. Lemmas

This Appendix contains proofs for lemmas 1 and 2. The lemmas themselves

are also repeated here for clarity.

Lemma 1. If E is defined using the family Pm, there is always at least one1095

distribution p̂ ∈ Pj such that E(I) = E(I; p̂).

Proof. The problem of finding E with P = Pm can be written as

min
c

∑
j∈J

λjcj, (A.1)

where

λj =

∫
Ξ

I(ξ)Bj(τ(ξ))dξ = E(I;Bj). (A.2)

This is a linear problem. Let j̃ be such that λj̃ = minj λj. The original

problem can be written as:1100

min
c
λj̃ +

∑
j∈J

(λj − λj̃)cj ≥ λj̃. (A.3)

It is now evident that minc

∑
j∈J λjcj = λj̃ = E(I;Bj̃). Since Bj̃ ∈ Pj , the

lemma is proven.

Lemma 2. If E is defined using the family Pu, there is always at least one

distribution p̂ ∈ Pj such that E(I) = E(I; p̂).1105

Proof. Any distribution p̂ ∈ Pj can be defined in terms of Pu by choosing a

coefficient vector ĉ such that each marginal distribution is a basis function,

∀k∃j̃ : ĉ
(k)

j̃
= 1 and ĉ

(k)
j = 0 ∀j 6= j̃. (A.4)

Let c̃ be a vector such that E(I) = E(I, pu(ξ; c̃)), but which does not satisfy

Eq. (A.4). We will show that it can be used to obtain a vector ĉ that satisfies

both E(I) = E(I, pu(ξ; ĉ)) and Eq. (A.4).
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If c̃ does not satisfy that constraint, then for at least one s, c̃(s) must

have more than one non-zero element. Consider the problem of optimising1110

minc(s) E(I; pu(ξ; c)), where all elements of c are fixed except for those in c(s).

This can be written as

min
c(s)

qs∑
j=0

λjc
(s)
j , (A.5)

where

λη =

∫
Ξ

I(ξ)
∏
k 6=s

qk∑
j=0

[
bj;qk(τk(ξk))c̃

(k)
j

]
bη;qs(τs(ξs))dξ. (A.6)

1115

This is a linear problem. This part of the proof proceeds similarly to Lemma

1. Let j̃ be such that λj̃ = minj λj . The original problem can be written as:

min
c(s)

λj̃ +

qs∑
j=0

(λj − λj̃)c
(s)
j ≥ λj̃ . (A.7)

It is now evident that minc(s)

∑qs
j=0 λjc

(s)
j = λj̃ , which can be obtained by

making c
(s)

j̃
= 1 and c

(s)
j = 0 ∀j 6= j̃. Altering c̃ in this way does not change1120

the value of E, since c̃ minimised E(I, pu(ξ; c)), it must have also minimised

Problem (A.5), and so
∑qs
j=0 λj c̃

(s)
j = λj̃ .

Repeating this process for all s for which c(s) has more than one non-zero

element, results in a new vector ĉ which satisfies Eq. (A.4), and for which

E(I, pu(ξ; ĉ)) = E(I, pu(ξ; c̃)) = E(I).1125

Appendix B. Accuracy of Linear Interpolation Estimate of C−1
k

Let f be a monotonically increasing function that is estimated using linear

interpolation. The nodes for interpolation are x0 < x1 < · · · < xN . If a query
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point x is such that xi ≤ x ≤ xi+1, the value of f(x) is estimated as1130

f̃(x) =
x− xi

xi+1 − xi
f(xi) +

xi+1 − x
xi+1 − xi

f(xi+1) . (B.1)

Evidently, this estimate obeys f̃(x) ∈ [f(xi), f(xi+1)]. Due to the mono-

tonicity of f , the exact function value f(x) also lies in this interval. Therefore,

the error of the linear interpolation estimate for this query point cannot be

greater than f(xi+1) − f(xi), so an upper bound of the error for any query

point x is1135

∣∣∣f̃(x)− f(x)
∣∣∣ ≤ max

i
f(xi+1)− f(xi) . (B.2)

Now let f = C−1
k , which is a monotonically increasing function. This func-

tion is being approximated with linear interpolation by calculating values of its

inverse f−1 = Ck. Let values y0 < · · · < yN be such that f(xi) = yi. Cal-

culating xi = f−1(yi) = Ck(yi), linear interpolation is applied as previously

described to obtain estimates of C−1
k (x). Following the same reasoning, the1140

error upper bound is maxi(yi+1 − yi). The values of y can be freely chosen,

and so, to minimise this error upper bound they are defined to be equidistant,

simplifying the error upper bound to (yN−y0)/N . Since the domain of function

Ck is the interval [0, 1], y0 = 0 and yN = 1, which simplifies the error upper

bound further to 1/N . In this work, N = 10000, which produces a very small1145

error upper bound.

Appendix C. Nomenclature

Symbols used in this paper, ordered alphabetically, with Latin letters first

and Greek letters afterwards. We mostly follow the convention that lower-case

letters represent scalar quantities, bold lower case letters represent vector quan-1150

tities, and upper-case letters represent sets. Exceptions are the quantities E, E,

Isp, P1, P2, Q1, Q2, and T which are scalar quantities despite being upper-case

letters, and F which is a vector quantity. Every bold letter represents a vector

quantity.Whenever a variable appears both in normal and bold form, such as ν
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and ν, the latter is a vector of the former, so only the normal letters are shown1155

in this list for brevity. Symbols where diacritics, subscripts or superscripts are

added to distinguish from another symbol to represent different quantities of

the same type are not repeated in this list either.

a Semi-major axis

Bj;q or Bj Multivariate Bernsten basis polynomial1160

b System dynamics depending on x only

bj;q Univariate Bernstein basis polynomial

c Coefficient vector

d Controllable system dynamics

E Lower expectation1165

E Mathematical expectation

e Orbital eccentricity

F Stochastic process affecting system dynamics

f System dynamics depending on x, u and ξ

g Vector of path constraints1170

H Target set for quantity of interest h

h Quantity of interest

I Indicator function of a target set

Isp Specific impulse

J Set of multi-indices (vectors of indices)1175

j Index of basis function

L True longitude

LHSU Latin Hypercube Sampling from a Uniform distribution

m System mass

mp Propellant mass spent1180

N Number of sample points

NB
k Multi-index neighbourhood defined in Eq. (35)

NS
k Multi-index neighbourhood defined in Eq. (36)

NE Number of evaluations of E performed to estimate E.
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Na Size of the archive used by MACS1185

Np Number of agents used by MACS

Ns Number of points returned by MACS that are evaluated and used to

update the model at each iteration

Ninit Number of initial training points for the surrogate model

Nre−train Number of re-training iterations, i.e., number of times MACS is run1190

and the surrogate model is updated

nξ Number of uncertain variables

nf Number of surrogate model evaluations by MACS

P1, P2 In-plane equinoctial elements

P Set of probability density functions1195

p Probability density function

PDF Probability density function

Q1, Q2 Out-of-plane equinoctial elements

q Polynomial degree

QoI Quantity of Interest1200

r Heliocentric distance

s Auxiliary variable

T Thrust magnitude

t Time

tD Departure time1205

U Space of control laws

u Control law

v∞ Magnitude of the hyperbolic excess velocity

x State vector

Y Set of control law transcriptions1210

y Control law transcription

z Proxy control vector, which is passed to a control map to obtain a control

vector y.

α Thrust azimuth

β Thrust declination1215
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γ Azimuth of the hyperbolic excess velocity

∆r Distance to target

∆v Relative speed to target

δ Declination of the hyperbolic excess velocity

ε Vector of constants1220

ηi Auxiliary functions used to model stochastic processes

θ True anomaly

λ Auxiliary variable

µ Standard gravitational parameter

ν Threshold used to define a target set1225

Γ Target set for path constraints g

Ξ Space of uncertain vectors

ξ Uncertain vector

σ Standard deviation

τ Linear function such that τ (ξ) ∈ [0, 1]nξ1230

Φ Target set for cost functions φ

φ Scalar cost function

φL(L) Auxiliary function equal to 1 + P1 sinL+ P2 cosL

Ψ Target set for boundary conditions ψ

ψ Vector of boundary conditions1235
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