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ESA’s Hera mission is planning to land a probe on the surface of the secondary body of the
Didymos binary asteroid system, called Dimorphos, using a ballistic landing strategy. Ballistic
landings can be sensitive to uncertainties in the deployment of the lander and the environment
models. Thus, the design of the ballistic landing trajectory needs to take into consideration
both the minimization of the touchdown velocity and the robustness of the trajectory against
uncertainties. In this research, a landing trajectory design algorithm that accomplishes both
these tasks is developed. This is done using the Generalised Intrusive Polynomial Algebra
(GIPA) method to propagate the uncertainties through the dynamical system. A novel addition
to GIPA is introduced, which is able to obtain the probability distribution of the spacecraft
state over time. The landing trajectory design method is tested using several different landing
area sizes and locations. It is found that there is a large difference between the found minimal
touchdown velocities between landing locations. Furthermore, a larger allowed landing area
results in more deployment states being allowed, at the expense of higher touchdown velocities.
The algorithm developed here thus allows for the design of robust ballistic landing trajectories
for landing on small bodies like Dimorphos.

I. Nomenclature

𝑐𝑖 = 𝑖th Polynomial coefficient
𝐶 = Jacobi constant
E[𝑎] = Expected value of variable 𝑎

𝐻𝑖 = Probabilistic Hermite Polynomial of degree 𝑖
𝑃𝑛,𝑑 = Polynomial of degree 𝑛 in 𝑑 variables
𝑈 = Potential energy
𝑣𝑙 = Touchdown velocity
𝑣𝑙𝑏, 𝑣𝑢𝑏 = Lower and upper velocity bound for the bisection algorithm
𝑉 = 3rd Body velocity
𝝃 = Uncertainty vector
𝛼𝑖 = 𝑖th Degree polynomial basis function
𝜙, 𝜆 = Latitude and longitude
𝜎 = Standard deviation
Σ = Covariance matrix
Ω𝒙0 = Set of possible initial states 𝒙0
Ω𝝃 = Set of possible uncertainty vectors 𝝃

II. Introduction
A combined NASA and ESA multi-spacecraft mission (called DART and Hera respectively) plans to send a set

of spacecraft to binary asteroid (65803) Didymos. The objectives of these missions and collaboration are threefold
[1]: to investigate the possible planetary defence strategy of a kinetic impactor, increase our knowledge on small solar
system bodies, and improve the technology needed for future asteroid missions. The DART mission itself was launched
in November 2021 and will perform the kinetic impact with the secondary body of the system, Dimorphos. ESA’s
contribution, Hera, plans to arrive at the asteroid approximately 5 years later to investigate the effect of DART’s kinetic
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impact in more detail and perform additional scientific observations. As part of the Hera mission, two CubeSats are
planned to be released from the mothership once arrived, and orbit the system closely to perform detailed scientific
observations. For one of the CubeSats, Juventas [2], the plan is to land on to the surface of Dimorphos at the end of the
mission lifetime. During the descent of Juventas, the on board camera’s will take pictures of the surface of Dimorphos
and possibly the impact site of DART. The gravimeter, IMU, and gyro’s are further used to capture the landing to get a
better understanding of the composition of Dimorphos.

Previous landings on minor solar system bodies were attempted by Hayabusa [3], Rosetta [4], Hayabusa 2 [5],
and OSIRIS-REx [6]. The main difficulties with the design of a landing system are the non-linear dynamics and the
uncertainties in the physical properties of the system. Specifically, for a landing on the secondary body in a binary
system, the procedure can be complicated due to the low gravitational forces and the large influence of the primary
body. A ballistic landing, i.e. no position and velocity control maneuvers during the landing, can be preferential as it
removes the need for a dedicated guidance, navigation, and control system. This significantly reduces the complexity
and mass of the lander, which is a key limitation of the 6U Juventas CubeSat. However, this does require a robust
landing trajectory design as the lander will not have the capabilities to counter any unforeseen dynamical disturbances
and modelling errors. The dynamics of a spacecraft in a binary system is complicated and usually modeled using the
circular restricted three body problem (CR3BP) model. Despite its complexities, solutions of the CR3BP can present
favourable conditions for ballistic landings. This was shown in [7], where it was discussed how the stable and unstable
manifolds around the co-linear Lagrange points of the CR3BP, specifcally 𝐿2, can be used as minimal energy gateways
to the surface of the secondary when deploying a lander around the 𝐿2 point. The robustness of this strategy was further
investigated in [8], where a deployment success rate was determined when considering off-nominal conditions for
deployment from 𝐿2. The work done in [9] looked further at the change of the invariant manifolds for close observation
and landing when considering non-spherical bodies and different rotational rates. It was found that the elongation of the
body and the rotational rate of the asteroid have a significant impact on the amount of trajectories being able to land on
the surface. A novel method to determine minimal touchdown velocity landing trajectories that are deployed further
from the binary system was developed in [10]. This method allows for targeting specific landing locations on the body
and generates trajectories where the deployment can happen further away from the body. The investigation for ballistic
landing trajectories specifically on the secondary of the Didymos system has seen an increase in interest in recent years
for the contribution to the Hera mission, see e.g. [11] and [12].

In this work, the previous algorithm developed in [10] is expanded to meet the robustness requirements of ballistic
landing trajectory design. Due to the fact that the observation of asteroids includes large errors, and that the deployment
mechanism, being either a spring release or a impulsive maneuver, can result in off-nominal initial states, it is important
to include the effect of these uncertainties in the design of landing trajectories. Previous research (e.g. [8] and [12])
performed the trajectory design initially using only a nominal model of the system and only afterwards investigated the
effect of uncertainties. In this work, these two analyses are combined to estimate the landing trajectory that has minimal
touchdown velocity for a specific landing area, given all the uncertainties present in the system. To accomplish this,
an uncertainty propagation technique is required that is more accurate than the linearized covariance analyses (as the
uncertainties might be too large) and more efficient than the conventional Monte Carlo analysis, while being able to
create an approximation of the dynamical system. A widely used method in spaceflight mechanics is the polynomial
algebra technique, which creates a polynomial approximation of the initial uncertainty set and propagates this set using
an algebra constructed over the space of polynomials to obtain an approximation of the dynamics. This method was first
developed using an algebra over Taylor polynomials, and was called differential algebra (DA) [13], or Jet Transport (JT)
[14]. This was further expanded to a Chebyshev basis to make use of its greater approximation characteristics [15],
and then generalized for any desired polynomial basis by [16]. This general method is called Generalised Intrusive
Polynomial Algebra (GIPA), and will be used in this work. Another contribution of this paper is an addition to the GIPA
technique, which allows the statistical moments to be obtained efficiently from the resulting polynomial approximation.

This paper is organized as follows. In section III, the dynamics of the binary asteroid system Didymos are discussed.
Following this, in section IV GIPA is explained in more detail, including a novel method to obtain an approximation of
the probability distribution along the whole trajectory. Section V will explain further how GIPA is used to find robust
ballistic landing trajectories. The results of this algorithm are then finally discussed in section VI and a conclusion will
be given in VII.
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Table 1 Relevant physical parameters of the Didymos system, taken from [17].

System mass 5.28 (± 0.54) ·1011 kg
Mass ratio 0.0093 ± 0.0013
Didymos Diameter 780 m ± 3 m
Didymos Rotational Period 2.26 h ± 0.0001 h
Dimorphos Diameter 164 m ± 18 m
Dimorphos Orbital Period 12 h
Body separation distance 1.19 km

III. Dynamical Modelling
The binary asteroid system (68503) Didymos consists of two bodies, the primary body called Didymos and the

secondary body Dimorphos. Some of the relevant physical properties of the binary system are given in table 1. Both
Didymos and Dimorphos rotate around a single axis pointing orthogonal to the binary’s orbital plane, where Dimorphos
is tidally locked with Didymos, meaning that the same face of Dimorphos is always facing towards Didymos. In this
work, a synodic reference frame that rotates together with the orbit of Dimorphos is considered. The origin of this
frame is located in the barycentre of the system, the x-axis points towards Dimorphos, the z-axis to the orbit normal,
and the y-axis completes the right-handed frame (see figure 1).

To determine the equation of motion of a spacecraft in the Didymos system, the circular restricted three-body
problem (CR3BP) is used, where it is assumed that the mass of the third body (in this case the spacecraft) is negligible
compared to the masses of the other bodies. Furthermore, it is also assumed that the binary orbit is constrained to a
circular orbit, which is in close agreement with observations of the Didymos system [18]. The equations of motion of
the CR3BP are defined as [19]:

¥𝑥 − 2 ¤𝑦 =
𝜕𝑈

𝜕𝑥
, (1)

¥𝑦 + 2 ¤𝑥 =
𝜕𝑈

𝜕𝑦
, (2)

¥𝑧 = 𝜕𝑈

𝜕𝑧
. (3)

Here, the mass parameter 𝜇 = 𝑚2/(𝑚1 + 𝑚2), the body separation distance 𝑅, and the time constant 1/𝑛 (where 𝑛

is the mean motion of Dimorphos) were used to obtain dimensionless parameters and simplify the equations to only
include 𝜇 and the dimensionless coordinates 𝑥, 𝑦, and 𝑧. The potential function 𝑈 consists of both the gravitational
potential and the rotational part of the equations of motion. For the goals of this research, the spherical gravity models
are used for simplicity and computational efficiency. The potential is thus given as follows:

𝑈 =
1
2
(𝑥2 + 𝑦2) + 1 − 𝜇

𝑟1
+ 𝜇

𝑟2
, (4)

where 𝑟1 and 𝑟2 represent the distance from the spacecraft to the primary and secondary, respectively.
The CR3BP allows an integral of motion called Jacobi’s constant, given by [19]:

𝐶 = 2𝑈 −𝑉2, (5)

where 𝑉 is the velocity of the 3rd body. This variable can be seen as an energy measure, where lower values
correspond to higher energy spacecraft trajectories. Constant values of 𝐶 = 2𝑈 give surfaces where the velocity of the
spacecraft is zero and are called zero-velocity surface (ZVS). The ZVS restricts the motion of the spacecraft to certain
regions in space, as is shown by the black lines in figure 1. For high values of 𝐶, the ZVS blocks transport between the
region around the two bodies, and between the inner regions and the region outside of the system (figure 1a). As the
energy of trajectories increases (decreasing value of 𝐶), the region near the first Lagrange point 𝐿1 opens up to allow
transport between the two bodies (figure 1b). Increasing the energy even further opens up the 𝐿2 point, which then
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(a) 𝐶 = 3.17. (b) 𝐶 = 3.15.

(c) 𝐶 = 3.13. (d) 𝐶 = 3.01

Fig. 1 The ZVS plotted for three different Jacobi constant values.

allows for the spacecraft to enter the inner region of the binary system (figure 1c). Then, as 𝐶 decreases more, the ZVS
opens at the 𝐿3 point (figure 1d). For a given trajectory to be able to land on the surface of the secondary, 𝐶 must have a
sufficiently low value such that the ZVS is not blocking access to the surface through the 𝐿2 point [7]. Then the stable
and unstable manifolds of the 𝐿2 point can present feasible trajectories for landing.

IV. Uncertainty Propagation
The design of a certain landing trajectory is based on a nominal environment model and a single initial state vector

𝒙. However, imperfections in the insertion strategy and uncertainties stemming from Earth-based observations of the
system result in off-nominal conditions when performing the landing maneuver. The effect of these uncertainties on the
landing trajectories can be investigated by using uncertainty propagation (UP) techniques. In this research, the GIPA
method is used, which will be described in detail as follows.

A. Generalised Intrusive Polynomial Algebra
Consider a compact set Ω𝝃 , which represents all possible values of the uncertainty vector 𝝃, containing all the

uncertain variables. A specific realisation of 𝝃 at time 𝑡0 gives the initial state 𝒙(𝑡0) = 𝒙0. The set of all possible initial
states from realisations of 𝝃 is given by:

Ω𝒙0 = {𝒙(𝑡0, 𝝃) | ∀ 𝝃 ∈ Ω𝝃 }. (6)

The goal is then to obtain 𝐹𝑡 (𝝃) which propagates this set through the nonlinear dynamical system 𝒇 (𝒙, 𝑡), given as
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follows:

𝐹𝑡 (𝝃) = {𝒙(𝑡, 𝝃) | 𝒙(𝑡, 𝝃) = 𝒙0 +
∫ 𝑡

𝑡0

𝒇 (𝝃, 𝜏)𝑑𝜏 ∀ 𝝃 ∈ Ω𝝃 }. (7)

A perfect representation of this set would require an infinite number of samples to be propagated, thus it is required
to approximate this set. If 𝒙𝑡 is continuous in 𝝃 and the set is compact, 𝐹𝑡 (𝝃) can be approximated using a polynomial:

�̃�𝑡 (𝝃) = 𝑃𝑛,𝑑 (𝝃) =
N∑︁
𝑖=0

𝑐𝑖 (𝑡)𝛼𝑖 (𝝃), (8)

where 𝛼𝑖 (𝝃) are a set of multivariate polynomial basis functions, 𝑐𝑖 (𝑡) are the corresponding coefficients, and
N =

(𝑛+𝑑
𝑑

)
is the number of terms of the polynomial, where 𝑛 is the degree of the polynomial and 𝑑 is the number of

variables.
In this work, the generalised intrusive polynomial algebra (GIPA) is used to obtain Eq. (8), which was developed in

[16]. GIPA starts by selecting a specific polynomial basis 𝛼 and approximate the initial set Ω𝒙0 using the polynomial
constructed from the basis functions 𝛼. Then to obtain the set at future times, the space of polynomials P𝑛,𝑑 (𝛼) needs to
be equipped with a set of elementary arithmetic operations, which enables the use of (numerical) integrators to propagate
the set through the dynamical system. Instead of defining a specific set of operations for each different polynomial basis,
a change of basis is performed to a monomial basis 𝜙. The main advantages of this is that it significantly reduces the
computational cost and makes sure that only one set of elementary arithmetic operations needs to be implemented [16].
A set of elementary functions, ⊗, corresponding to similar operations in a floating point algebra, ⊕ ∈ {+,−, ·, /}, is
combined with the function space P𝑛,𝑑 (𝜙) to create an algebra. Then, given any two functions 𝑓𝑎 and 𝑓𝑏, and their
polynomial approximations 𝐹𝑎 and 𝐹𝑏, the same operations between the two functions in the floating point algebra can
be represented in the polynomial algebra:

𝑓𝑎 ⊕ 𝑓𝑏 ∼ 𝐹𝐴 ⊗ 𝐹𝐵. (9)

Besides the set of elementary operations, a set of elementary functions ℎ(𝑦), e.g. {1/𝑦, sin(𝑦), exp(𝑦), log(𝑦), etc.},
need to be represented in the algebra as well. This can be done using the composition operator as follows:

ℎ( 𝒇 (𝒙)) ∼ 𝐻 (𝑦) ◦ 𝐹 (𝒙), (10)

where 𝐻 (𝑦) is the univariate polynomial representation of ℎ(𝑦) and 𝐹 (𝒙) the polynomial algebra representation of
the multivariate set 𝒇 (𝒙). The composition operator is defined as follows:

◦ : P𝑛,1 (𝜙) × P𝑛,𝑑 (𝜙) → P𝑛,𝑑 (𝜙). (11)

The method by which 𝐻 (𝑦) is obtained for the different elementary function depends on the specific chosen
polynomial basis and is of importance to the efficiency and accuracy of the method. For a Taylor polynomial basis,
a truncated Maclaurin series is used for the approximation. This approximation can be analytically obtained, which
increases its computational efficiency, however it loses its accuracy away from the expansion point and doesn’t handle
discontinuities well. For a Chebyshev basis, an order 100 Chebyshev interpolation is used, which is more accurate
over the whole range of the expansion, however being less computationally efficient compared to the Maclaurin series.
For the Chebyshev interpolation an estimation of the range over which the expansion is taken is needed. This range
estimation can either be done by taking the magnitude of the polynomial coefficients, or by taking a set of uniformly
distributed random samples from the polynomial and saving the maximum and minimum values. It was shown in [16]
that the coefficient based method results in an overestimation of the range, which decreases the accuracy. The sampling
based method does not suffer from this drawback, however it is less efficient then the coefficient based method. In this
work both methods will be considered.

The basic process of using GIPA for uncertainty propagation is then as follows. First a polynomial approximation is
taken over the uncertain variables at the initial time using a specifically chosen basis. This basis is then transformed to
the monomial basis to be able to use the general set of elementary operations, while using the elementary function
approximation methods of the chosen polynomial basis. Using the desired numerical integrator, e.g. Runge-Kutta
4, the set can be propagated to the final desired time, using the algebra to replace each elementary operation and
elementary function in the integrator and dynamical system. The convenience of this method is that no significant
changes need to be made to the implementation of the methods that are normally used to propagate a single trajectory,
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as only the elementary operations and functions need to be replaced, which can be done in several different coding
languages by overloading the operations. In this research, the SMART-UQ package is used for this [20], which contains
implementations of the algebra for various different polynomial bases.

B. Statistical Analysis
The sets discussed in section IV.A do not contain any statistical information. These sets are all a representation

of all possible states that can occur due to the uncertainties present in the system, where the uncertainties are only
characterized by an interval. To obtain information on the likelihood of certain events happening or states being realized,
a set of samples need to be generated from the desired probability distribution and propagated using the polynomial.
This is more efficient than other methods like the Monte Carlo method to obtain information on the time evolution of the
distribution, but can still be computationally complex when a large number of samples are required to be drawn due to
large sets or complex dynamics.

In this work, a novel method is introduced that obtains the desired statistical information from the results of the
GIPA method. This technique is based on the Polynomial Chaos Expansion (PCE) method, which represents a random
variable in terms of a set of polynomials [21]. The specific polynomials are chosen such that they are orthogonal with
respect to a weight function that represents the joint probability density function (pdf) of the random variable. In [22],
an overview is given of the specific type of polynomials that represent different distributions. In this work, only the
Hermite polynomial is considered, which represents a Gaussian pdf.

In PCE, the coefficients of the polynomial, representing the distribution of the random variable at a certain point in
time, can be found by using several different methods, like Galerkin projection or least squares estimation [23]. In the
method discussed here, the coefficients are obtained by performing a basis transformation from the GIPA obtained
polynomial (in a monomial basis) to the desired basis representing a specific pdf, in this case the Hermite basis (𝜂),
represented as follows:

𝑃𝑛,𝑑 (𝝃) =
∑︁

𝒊, |𝒊 | ≤𝑛
𝑐𝜙,𝒊 (𝑡)𝜙𝒊 (𝝃) =

∑︁
𝒊, |𝒊 | ≤𝑛

𝑐𝜂,𝒊 (𝑡)𝐻𝒊 (𝝃). (12)

where 𝐻 is the probabilistic Hermite polynomial and the index vector 𝒊 is defined in [24]. This basis transformation
is performed using the following relationship [25]:

𝑥𝑛 = 𝑛!
𝑛/2∑︁
𝑚=0

1
2𝑚𝑚!(𝑛 − 2𝑚)!𝐻𝑛−2𝑚 (𝑥). (13)

From the polynomial in Hermite basis, given in Eq. (12), the orthogonality condition of the basis can be exploited to
obtain an analytical expressions for the first and second moment of the distribution [23]. The solution for the mean can
be obtained using the fact that E[𝐻0] = 1 and E[𝐻𝑖] = 0, ∀𝑖 ≠ 0, which results in:

E[𝐹𝑡 (𝝃)] ≈ E[�̃�𝑡 (𝝃)] =
∫
Ω𝝃

©«
∑︁

𝒊, |𝒊 | ≤𝑛
𝑐𝜂,𝒊 (𝑡)𝐻𝒊 (𝝃)

ª®¬ 𝜌(𝝃)𝑑𝜉 = 𝑐𝜂,0, (14)

The covariance matrix can be obtained similarly, using the orthonormality of 𝐻𝑖 with the probability measure 𝜌:

Σ(𝑡) =
∫
Ω𝝃

©«
∑︁

𝒊, |𝒊 |≠0
𝑐𝜂,𝒊 (𝑡)𝐻𝒊 (𝝃))

ª®¬ · ©«
∑︁

𝒊, |𝒊 |≠0
𝑐𝜂,𝒊 (𝑡)𝐻𝒊 (𝝃)

ª®¬
𝑇

𝜌(𝝃)𝑑𝜉 =
∑︁

𝒊, |𝒊 |≠0
𝑐𝜂,𝒊 (𝑡) · 𝑐𝑇𝜂,𝒊 (𝑡). (15)

Thus, using the uncertain dynamical model obtained by the GIPA method, and the statistical moments obtained
from the basis transformation explained here, an analysis can be made of both the dynamics and statistics of the ballistic
landing trajectory.

V. Robust Landing Trajectory Design
In [10], a bisection algorithm to find ballistic landing trajectories was discussed. An upper and lower bound for

the touchdown velocity was selected based on the velocity needed to open up the 𝐿2 point. Then, for a given latitude
and longitude on Dimorphos, a trajectory is generated by selecting a velocity in the middle of the velocity bounds and
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propagating the motion backwards in time from the surface to a safe deployment point away from the system. Based on
the resulting trajectory, a set of criteria is used to determine if the currently selected velocity should be the new upper
or lower bound for the next trajectory. This process is repeated until the velocity interval is sufficiently small. This
analysis was extended to include uncertainties in the GNC system and Dimorphos density in [26], where a Monte Carlo
analysis was performed to determine the robustness of certain trajectories previously found. However, this only tests
trajectories for their robustness, instead of finding specific trajectories that are more robust. In this work, the goal is to
find trajectories that are specifically robust against both uncertainties in the initial conditions and in the environment
models.

Fig. 2 Diagram explaining the robust trajectory design algorithm. The gray ellipse is Dimorphos and the dark
area on its border is the desired landing area. The large dashed ellipses are a representation of the uncertain
position set of the lander.

The algorithm defined here aims to find a minimum touchdown velocity 𝑣𝑙 for a given area in which the spacecraft
is allowed to land. This is done by first selecting a nominal landing latitude 𝜙 and longitude 𝜆, and defining the allowed
uncertainty in both these parameters (𝜎𝜙 , 𝜎𝜆). Next to this, the estimated uncertainty in both the gravitational parameter
of Didymos and Dimorphos is also used as an input (𝜎𝜇𝑝

, 𝜎𝜇𝑠 ). The lower bound for the touchdown velocity is then
taken to be the minimum velocity needed to open up the ZVS around the 𝐿2 point, for which an estimate is given by [10]:

𝑣𝑙𝑏 =

√︂
𝑥2 + 𝑦2 + 2

1 − 𝜇

𝑟1
+ 2

𝜇

𝑟2
− 𝐶𝐿2 , (16)

where 𝐶𝐿2 is the estimated value of the Jacobi constant at the 𝐿2 point. For Dimorphos, the initial 𝑣𝑙𝑏 is around
3.2 𝑐𝑚/𝑠. The upper bound for the velocity 𝑣𝑢𝑏 is then taken to be a sufficiently large multiple of the lower bound. The
initial guess for the touchdown velocity 𝑣𝑙 is taken as the middle point of the interval spanned by 𝑣𝑙𝑏 and 𝑣𝑢𝑏. Using
the GIPA method, the uncertainties are then converted into a polynomial approximation and propagated backwards in
time using the algebra, see figure 2. During the propagation, the distance between the surface of Dimorphos and the
lower bound of the state uncertainty, 𝑟𝑙𝑏, is checked. If this lower bound is below the surface of Dimorphos (surface
radius given by the sphere 𝑟𝑠𝑢𝑟 𝑓 ), then the propagation is stopped and the current touchdown velocity becomes the
lower bound for the next propagation (see trajectory B in figure 2). If the lower bound reaches a pre-defined safe
deployment distance from Dimorphos, 𝑟𝑑𝑒𝑝, the propagation stops and the current touchdown velocity becomes the
following touchdown velocity upper bound (see trajectory A in figure 2). If after a maximum of 12 hours both of these
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events haven’t happened, the propagation is stopped and the lower bound will be changed to the current touchdown
velocity. This process is continued until the lower and upper bound of the touchdown velocity are sufficiently close
(less then the value of 𝑇𝑂𝐿, which is taken as 1𝑒 − 10). The algorithm then saves 𝑣𝑙 , the lower bound of the Jacobi
constant 𝐶𝑙𝑏, and the standard deviation of the position and velocity, 𝜎𝑟 and 𝜎𝑣 respectively, obtained using the method
explained in section IV.B. A summary of this process can be found in algorithm 1. The result is a set of deployment
conditions that will be able to land in the desired area of landing with a minimal touchdown velocity.

Algorithm 1 Robust trajectory design algorithm
Set 𝑣𝑙𝑏, 𝑣𝑢𝑏
Set 𝜙 ± 𝜎𝜙 , 𝜆 ± 𝜎𝜆

Set 𝜇𝑝 ± 𝜎𝜇𝑝
, 𝜇𝑠 ± 𝜎𝜇𝑠

while |𝑣𝑢𝑏 − 𝑣𝑙𝑏 | < 𝑇𝑂𝐿 do
𝑣𝑙 = (𝑣𝑢𝑏 + 𝑣𝑙𝑏)/2
Propagate Ω̃𝑥 𝑓

→ Ω̃𝑥0

if 𝑟𝑙𝑏 < 𝑟𝑠𝑢𝑟 𝑓 then
𝑣𝑙𝑏 = 𝑣𝑙

else if 𝑟𝑙𝑏 > 𝑟𝑑𝑒𝑝 then
𝑣𝑢𝑏 = 𝑣𝑙

else
𝑣𝑙𝑏 = 𝑣𝑙

end if
end while

VI. Results
In this section, two different landing locations are considered, and two different landing area sizes will be investigated.

For both the gravitational parameter of Didymos and Dimorphos an uncertainty of 10 percent is taken into account.
To test the influence of the different polynomial bases for the expansion of the dynamics, three different setups are
considered here: Taylor basis, Chebyshev basis with coefficient based range estimation (CRE), and Chebyshev basis
with sample based range estimation (SRE). For the SRE, only for the approximation of the elementary functions ℎ(𝑦)
will the sampling be used. For estimating the lower bound of the state to determine if the set has reached the deployment
range, the CRE method is used to make sure that the whole set has reached deployment as the CRE overestimates the
range compared to the underestimation of the SRE. For all bases, after experimentation a polynomial degree of 4 was
determined to be optimal. The deployment position is chosen to be from a region around 1500𝑚 away from the center
of Didymos, to correspond to a scenario where the CubeSat is orbiting the system at a safe distance before performing a
landing deployment maneuver.

Three different test cases will be analysed: 𝜙 = 𝜆 = 0°; 𝜎𝜙 = 𝜎𝜆 = 10° (case 1), 𝜙 = 70°; 𝜆 = 0°; 𝜎𝜙 = 𝜎𝜆 = 10°
(case 2), and 𝜙 = 𝜆 = 0°; 𝜎𝜙 = 𝜎𝜆 = 25° (case 3).

A. Case 1
For case 1, a nominal landing location of 𝜙 = 𝜆 = 0° is chosen, with a landing area uncertainty size of 10 degrees in

both coordinates. The found touchdown velocity 𝑣𝑙 together with the lower bound of the Jacobi constant for the set
𝐶𝑙𝑏 (thus the highest energy trajectory of the set), the standard deviation for the deployment position 𝜎𝑝 and velocity
𝜎𝑣 (found using the Hermite basis transformation), and the flight time 𝑡𝑙 are shown in Table 2. A set of 250 sample
trajectories taken from the resulting polynomials are also shown in figure 3. As this is the landing location facing the 𝐿2
point, it is expected that the minimum velocity is close to the minimum velocity needed to open up this point, mentioned
in section V. All three basis setups show similar results where the minimum found touchdown velocity is between 4.2
and 4.5 𝑐𝑚/𝑠, which is around 1 𝑐𝑚/𝑠 higher then this 𝐿2 minimum velocity. This extra velocity comes both from that
an uncertain landing area is considered and not a single point, and that the spacecraft is required to reach a deployment
position beyond at 𝑟𝑑𝑒𝑝 beyond the 𝐿2 point. The main difference in the bases results is that a higher standard deviation
is found for the deployment position and velocity of the Chebyshev SRE setup.
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(a) Taylor (b) Chebyshev CRE

(c) Chebyshev SRE

Fig. 3 Samples taken from the resulting polynomials for Case 1 compared with a Monte Carlo simulation.
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(a) Taylor (b) Chebyshev CRE

(c) Chebyshev SRE

Fig. 4 Samples taken from the resulting polynomials for Case 2 compared with a Monte Carlo simulation.
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(a) Taylor (b) Chebyshev CRE

(c) Chebyshev SRE

Fig. 5 Samples taken from the resulting polynomials for Case 3 compared with a Monte Carlo simulation.
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B. Case 2
For case 2, where a higher latitude landing position of 70° is taken, but the uncertain landing area remains the same,

it can be seen from table 2 that the results are significantly different compared to those of case 1. For this higher latitude
case, a touchdown velocity of between 8.3 and 9.55 𝑐𝑚/𝑠 is found, thus showing the need for higher energy trajectories
and thus more of the ZVS opening up to allow these trajectories to land here. As will be shown in section VI.D, the
reason that the Chebyshev CRE shows different results is because it is much less accurate due to the overestimation of
the range happening when the spacecraft is close to the body for a longer flight times. From figure 4, it can also be
observed that due to the higher latitude, the spread of the trajectories in the z-direction is much larger then that of case 1.
This shows as well in table 2, where a higher position and velocity standard deviation is found on average for case 2
compared to case 1. This allows for a wider range of deployment states to be allowed to land in this region.

C. Case 3
Finally, for case 3, the same landing location as case 1 is taken, with a higher value for the uncertain landing area

of 25°. It can be immediately seen from table 2, what the trade-off is for this case. Namely, this case allows for a
higher standard deviation in both the position and velocity, thus allowing a larger range of deployment states. This
can be seen more clearly when comparing figure 3 with figure 5. However, this also results in a significantly higher
touchdown velocity of around 7.8 𝑐𝑚/𝑠. This higher touchdown velocity also results in a generally higher velocity
along the trajectory, resulting in a relatively short duration of the trajectories of between 3 - 4 hours, compared to the
other trajectories from case 1 and 2, which are all 5 - 6.5 hours.

Table 2 Trajectory results for different polynomial bases for the different test cases.

𝑣𝑙 [𝑐𝑚/𝑠] 𝐶𝑙𝑏 [-] 𝜎𝑟𝑑 [𝑚] 𝜎𝑣𝑑 [𝑚/𝑠] 𝑡𝑙 [h]
Case 1:
Taylor 4.20 3.08 117.56 2.84 5.42

Chebyshev CRE 4.47 2.96 121.99 2.58 5.08
Chebyshev SRE 4.31 3.09 150.21 4.07 5.42

Case 2:
Taylor 9.51 2.77 249.15 4.01 6.17

Chebyshev CRE 8.31 2.13 166.25 3.61 6.5
Chebyshev SRE 9.55 2.94 239.55 3.99 5.67

Case 3:
Taylor 7.83 2.92 284.77 5.72 3.75

Chebyshev CRE 7.73 2.72 207.11 5.19 3
Chebyshev SRE 7.82 2.95 276.57 5.79 3.67

D. Accuracy
To verify the accuracy of the GIPA generated trajectories, a comparison is made with a Monte Carlo (MC) simulation

of 1000 samples, sampled first using a uniform distribution bounded by the uncertainties and then using a normal
distribution to verify the estimation of the statistical moments using the Hermite basis. The root mean square error
(RMSE) is used as a performance metric for the GIPA accuracy, and is calculated as follows:

𝑅𝑀𝑆𝐸 =

√√√
1
𝑁𝑠

𝑁𝑠∑︁
𝑖=1

(𝑥𝑖 − 𝑥𝑖)2, (17)

where 𝑁𝑠 is the number of samples, 𝑥𝑖 is the GIPA calculated state, and 𝑥 is the MC state at the same point in time.
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Figure 6 shows the accuracy for each case with the different lines indicating the different bases. As the uncertainty
set is propagated backwards in time, the propagation starts at the time of landing and stops at time 0, corresponding to
the deployment time. For case 1, it can be seen that at first, both the Chebyshev bases are more accurate compared to
the Taylor basis, however for the CRE setup the overestimation grows over time and thus after three hours the Taylor
basis becomes more accurate. For the SRE setup, this doesn’t happen and it remains more accurate compared to the
Taylor basis. For case 2, a much larger difference can be found between the different bases. In this case the Taylor basis
remains accurate across the landing trajectory, whereas especially the CRE Chebyshev basis loses a lot of accuracy.
This can be seen as well in figure 4 where the Monte Carlo and GIPA trajectory samples are shown. This happens as the
trajectory here spends a longer time closer to the body, which increases the overestimation happening because of the
CRE. Case 3 shows higher initial RMSE, which is caused by the larger uncertainty set size used. Due to the higher
velocity and the shorter flight time, the variation of RMSE is smaller than for the other cases. As expected, for the most
part the two Chebyshev bases are more accurate than the Taylor basis due to the large uncertainty size. But over time
due to the increase in overestimation from the CRE and the underestimation from the SRE, the bases become similar in
terms of accuracy.

To determine the accuracy of the statistical moments from the Hermite basis, a MC analysis using a set of normally
distributed samples was used. The standard deviation of this distribution was taken to be the uncertainties from the
uncertain landing area and the gravitational parameters. This does result in several samples being outside the landing
ellipse. As in this section is only concerned with the accuracy of the found statistical moments, this is not a problem.
Figures 7a and 7c shows the evolution of the mean and standard deviation over time of the Taylor basis results from
case 2 compared with the MC values, and figures 7b and 7d show the distribution of the position and velocity at the
deployment time. The results show that the found distribution from the Hermite polynomial closely matches the MC
results. This corresponds with the RMSE found for this specific case and basis in figure 6. To determine the effect of a
less accurate GIPA result on the estimated distribution, case 1 is taken as an example as well. The results for the Taylor
basis from case 1 are shown in figure 8. Here it can be seen that the higher RMSE translates to a lower accuracy of
the estimated distribution, as the difference between the statistical moments is higher then for the previous example.
Thus, if a more accurate value for the distribution is needed, a higher polynomial degree to reduce the RMSE will also
increase the accuracy of the estimated probability distribution.

VII. Conclusion
In this work, a novel algorithm was developed that can design sets of possible landing trajectories for a given landing

area on the secondary of a binary asteroid system, given uncertainties in the gravitational models of the asteroids. This
technique uses the uncertainty propagation method called GIPA to perform a backwards propagation of a set of states
from the desired landing area, to a deployment region from where the lander can be deployed to the surface. Using a
bisection algorithm, the minimal touchdown velocity is then found for the entire landing area. Furthermore, using a
newly developed method that transforms the monomial basis of GIPA to a Hermite basis, the statistical moments of a
normal distribution propagated along the trajectory can be found from the GIPA results.

This method was then applied to the case of the a CubeSat landing on the surface of Dimorphos. For similar sizes
of landing areas, it was found that larger touchdown velocities can be expected for higher latitude landing locations.
For larger landing area sizes, the deployment region is larger, allowing less stringent requirements for the impulsive
maneuver to get the lander on the landing trajectory. However, this does come at the cost of increasing the minimal
touchdown velocity for that area.

The work performed here shows a new algorithm for the development of robust landing trajectories. Future work
could include non-spherical gravity models for the asteroids to increase the fidelity of the simulations. Furthermore, a
larger survey of the surface of Dimorphos should be performed to get a better idea of where the more difficult locations
to land are. Finally, this work only considers the first contact of the lander with the asteroid. A more detailed analysis of
the bouncing motion after touchdown could improve the robustness of the trajectories produced significantly.
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(a) Case 1 (b) Case 2

(c) Case 3

Fig. 6 Accuracy of the GIPA results compared with a Monte Carlo simulation.
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(a) Position time evolution. (b) Position deployment distribution.

(c) Velocity time evolution. (d) Velocity deployment distribution.

Fig. 7 The probability distribution over time and specifically at the deployment time for the Taylor basis result
of case 2.
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(a) Position time evolution. (b) Position deployment distribution.

(c) Velocity time evolution. (d) Velocity deployment distribution.

Fig. 8 The probability distribution over time and specifically at the deployment time for the Taylor basis result
of case 1.
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