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Abstract 
Additive Manufacturing (AM) has gained a lot of interest due to the freedom to produce complex metal 

geometries directly from the designed digital model. Despite the high potential of AM, the process induced 

imperfections, like pores and the microstructural changes due to the layer-by-layer manufacturing, made a 

significant impact on the fatigue resistance and crack growth behaviour. Consequently, this work aims to evaluate 

the effect of microstructure and existence of pores in additively manufactured Ti6Al4V on Fatigue Crack Growth 

(FCG) utilizing bond-based Peridynamics (PD) fatigue model. Employing the columnar granularity and different 

levels of porosities indicated a substantial impact on FCG rates. 

Keywords: Peridynamics; Additive manufacturing; microstructure; porosity defects; 

fatigue performance prediction 

1 Introduction 

Additive manufacturing process is a 3D printing technology that has gained a lot of interest 

in aerospace, civil, automotive and biomedical industries [1–5], as well as marine industry 

[6,7]. The production process of additively manufactured structures is based on adding thin 

layers of the material according to the designed digital 3D model [3]. This unique process 

allows the production of complex or customised geometries directly from the design file 

utilising commercial software [3] without the necessity of casting moulds or dies. In addition, 

the material efficiency is higher than the conventional processing methods, and prototyping 

and rapid fabrication are the significant advantages of AM.  
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Nomenclature 
Latin Characters 
𝑎 Crack length 
𝑎𝑛 Pre-notch length 
𝐴,𝑚 Material constants in the PD fatigue model 
𝐴1, 𝑚1 Material constants for Phase I (crack nucleation) in the PD fatigue model 
𝐴2, 𝑚2 Material constants for Phase II (crack propagation) in the PD fatigue model 
𝑏 Peridynamic constant for in-plane deformations 
𝒃 The vector of body loads 
𝑏𝑦 Body force density 
𝑩 Body load matrix 
𝑑 Diameter of the pins in C(T) sample 
𝑑𝑝 Pore diameter  
𝐸 Young’s modulus 
𝒇 Peridynamic pairwise force densities 
𝐹𝑎 Cyclic load amplitude 
Δ𝐹 Cyclic load range with cyclic load extremes 𝐹𝑦𝑚𝑎𝑥 and 𝐹𝑦𝑚𝑖𝑛  
ℎ Thickness of the sample 
𝐻𝑥 Horizon of the material point with coordinates 𝑥 
𝑘 Grain coefficient with 𝑘𝐺𝐼 for grain boundaries and 𝑘𝐺𝐵 for grain interior 
𝑲 Global stiffness matrix 
Δ𝐾 Stress intensity factor 
Δ𝐾𝑝 Stress intensity factor for pores 
Δ𝐾𝑡ℎ,𝑝 SIF range limit for specified pores 
Δ𝐾𝑡ℎ,𝐿𝐶 Threshold SIF range for the long crack 
𝐿 Length of the sample 
𝑀 Total number of the family members 
𝑛 Cycle range 
𝑁 Number of loading cycles 
𝑁𝑓 Number of cycles to crack nucleation 
𝑁𝑝𝑡𝑜𝑡 Total number of pores 
𝑃 Porosity ratio 
𝑅 Load ratio 
𝑠(𝑖)(𝑗) Stretch between material points i and j 
𝑠𝑚𝑎𝑥, 𝑠𝑚𝑖𝑛 Maximum and minimum bond stretches 
𝑡 Time 
𝒖 Displacement vector 
�̈�(𝑖) Acceleration vector of the material point i 
𝑼 Displacement matrices 
𝑉 Incremental volume 
∆𝑉∆ Volume of the boundary layer 
𝑉𝑝, 𝑉𝑇 Volume of void-space and a bulk volume of material 
𝑊 Width of the sample 
𝒙 Vector of coordinates  
Δx Spacing between material points 
𝒚 Location of the material point after deformation 
Greek Characters 
𝛿 Horizon size 
휀 Cyclic bond strain 
휂𝑥, 휂𝑦 Relative displacements between material points in x and y directions 
𝜆 Remaining life of the bond 
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𝜇 Shear modulus 
𝜈 Poisson’s ratio 
𝝃 Relative position vector 
𝜉𝑥 , 𝜉𝑦 Reference lengths in x and y directions 
𝜌 Mass density 
𝜎𝑎 Stress amplitude 
𝜎𝑦
𝑚𝑎𝑥, 𝜎𝑦

𝑚𝑖𝑛 Maximum and the minimum stresses 
Δ𝜎𝑒 Intrinsic fatigue limit 
𝜑 Local damage of each material point 
𝜒 Pore coefficient 
𝜓 State of the bond (intact or broken) 
Abbreviations 
ADR Adaptive dynamic relaxation 
AM Additive manufacturing 
C(T) Compact tension sample 
EBM Electron beam melting 
FCG Fatigue crack growth 
FCGR Fatigue crack growth rates 
H-C(T) Horizontal compact tension sample 
PD Peridynamics 
SIF Stress intensity factor 
SLM Selective laser melting 
V-C(T) Vertical compact tension sample 
VHCF Very high cycle fatigue 
WAAM Wire+arc additive manufacturing 

 

Metal AM is the newer field of AM technology, developed over the past 20 years, becoming 

a state-of-the-art manufacturing process of complex structural shapes [4,8]. Titanium, 

aluminium, stainless steel and nickel superalloys are the most commonly used alloys in AM 

[9,10]. Each material has its applicability in different fields because of its mechanical 

properties, production challenges and costs. Titanium alloys Ti6Al4V are among the most 

attractive materials due to their outstanding combination of high specific strength, low density 

and corrosion resistance [11], with the only drawback of its high cost of fabrication. Multiple 

studies are undergoing on AM of Ti6Al4V to reduce the manufacturing cost and widen its 

industrial applications. The studies' focus is on different Ti6Al4V AM process techniques, 

resulting in a good quality AM of fabricated metal with properties close to the standard cast 

and wrought product. Some of the most common methods used for Ti6Al4V AM processes 

can be distinguished by the type of material used, like wires for the wire+ arc AM (WAAM) 

and the metallic powders for Selective Laser Melting (SLM) or Electron Beam Melting (EBM). 

All the AM processes require the designed 3D computer model, the processing steps, and the 

post-processing. The computer-aided design (CAD) file is used for 3D part fabrication and the 

appropriate sensors are controlling the processing conditions. After the deposition process is 

over, the fabricated part requires post-processing operations, like chemical polishing, 

machining grinning and peening. The carefully controlled processing conditions such as a feed 
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rate of the feedstock material, speed of the heat source and finishing operations can result in a 

desired product outcome [12,13]. 

AM showed a great potential of titanium alloys manufacturing because of geometrical 

flexibility, reputability, surface quality and productivity [9]. However, an essential drawback 

of layer-by-layer manufacturing is the anisotropy of the material properties of the additively 

manufactured components [14]. The rapid and repeated heating and cooling of the AM process 

leads to variations in the microstructure, the properties (layer quality) and internal stresses in 

different regions [15,16]. Another negative outcome of the AM is the occurrence of pores due 

to the powder [17] or wire [18] contaminations, vaporisation when the temperatures in the 

molten pool are very high [19], leading to the entrapped gases or vapours in the material [9]. 

Eventually, microstructure with pores that act as a strong stress raiser and residual stresses 

impact the structure's performance under different loading conditions [20], especially fatigue 

loading. 

The studies on FCG in additively manufactured titanium alloys [14,21,22] indicated a 

strong impact of grain shape and size on FCG performance. There has been an increasing 

amount of literature [23–26] focused on finding the relationship between the AM process 

parameters and the mechanical properties of the final structures. Processing parameters such 

as heating and cooling rates, temperature gradients, the heat source, and layer thickness during 

the AM significantly impact the microstructural characteristics.  

The evaluation of the AM microstructure indicated the presence of elongated columnar 

prior 𝛽 grains, which are growing parallel to the build direction due to the rapid solidification 

process [11,16,24,25,27]. The epitaxial growth of grains occurs during the solidification 

process from the previously deposited layer and is dependent on the temperature gradients and 

tilts in the laser scanning direction [17,25]. The columnar prior 𝛽 grains bring anisotropy in the 

mechanical properties and fatigue properties in different orientations [28]. However, in various 

AM processes, different morphologies were reported. For example, looking at the WAAM 

samples [24,27], columnar prior 𝛽 grains with the thickness of the grains ranging from 1 to 3 

mm have been noticed. On the other hand, the implementation of the rolling process in AM 

showed a reduction of the prior 𝛽 grains size with decreased size of increasing rolling load. 

This means that different processing and post-processing techniques can change the material 

microstructure and as a result its fatigue properties. The damage in SLM Ti6Al4V due to the 

cycling loading initiates at the grain boundaries 𝛼 along the prior 𝛽 grains with the intergranular 

𝛼 fracture mode [29,30]. As the crack propagation mechanism is effected by the microstructure, 

the annealing process of the SLM structures is decreasing the size of 𝛼 − 𝑝ℎ𝑎𝑠𝑒 with increased 

fatigue performance [21].  

 

Peridynamic analysis to investigate the influence of microstructure and porosity on fatigue crack propagation in additively manufactured Ti6Al4V



5 

 
Fig. 1 Horizontal compact tension H-C(T) and vertical compact tension V-C(T) specimen cut. 

As reported in the experiments [21] on the Ti6Al4V, produced by SLM, showed lower 

Fatigue Crack Growth Rates (FCGR) than forged Ti6Al4V, and only after employment of the 

heat-treated procedure, the FCGR were close to the conventionally processed alloy. Moreover, 

the test results [21] indicated the variations of the FCG behaviour in the horizontal compact 

tension (H-C(T)) and vertical compact tension (V-C(T)) samples. In the H-C(T) samples, the 

FCG is perpendicular to the build direction; instead, in V-C(T) samples, the crack is located 

perpendicular to the deposited layers, as shown in Fig. 1. The tests' outcome indicated that the 

FCGR of the H-C(T) samples is greater than the ones in the V-C(T) samples. Instead, the 

experiment [14] on WAAM and EBM [15] titanium alloy samples showed contrary results 

compared to SLM with the faster FCG in H-C(T) samples. The evaluation of the SLM produced 

structures indicated that the fine-grained and martensitic microstructure tend to increase crack 

propagation [31]. The same pattern is noticed for the wrought titanium alloys [22], where the 

coarse-grained lamellar microstructure has higher FCG resistance. The coarse-grained lamellar 

microstructures consist of large 𝛽 grains with an equivalent circle diameter of around 1 mm 

[22].  

Although the columnar grains were observed in the SLM and WAAM systems, the 

microstructure of samples produced by the powder is finer compared to the wire fed system. 

The size of the columnar 𝛽 grains could bring differences in the FCGR of SLM and WAAM 

samples, as the fatigue tests of SLM C(T) sample indicated the intergranular propagation in 

both H-C(T) and V-C(T) samples [32]. The samples built with EBM process showed the FCG 

through the prior 𝛽 grains in the H-C(T) sample and along in V-C(T) samples [15]. 

Another substantial effect is the additively manufactured process-induced defects. The 

tests' results [21,25,33–35] showed that the stress concentrations at the defects significantly 

reduce the fatigue strength, and the pores' presence leads to crack initiation at the pore location. 

Voids and porosities are common defects in AM, as the in-situ X-ray computed tomography 

scanning on Ti6Al4V samples indicated the porosity volumes of 0.01-0.04% for WAAM [36], 

Peridynamic analysis to investigate the influence of microstructure and porosity on fatigue crack propagation in additively manufactured Ti6Al4V



6 

0.08-0.2% [37] and even higher [17] for SLM. Firstly, the existence of pores is observed in the 

regions of non-melted powder for SLM [17] and the manufacturing with a contaminated wire 

during WAAM [18]. Secondly, the high power densities and high melting temperatures can 

lead to entrapped vapours or gases in the melting pool, resulting in microscopic spherical shape 

pores [9,19]. Moreover, the heat input should be carefully controlled as very high scanning 

speeds decrease the pool size and decrease the previous layer's penetration depth with the 

outcome of the lack of fusion porosity formation [24]. In general, the lack of fusion defects 

could be the most critical defect in the sample due to the size larger than gas pores and the non-

symmetrical shape with sharp edges resulting in high-stress concentrations.  

The presence of pores in the material directly impacts the fatigue properties, and reducing 

the porosity in the samples is one of the most important AM processes to increase the fatigue 

life. The studies [21,25,33] showed that the fatigue properties have much scattered in the 

experimental data due to the presence of pores in different locations of the samples where the 

fatigue crack nucleation starts at the pore location. The internal defects showed a critical impact 

on the fatigue life of the additively manufactured components. The defect size, location, 

volume of fraction and morphology plays an important role in fatigue performance. It was 

found that the additively manufactured samples have a shorter fatigue life compared to the 

wrought Ti6Al4V samples because of the effect of internal defects located near the surface 

[24,25]. The samples with the largest pores and the areas with a more significant porosity had 

the shortest fatigue life [33]. The sizes and locations of the pores have a great dependency on 

the AM process parameters, where the dimensions of pores can vary and can be even larger 

than 400𝜇𝑚 [15]. 

Significant efforts were made to study the effect of post-processing techniques, like heat 

treatments and Hot Isostatic Pressing (HIP), in order to improve the fatigue performance of 

AM samples. Leuders et al. [21] showed that heat treatments and HIP coarsen the 

microstructure and release the residual stresses of the samples, but HIP also closes the internal 

pores. Different HIP and heat treatments improved the fatigue performances, but closing the 

pores has secondary importance on the fatigue performance compared to the changes in 

microstructure and decrease in residual stresses.  

Evaluation of the additively manufactured sample fatigue performance in the literature 

brought a lot of discussion on the crack initiation sites at the pores due to its drastic impact on 

the fatigue life, but the crack propagation profiles are more referred to the sample 

microstructure. Some test studies [21] indicated that pores did not have a significant impact on 

the FCG of the samples with pores of the diameter of 𝑑𝑝 ≤ 50𝜇𝑚. On the other hand, a review 

of fatigue performance of additively manufactured Ti6Al4V samples [38] mentioned the 

contribution of both the microstructure and the process-induced defects.  
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In this respect, it is essential to evaluate the impact of microstructure and porosities on the 

FCG performance of additively manufactured Ti6Al4V. The current study aims to predict the 

fatigue fracture in C(T) samples and analyse the contribution of different types of 

microstructures and different levels of porosities on FCG by using PD [39]. PD has been 

successfully applied to fatigue problems to predict crack nucleation and propagation [40–42] 

and the influence of the porosity on the fatigue life of the metal samples [43]. Authors in [43] 

proposed a numerical approach to implementing the pores in the PD fatigue model. They 

showed good predictability of fatigue life of dog-bone samples under high cycle fatigue. In this 

respect, the authors extend the proposed approach to FCG problems and analyse the effect of 

the additively manufactured columnar microstructure and process-induced defects in the 

structures on the FCG. 

The paper is organised as follows, where Section 2 presents an overview of the PD model 

for brittle damage and extension for the fatigue damage and the numerical fatigue model set up 

for the C(T) sample of wrought titanium alloy. Section 3 reviews the previous studies regarding 

the microstructure of AM and its effect on FCG. The variations of FCG due to different grain 

shapes and sizes because of the layer-by-layer process are numerically analysed by PD. In 

addition, the effect of porosities on the FCG is discussed by the numerical implementation of 

porosities and analysis in Section 4. Finally, the fatigue performance is analysed for the model 

with columnar granularity and sample porosities. The conclusions are given in Section 5. 

2 Methodology 

2.1 Peridynamic model for brittle damage 

The bond-based PD introduced by Silling [39] is a reformulation of the fundamental 

equations of continuum mechanics, which are particularly suitable to solve problems including 

discontinuities. In addition, PD uses integro-differential equations instead of partial differential 

equations as in classical continuum mechanics. This widens the possibility of solving fracture 

mechanics problems, including cracks initiation and propagation [44]. 

The PD equation of motion can be written in the form of the integro-differential equation 

as [45]: 

𝜌(𝒙)�̈�(𝒙, 𝑡) = ∫𝒇(𝒖(𝒙′, 𝑡) − 𝒖(𝒙, 𝑡), 𝒙′ − 𝒙)𝑑𝑉𝑥′ + 𝒃(𝒙, 𝑡)

𝐻𝑥

 (1) 

Peridynamic analysis to investigate the influence of microstructure and porosity on fatigue crack propagation in additively manufactured Ti6Al4V



8 

 
Fig. 2 PD material points and interaction of material points i and j. 

 

Fig. 3 PD material points i and j in the deformed configuration and the PD forces between these material points.  

which can be discretised as [45] 

𝜌(𝑖)�̈�(𝑖) =∑𝒇(𝑖)(𝑗)𝑉(𝑗)

𝑀

𝑗=1

+ 𝒃(𝑖) (2) 

from which the acceleration �̈�(𝑖) of the material point i at a time 𝑡 can be obtained. Each 

material point i interacts with other material points j within its horizon 𝐻𝑥 with a total number 

M of the family members for point i, as shown in Fig. 2. The coordinates of a material point 

are represented as 𝒙 with the incremental volume 𝑉. 𝒖, 𝒃 and 𝜌 denote displacement vector 

field, body load and mass density of the material point, respectively.  

In bond-based PD, interacting material points can exert forces on each other with equal 

magnitudes [45], and for the interacting material points i and j, PD pairwise force densities can 

be defined as [46]: 
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𝑓(𝑖)(𝑗) = 4𝛿𝑏𝑠(𝑖)(𝑗)
𝒚(𝑗) − 𝒚(𝑖)

|𝒚(𝑗) − 𝒚(𝑖)|
 (3) 

where 𝛿 is the horizon size, 𝑏 is the PD parameter, and 𝑠 is the stretch between material points. 

Once a material point displaces to a new location due to deformation of the structure, its new 

location is specified as 𝒚 in the deformed configuration, as shown in Fig. 3.  

PD parameter 𝑏 can be related to the material constant of classical continuum mechanics 

by equating strain energy density of a material point inside a body subjected to isotropic 

expansion and simple shear loading conditions calculated from classical continuum mechanics 

and PD [45]. This study uses a 2-Dimensional (2D) model with plane stress conditions, where 

the plate is discretised with a single layer of material points in the thickness direction. Due to 

this, the PD parameter is expressed in terms of shear modulus, 𝜇, thickness, ℎ, and horizon 

size, 𝛿, for a 2D problem as [45]: 

𝑏 =
6𝜇

𝜋ℎ𝛿4
 (4) 

The stretch between material points i and j can be expressed as [45]: 

𝑠(𝑖)(𝑗) =
|𝒚(𝑗) − 𝒚(𝑖)| − |𝒙(𝑗) − 𝒙(𝑖)|

|𝒙(𝑗) − 𝒙(𝑖)|
 (5) 

2.2 Peridynamic model for fatigue damage 

The first PD fatigue model was proposed in [40], suitable only for the FCG phase. Instead, 

the formulation in [41] describes the possibilities of dealing with three fatigue stages: crack 

nucleation, crack growth, and final failure. The authors introduced the damage variable called 

the “remaining life”, which is degrading over the fatigue cycles. Each bond of the material 

points interactions in the PD model is identified by initial remaining life 𝜆(0) = 1 and the bond 

is breaking irreversibly when 𝜆(𝑁) ≤ 0. The irreversible bond breakage for fatigue cracking 

can be implemented by the failure parameter [47], which includes a history-dependent scalar-

valued function 𝜓 to represent broken interactions (bonds) between material points: 

𝜓(𝒙(𝑗) − 𝒙(𝑖), 𝑁) = {
1
0
             if 𝜆(𝑁) > 0 for all 1 < 𝑁 

otherwise
 (6) 

To monitor the accumulated damage of the bonds over the loading cycles 𝑁, the local 

damage of each material point 𝑖 is defined as: 

The introduced evolution law in [41] for the remaining life of the bond is: 

𝑑𝜆(𝑁)

𝑑𝑁
= −𝐴휀𝑚 (8) 

𝜑(𝒙(𝑖), 𝑁) = 1 −
∑ 𝜓(𝒙(𝑗) − 𝒙(𝑖), 𝑁)𝑉(𝑗)
𝑀
𝑖=1

∑ 𝑉(𝑗)
𝑀
𝑖=1

 (7) 
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where 휀 is the cyclic bond strain for the sample under two extremes of the loading conditions. 

The application of each extreme in the model results in maximum and minimum bond stretches 

between material points, so the bond strain is defined as [41]: 

휀 = |𝑠𝑚𝑎𝑥 − 𝑠𝑚𝑖𝑛| = |(1 − 𝑅)𝑠𝑚𝑎𝑥| (9) 

The material behaviour under two extremes is assumed to be linear, so the cyclic bond 

strain is expressed in Eq. (9) by maximum stretch 𝑠𝑚𝑎𝑥 and load ratio 𝑅 = 𝑠𝑚𝑖𝑛/𝑠𝑚𝑎𝑥. 

The parameters 𝐴 and 𝑚 in Eq. (8) are the material constants that can be calibrated using 

the S-N curve data for the crack initiation phase and with Paris law for FCG [41].  

For the crack nucleation phase, the parameters 𝐴 and 𝑚 are denoted as 𝐴1 and 𝑚1, and can 

be calibrated from experimental data. Since the initial remaining life of each bond is 𝜆1(0) =

1, integrating Eq. (8) leads to: 

𝐴1휀
𝑚1𝑁1 = 1 (10) 

This means that the crack nucleation occurs at: 

𝑁1 =
1

𝐴1휀
𝑚1

 (11) 

Presenting Eq. (11) on a log-log scale, the 𝐴1 and 𝑚1 can be determined by a linear fit to 

experimental data presented by strain-life relation in log-log scale [41]. The obtained 

parameters of 𝐴1 and 𝑚1 are used for static solutions to calculate the fatigue life of the sample 

at the nucleation phase. The remaining life of the bond is in the phase I (crack nucleation) only 

until the local damage is 𝜑 < 0.4, otherwise, the fatigue damage is moving from phase I to 

phase II (FCG). The FCG model can be presented by rewriting the Eq. (8) in the following 

form [48]: 

where the remaining life 𝜆𝑖𝑗𝑛  of the bond between the material points 𝑖 and 𝑗 at the cycle range 

𝑛 is evaluated. The material constants 𝐴2 and 𝑚2 for phase II can be calibrated using the Paris’ 

Law [41] with the data available from the experiments. Moreover, the material points located 

in the vicinity of the crack tip, within the horizon, are considered at the phase II of the FCG.  

2.3 Direct Peridynamic solver for fatigue damage 

Fatigue analysis includes multiple static simulations. Most of the studies on PD static or 

quasi-static solutions use explicit time integration. Moreover, Eq. (2) is introduced in the 

dynamic form, and a commonly used technique, as Adaptive Dynamic Relaxation (ADR)[44], 

is implemented in PD theory to solve static or quasi-static problems. However, using the 

explicit method, the convergence of the static solution can be time-consuming, as too many 

𝜆𝑖𝑗
𝑛 − 𝜆𝑖𝑗

𝑛−1

𝑁(𝑛) − 𝑁(𝑛 − 1)
= −𝐴2(휀𝑖𝑗

𝑛)
𝑚2 (12) 
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time steps are required to reach a stable solution. Therefore, such a method for fatigue analysis 

can be very costly, and some studies are performed using an implicit solution [42]. In the 

current work, the direct method is used where PD force function for a 2-D problem is expressed 

in the matrix form [49]: 

{
𝑓𝑥
𝑓𝑦
} =

4𝛿𝑏

|𝝃|3
[
𝜉𝑥𝜉𝑥 𝜉𝑥𝜉𝑦
𝜉𝑦𝜉𝑥 𝜉𝑦𝜉𝑦

] {
휂𝑥
휂𝑦
} (13) 

where 𝜉 is a relative position between material points, 𝝃 = 𝒙′ − 𝒙, 휂𝑥 and 휂𝑦 are the relative 

displacements between material points in x and y directions, 휂𝑥 = 𝑢𝑥(𝒙′, 𝑁) − 𝑢𝑥(𝒙, 𝑁), 휂𝑦 =

𝑢𝑦(𝒙
′, 𝑁) − 𝑢𝑦(𝒙, 𝑁) and 𝜉𝑥 , 𝜉𝑦 are the reference lengths in x and y directions. 

To solve a static problem using the direct method, the acceleration term �̈� is omitted from 

the equation of motion, and the equation will have the following form: 

∑𝒇(𝑖)(𝑗)𝑉(𝑗)

𝑁

𝑗=1

+ 𝒃(𝑖) = 0 (14) 

Eq. (13) is a local stiffness for each material point, interacting with other material points. The 

combination of local stiffness matrices results in the global static PD equation written in the 

matrix form as: 

𝑲𝑼 = 𝑩 (15) 

where 𝑲,𝑼 and 𝑩 are the global stiffness matrix, the material points displacements and the 

body load matrices. Eq. (14) is solved to find the displacements of each material point by taking 

the inverse stiffness matrix 𝑲−1. For the models with fine discretisation, the global stiffness 

matrices can be very massive, and it is time-consuming to calculate the 𝑲−1. To overcome this 

issue, the stabilised biconjugate gradients method (BiCG) [50] is used. BiCG improves the 

capabilities of the PD solver by making it faster and smoother convergence. For all the 

presented simulations, the BiCG method is used with the convergence tolerance of 10−6 and a 

maximum number of iterations of 5000.  

2.4 Validity and PD fatigue model parameters calibration 

In the presented studies for fatigue damage prediction in C(T) titanium alloy samples, PD 

is utilised as a primary numerical tool. MATLAB is used as a main programming and 

computing platform for developing PD numerical tools. As described in Section 2.2, the PD 

fatigue model requires PD parameters 𝐴1,𝑚1, 𝐴2 and 𝑚2 calibration, and the wrought titanium 

alloy Ti6Al4V [31,51] is selected for this purpose. The wrought Ti6Al4V is identified as a 

reference model with the following homogeneous material properties: Young’s modulus 𝐸 =

110 𝐺𝑃𝑎 and Poisson’s ratio 𝜈 = 1/3. Moreover, all simulations are performed under Very 

High Cycle Fatigue (VHCF) loading with assumptions that no plastic flow occurs. 
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The PD fatigue model described in Section 2.2 contains crack nucleation and propagation 

phases. Looking at the PD model, which is discretised with the material points, the points 

located in the vicinity of the crack tip in the C(T) sample will already be at the propagation 

stage, whereas the other ones are at the nucleation stage. Firstly, the PD parameters 𝐴1 and 𝑚1 

are calibrated from the experimental data [51] in Section 2.4.1. Secondly, in Section 2.4.2, the 

PD parameters 𝐴2 and 𝑚2 are obtained from the Paris’ law data [31], and the FCG curves 

compared with experimental results.  

2.4.1 Setups for crack nucleation PD model 

The experimental work [51] is performed for the solid cylindrical specimens of Ti6Al4V 

under the VHCF loading (ASTM standard E466) with different loading ratios and load 

amplitudes. A 2D dog-bone plate is used in the PD fatigue crack nucleation simulations to 

simplify the computational model, as shown in Fig. 4. The PD models are discretised with 6600 

material points having a uniform spacing of Δx = 0.3 × 10−3 m and horizon size of δ =

3.015Δx. Following the procedure in [41] of parameters calibration utilising the test data [51], 

the parameters for the PD fatigue crack nucleation are identified as: 𝐴1 = 1 × 104 and 𝑚1 =

4.42. 

Solving the PD discretised model with identified parameters 𝐴1 and 𝑚1 have resulted in 

fatigue crack initiation at the midplane of the plate shown in Fig. 5, and the number of cycles 

𝑁𝑓 to crack nucleation due to different stress amplitudes in Fig. 6. The implementation of 

calibrated parameters showed that the numerical results are in line with the experimental data 

[51]. The simulations for Phase I are stopped when the local damage is 𝜑 = 0.4, meaning that 

the damage of the bonds is still at the nucleation phase, before the FCG phase starts.  

The plate is subjected to a VHCF with the load ratio of 𝑅 = 0.1 and the stress amplitudes 

of 𝜎𝑎 = 373, 322 ,297 and 244𝑀𝑃𝑎. A static loading, using the direct method described in 

Section 2.3, is applied as a body force density at the upper and lower edges of the sample [45]: 

𝑏𝑦 =
𝜎𝑦𝑊ℎ

∆𝑉∆
 (16) 

where ∆𝑉∆ is the volume of the boundary layer, and 𝜎𝑦 is the applied stress, which is defined 

as: 

𝜎𝑦 = {
𝜎𝑦
𝑚𝑎𝑥 =

2𝜎𝑎
1 − 𝑅

𝜎𝑦
𝑚𝑖𝑛 = 𝜎𝑦

𝑚𝑎𝑥𝑅
 (17) 

where 𝜎𝑦𝑚𝑎𝑥 and 𝜎𝑦𝑚𝑖𝑛 are the maximum and the minimum stresses, respectively. 
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Fig. 4 Geometry of the dog-bone titanium alloy plate.  

 
Fig. 5 Damage map for the dog-bone plate under stress amplitude of 𝜎𝑎 =  244 𝑀𝑃𝑎 at 𝑁𝑓 = 8 × 107 𝑐𝑦𝑐𝑙𝑒𝑠. 
The damage is identified by local damage 0 < 𝜑 < 0.4 in each material point. 

 
Fig. 6 Stress amplitude as a function of the number of load cycles to failure.  
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2.4.2 Fatigue crack growth prediction 

The PD FCG model is set up for C(T) sample, shown in Fig. 7, with the effective width of 

𝑊 =  25 × 10−3𝑚, thickness of ℎ = 5 × 10−3𝑚 and the pre-notch length of 𝑎𝑛 =

12.4 × 10−3𝑚. The crack propagation is analysed for five different cyclic load amplitudes of 

𝐹𝑎 = 6.25, 5.4, 4.5, 3.6 and 3.15 𝑘𝑁 with the load ratio of 𝑅 = 0.1. The loads are applied at 

the pins with the diameter of 𝑑 = 6.25 × 10−3 𝑚 as a body force density in the following 

form: 

𝑏𝑦 =
𝐹𝑦
∆𝑉∆

 (18) 

where ∆𝑉∆ is the volume of the pin area, and 𝐹𝑦 is the applied load, which is defined as: 

𝐹𝑦 = {
𝐹𝑦
𝑚𝑎𝑥 =

2𝐹𝑎
1 − 𝑅

𝐹𝑦
𝑚𝑖𝑛 = 𝐹𝑦

𝑚𝑎𝑥𝑅
 (19) 

where 𝐹𝑦𝑚𝑎𝑥 and 𝐹𝑦𝑚𝑖𝑛 are the cyclic load extremes, respectively. 

PD model is discretised with 10400 material points with uniform spacing between them of 

Δx = 0.3 × 10−3 m and horizon size of δ = 3.015Δx. Calibrated PD parameters 𝐴1 = 1 × 104 

and 𝑚1 = 4.42 are used for the material points in the crack nucleation phase. PD parameters 

𝐴2 = 0.52 × 10
6 and 𝑚2 = 4.757 for the FCG phase are obtained from the Paris law data 

[31]. The FCGR for the mid-region of the crack propagation are evaluated, and the Stress 

Intensity Factor (SIF) is obtained from ASTM standard E647 [52]: 

Δ𝐾 =
𝛥𝐹(2 + 휁)

ℎ√𝑊(1 − 휁)
3
2

(0.886 + 4.64휁 − 13.32휁2 + 14.72휁3 − 5.6휁4) (20) 

where 𝛥𝐹 = 𝐹𝑦𝑚𝑎𝑥 − 𝐹𝑦𝑚𝑖𝑛 is a cyclic force range, 휁 = 𝑎

𝑊 
, 𝑎 is the crack length from the 

location of the applied load as shown in Fig. 7, ℎ is the thickness of the specimen, and 𝑊 is the 

distance between the applied load and the edge of the specimen. 

The numerical simulations in Fig. 8 are evaluated after the crack propagated around 1mm 

in order to analyse only the linear region of the 𝑑𝑎
𝑑𝑁
− Δ𝐾 curve, where the fracture toughness 

can be calculated from Eq. (20), which is applicable when 휁 > 0.2 [52]. The FCG curves for 

five different load cases are compared with the experimental results, where Fig. 9 illustrates 

the capability of the PD fatigue model to capture the FCG behaviour.  
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Fig. 7 Titanium alloy C(T) plate under uniaxial tensile loading. 

 

Fig. 8 FCGR versus SIF range. 

 
Fig. 9 Crack growth distance versus load cycle for five different load cases. 
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3 Influence of the microstructure on the FCG  

To understand the impact of microstructure on FCG in additively manufactured titanium 

alloys, different polycrystalline models are generated by the Voronoi tessellation method and 

are analysed under the constant cycling load amplitudes of 𝐹𝑎 =  3.15𝑘𝑁 with the load ratio of 

𝑅 = 0.1, where the cyclic load extremes are 𝐹𝑦𝑚𝑎𝑥 = 7𝑘𝑁 and 𝐹𝑦𝑚𝑖𝑛 = 0.7𝑘𝑁. The loads are 

applied at the pins as shown in Fig. 7 as body force density, evaluated by Eq. (18). The PD 

FCG model for wrought Ti6Al4V is calibrated and validated with the experimental data in 

Section 2.4.2 and used to analyse the influence of material microstructure on FCG behaviour 

due to the AM process. The geometry, shown in Fig. 7, material properties of the C(T) sample 

and PD parameters are kept the same as stated in Section 2.4.2.  

3.1 Modelling of grains in PD 

The materials' microstructure is quite a complex phenomenon, which results in divergent 

fracture behaviour. The experiments reported intergranular and transgranular crack 

propagation and, additionally, crack deflections. It is essential to understand the cause of the 

particular behaviour of the crack and the reason for variations in FCGR in the H-C(T) and V-

C(T) samples (Fig. 1) produced by AM. Thus, additively manufactured titanium alloys' failure 

modes are analyzed due to the cycling loading, different types of a polycrystalline model with 

a variation of the grain and grain boundary strength. The polycrystalline model is generated by 

the Voronoi tessellation method, where each cell of the Voronoi diagram represents a grain. 

Therefore, the grains have different grain boundaries (GB) and grain interior (GI) properties. 

The introduced “interface strength coefficient” [53] for the bonds in a system was used for 

various fracture problems. PD fatigue model can be expressed as: 

where  

𝑘 = {
𝑘𝐺𝐼 , for grain interior
𝑘𝐺𝐵, for grain boundaries

 (22) 

Eq. (21) accounts for two phases of fatigue, including crack initiation (Phase I) and FCG 

(Phase II), with Eq. (22) for the bonds between material points located inside the same grain 

and different grains. Fig. 10 visualises points distribution within the plate, where different 

colours indicate the nodes that belong to a particular grain. Firstly, if the material point is close 

to the crack with the length of 𝑎 and in the red region as shown in Fig. 10, then the interactions 

{
 
 

 
 𝜆𝑖𝑗

𝑛 − 𝜆𝑖𝑗
𝑛−1

𝑁(𝑛) − 𝑁(𝑛 − 1)
= −𝑘𝐴1(휀𝑖𝑗

𝑛)
𝑚1
, for Phase I

𝜆𝑖𝑗
𝑛 − 𝜆𝑖𝑗

𝑛−1

𝑁(𝑛) − 𝑁(𝑛 − 1)
= −𝑘𝐴2(휀𝑖𝑗

𝑛)
𝑚2
, for Phase II

 (21) 
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of the material point with the other ‘family members’ will be at Phase II of fatigue analysis 

with parameters 𝐴2 and 𝑚2. Secondly, the coefficient 𝑘 is assigned as 𝑘𝐺𝐼 for the PD bonds of 

the material point interacting with the other ‘family members’ which belong to the same grain. 

Otherwise, coefficient 𝑘𝐺𝐵 is assigned for the bonds that pass over the grain boundary, as 

visualised in Fig. 10. As the coefficient 𝑘 is introduced to the evolution law in Eq. (21), the 

change in strength of the grain boundaries or grain interior is introduced with the weaker 

response than the initial structure.  

3.2 Effect of the grain size  

The experimental studies [14,21,22] showed an impact of grain shape and size on the FCG 

performance of the titanium alloys. In this section, the effect of the grain size on the fatigue 

performance of the Ti6Al4V plate is analysed. Based on the observation from the material 

microstructure, random coordinates are generated to represent the centroids for the Voronoi 

grains. The selected number of the generated centroids represents the total number of grains in 

the system. Firstly, the PD polycrystalline models are generated for four configurations with 

the total number of grains within the sample: a. 500, b. 350, c. 200 and d. 50. Secondly, all four 

models are simulated under four conditions.  

The grain boundaries are weaker than the grain interior, with 

C1: 𝑘𝐺𝐼 = 1, 𝑘𝐺𝐵 = 5 

C2: 𝑘𝐺𝐼 = 1, 𝑘𝐺𝐵 = 10.  

The grain interior is weaker than the grain boundaries, with  

C3: 𝑘𝐺𝐼 = 5, 𝑘𝐺𝐵 = 1 

C4: 𝑘𝐺𝐼 = 10, 𝑘𝐺𝐵 = 1. 

 
Fig. 10 Interaction between material points and corresponding bond constants. 
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Fig. 11 Damage plots for C(T)-samples under different grain coefficient conditions: C1: 𝑘𝐺𝐼 = 1, 𝑘𝐺𝐵 = 5, 
C2: 𝑘𝐺𝐼 = 1, 𝑘𝐺𝐵 = 10; C3: 𝑘𝐺𝐼 = 5, 𝑘𝐺𝐵 = 1 and C4: 𝑘𝐺𝐼 = 10, 𝑘𝐺𝐵 = 1, for the samples with a total number 
of grains: a. 500, b. 350, c. 200 and d. 50. 

The damage maps in Fig. 11 show the intergranular crack propagation for conditions C1 

and C2, where the strength of the grain boundaries is lower than the grain interior, and 

transgranular for C3 and C4, where the strength of the grain boundaries is greater than the grain 

interior. The intergranular crack propagation can be seen for all grain sizes, which occurs due 

to the weakness of the bonds crossing the boundaries of the grain. Instead, with a transgranular 

fracture pattern, the crack propagates through the grain with an almost straight crack path. The 

grey palette in Fig. 11 indicates the randomly distributed grains, and the crack propagation 

pattern is displayed in red. The samples with the higher grain coefficients of 𝑘𝐺𝐵 = 10 (C2) or 

𝑘𝐺𝐼 = 10 (C4) resulted in a faster crack propagation, as the bonds are weaker compared to the 

conditions C1 and C3.  
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Fig. 12 Crack growth curves for C(T) samples under different grain coefficient conditions: C1: 𝑘𝐺𝐼 = 1, 𝑘𝐺𝐵 =
5 and C3: 𝑘𝐺𝐼 = 5, 𝑘𝐺𝐵 = 1 and for the samples with a total number of grains: a. 500, b. 350, c. 200 and d. 50. 

 
Fig. 13 Crack growth curves comparison for C(T) samples with different granularity: a. 500, b. 350, c. 200 and 
d. 50 and under different grain coefficient conditions: C1: 𝑘𝐺𝐼 = 1, 𝑘𝐺𝐵 = 5 and C3: 𝑘𝐺𝐼 = 5, 𝑘𝐺𝐵 = 1. 
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The PD results obtained from the FCG samples with condition C1 indicated that the coarser 

microstructures are more resistant to the FCG. Fig. 12 illustrates that the coarse grain 

distribution of 50 grains requires a higher number of cycles than the model with a more 

significant number of grains. The models with fine microstructures (a. 500 grains) have a 

higher number of weak grain boundaries, which results in a faster FCG. The investigations of 

the titanium alloy microstructures in [54] concluded that the finer microstructures lead to high 

FCGR. Hence, the evaluation of the samples under condition C3, where the grain boundaries 

are stronger than the grain interior, shows a very similar FCG response for all grain models. 

The crack is suppressed when it reaches the grain boundary and continues propagation through 

the next grain (Fig. 12, C3).  

As the production of the materials can result in different types of microstructures, it is 

essential to understand the FCG response with intergranular or transgranular crack propagation. 

Fig. 13 illustrates the comparison of FCGR for the models with different granularity. The 

numerical results clearly show that the coarser is the model, the better is the response of the 

samples with an intergranular crack propagation behaviour (sample C1-d). On the other hand, 

fine granularity models (a. 500 grains) show very close FCGR (Fig. 13) for the samples C1-a 

and C3-a, even if the crack propagation for C1-a is intergranular and for C3-a is transgranular 

(Fig. 11). 

3.3 Effect of the columnar grains  

Due to the layered process of additive manufacturing, the welding layers are annealed 

several times, which causes the anisotropy of the alloy microstructure. The difference in the 

grain sizes and elongated structure in the additively manufactured parts brings the anisotropic 

characteristics and the variations in the fatigue properties in different sample orientations. The 

microstructure analysis of the produced titanium alloy parts showed the columnar prior- 𝛽 

grains, which are growing parallel to the build direction. To introduce the columnar structure 

to PD polycrystalline model, the polycrystalline structure is generated by implementing the 

Voronoi tessellation technique. Similar to another study [55], the random coordinates are 

generated representing the centroids of the Voronoi grains and after contracted in x- or y-

direction. For example, Fig. 14 shows the PD polycrystalline model generation steps, starting 

from the Voronoi tessellation technique, followed by step 2 of contraction in the x-direction by 

a factor of 0.1. Finally, the last step is finding the material points within the specified grain 

boundaries, then identifying the points located within the specified C(T) sample dimensions 

and assignment of material points associated with the grain. The contraction of the structure in 

the x-direction presents the H-C(T) sample (Fig. 1), where the columnar grains are allocated 

perpendicular to the deposited layer and for the representation of the V-C(T) sample structure, 
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the contraction of the grains is in the y-direction. Moreover, the third type of structure is 

generated with the columnar grain inclination by 45 degrees. For all three types of samples (a. 

H-C(T), b. V-C(T) and c. 45-C(T)), the grains are generated randomly, and, for the given 

domain, the number of grains is controlled by the overall of 120 columnar grains per sample 

with the grain size of around 10 mm in length and 1 mm in width. The numerical study is 

performed for the samples with assigned C1: 𝑘𝐺𝐼 = 1, 𝑘𝐺𝐵 = 5; C2: 𝑘𝐺𝐼 = 1, 𝑘𝐺𝐵 = 10; and 

C4: 𝑘𝐺𝐼 = 10, 𝑘𝐺𝐵 = 1.  

 
Fig. 14 Generation of columnar grains from Voronoi tessellation technique. 

 
Fig. 15 Damage plots for C(T)-samples under C1 with 𝑘𝐺𝐼 = 1, 𝑘𝐺𝐵 = 5: a. H-C(T), b. V-C(T) and c. 45-C(T) 

 
Fig. 16 Damage plots for C(T)-samples under C4 with 𝑘𝐺𝐼 = 10, 𝑘𝐺𝐵 = 1: a. H-C(T), b. V-C(T) and c. 45-C(T). 
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The damage maps in Fig. 15 show the transgranular crack propagation in H-C(T) samples, 

where the crack (indicated in red) passes through the multiple long grains (indicated in the grey 

scheme). Instead, when the columnar grains are distributed parallel to the initial crack (V-C(T) 

samples) or with 45 degrees of inclination (45-C(T) samples), the crack propagation is 

intergranular. Moreover, if the crack tip of the pre-crack is located inside the grain, the crack 

will move towards the closest grain boundaries and follow the path in-between two long grains. 

For the model with grains located perpendicular to the pre-crack (Fig. 15a), the crack selects 

the path with the thinnest grains having the higher number of weak grain boundaries on its way. 

Furthermore, as the crack repeatedly passes through multiple grains in the H-C(T) sample, this 

brings some resistance to the crack path, and the crack propagates longer (Fig. 17). The V-C(T) 

and 45-C(T) samples (Fig. 17, C1) showed very close results of FCGR with the decreased 

scatter data.  

 
Fig. 17 Crack growth curves comparison for CT samples with different granularity: a. H-C(T), b. V-C(T) and c. 
45-C(T), and under different grain coefficient conditions: C1: 𝑘𝐺𝐼 = 1, 𝑘𝐺𝐵 = 5, C2: 𝑘𝐺𝐼 = 1, 𝑘𝐺𝐵 = 10 and C4: 
𝑘𝐺𝐼 = 10, 𝑘𝐺𝐵 = 1. 
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Additionally, the FCGR are evaluated for the models with the grain coefficient 𝑘𝐺𝐼 =

1, 𝑘𝐺𝐵 = 10 (Fig. 17, C2), where the crack propagation path is similar to the model with 𝑘𝐺𝐼 =

1, 𝑘𝐺𝐵 = 5 (C1), but the crack is propagating faster. The columnar grain model is simulated 

for the structures with strong grain boundaries, meaning 𝑘𝐺𝐼 = 10, 𝑘𝐺𝐵 = 1 (Fig. 17, C4), 

where the grain direction does not have a significant effect on the crack behaviour with the 

transgranular propagation for all models (Fig. 16) and the obtained FCGR curves almost 

coincide (Fig. 17, C4).  

3.4 Discussion 

Modelling the grain structure utilizing PD and evaluating the FCG behaviour and the 

FCGR in the C(T) Ti6Al4V alloy samples show the anisotropy in the FCG properties. The 

columnar grains in Section 3.3 are a good representation of the WAAM samples, where 

elongated 𝛽 grains are growing parallel to the AM layer build direction [24,27]. The 

representation of the columnar grains in the H-C(T) sample, which are perpendicular to the 

crack propagation path (Fig. 15) showing the crack pathing repeatedly through the grains on 

its way and indicating that more resistance is occurring on the crack path (Fig. 17, C1). On the 

other hand, the V-C(T) samples show the sample's weaker response to the fatigue loading with 

the fast-propagating crack along the columnar grains because the pre-crack is parallel to the 

columnar grains. The same pattern of crack propagation in the different cuts of C(T) samples 

is noticed in the WAAM Ti6Al4V tests [14], where the H-C(T) sample has higher FCG 

resistance compared to V-C(T) sample due to the elongated 𝛽 grains. On the other hand, since 

high pressure rolling of each AM layer can be applied to reduce the grain size and, as a result, 

to reduce the anisotropy in the material [27], the microstructure will no longer be columnar and 

𝛽 grains size is reduced to the one shown in Fig. 11, where the C(T) sample with the higher 

number of grains is indicating the rolled structure under higher rolling load. Due to the rolling 

procedures of WAAM, the effect of changed microstructure is noticed during FCG tests [56], 

where rolled samples show the FCGR close to the wrought Ti6Al4V and reduce scatter of 

FCGR properties in both H-C(T) and V-C(T) samples. Due to this, the PD grain model from 

Fig. 11 is the closest representation of the rolled WAAM samples, with the corresponding 

FCGR in Fig. 12 due to different sizes of the grains.  

In addition, the samples produced by SLM without any heat treatment [21] show contrary 

results compared to WAAM samples. The crack propagates faster in H-C(T) samples, even if 

the structure has elongated 𝛽 grains parallel to the layer build direction. The cause for such an 

outcome in FCGR could be the existence of very high residual stresses in the direction of crack 

propagation in H-C(T) sample. The applied heat-treatments show coarsening of the 

microstructure and a considerable reduction in residual stresses, which results in very close 
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FCGR for both layer orientations. The coarsening of microstructure shown in Fig. 11d and 

numerical simulations of the fatigue propagation indicate that the coarser grain in a sample is 

more resistant to FCG, as shown in Fig. 12d. 

4 Influence of pores on the FCG  
Another important effect to consider on FCGR is the existence of the pores in additively 

manufactured Ti6Al4V samples. Firstly, the porosities are initiated in the PD fatigue model, 

and the effect on the FCG behaviour is analysed. Secondly, the PD fatigue analysis is 

performed for the C(T) sample, which includes columnar grains and different levels of 

porosities. The porosities are initiates in the C(T) sample, shown in Fig. 7, with material 

properties and PD parameters described in Section 2.4. C(T) sample is under the load ratio of 

𝑹 = 𝟎. 𝟏 with the cyclic load extreams of 𝑭𝒚𝒎𝒂𝒙 = 𝟕𝒌𝑵 and 𝑭𝒚𝒎𝒊𝒏 = 𝟎. 𝟕𝒌𝑵, applied to the 

sample by Eq. (18). 

4.1 Modelling of pores in PD 

Three major factors affect the fatigue life of the structure: microstructure, pores and 

residual stresses. Section 3 numerically showcased the effect of the material microstructure on 

the FCG, and the developed model of the columnar grains had a different fatigue performance 

with respect to the grain orientation. In this section, the interest is on the influence of the pores 

on the FCG behaviour.  

The authors performed the study [43] on the effect of the pores on the fatigue crack 

nucleation in additively manufactured Ti6Al4V. The proposed numerical model for pores 

implementation in the PD fatigue nucleation showed good predictability of fatigue life of dog-

bone samples under high cycle fatigue. Moreover, the model provided an estimation of critical 

pore sizes and their locations. In this respect, a similar PD fatigue model is applied to the FCG 

problem in the C(T) sample. The proposed model for pores initiation in the numerical model 

adopts Murakami’s formulation [57], where the relation between the SIF and the porosity size 

is analysed with the porosity coefficient enforcement in the cumulative damage rule of fatigue 

PD model, shown in Eq. (8). Following that the Paris law can be expressed in terms of the 

cyclic bond strain 휀, because 휀 is proportional to the SIF, a PD porosity model is implemented 

for both phases of fatigue crack nucleation and propagation stages, where the porosity 

coefficient added in Eq. (8) as: 
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where parameter 𝑘 is the strength coefficient introduced in Eq. (22) for grain boundaries and 

grain interior presentation. The enforced parameter 𝜒 represents the pores with different 

diameters of 𝑑𝑝 in the relation between the SIF range, Δ𝐾𝑝, and the SIF range limit. Δ𝐾𝑡ℎ,𝑝, for 

specified pores. Δ𝐾𝑝 is evaluated by the Eq. (24), proposed by Murakami [57], where a new 

parameter √𝑆 was adopted in El Haddad et al. [58] model to obtain the relationship between 

the SIF range and the porosity size. In the following model the spherical pore is treated as a 

crack with a size equal to the square root of the projected area of the pore, and the SIF range is 

estimated in the following form: 

Δ𝐾𝑝 = 𝐶Δ𝜎√𝜋√𝑆 (24) 

where Δ𝜎 is the applied stress range, and the parameter 𝐶 depends on the porosity defects 

location, where 𝐶 = 0.5 is for internal pores, and 𝐶 = 0.65 is for external pores [57]. 

The SIF range limit Δ𝐾𝑡ℎ,𝑝 is evaluated by the proposed model in [59], where the smooth 

transition from the porosity defects to the long cracks is considered: 

√𝑆0 =
1

𝜋
(
Δ𝐾𝑡ℎ,𝐿𝐶
C Δ𝜎𝑒

)
2

 (25) 

Δ𝐾𝑡ℎ,𝑝 = Δ𝐾𝑡ℎ,𝐿𝐶√
√𝑆

√𝑆 + √𝑆0
 (26) 

Δ𝐾𝑡ℎ,𝐿𝐶 is the threshold SIF range for the long crack, and according to the tests in [18], 

Δ𝐾𝑡ℎ,𝐿𝐶 = 4.5 𝑀𝑃𝑎√𝑚 for the additively manufactured Ti6Al4V with the intrinsic fatigue 

limit of Δ𝜎𝑒 = 540 𝑀𝑃𝑎, when load ratio 𝑅 = 0.1. The implemented porosity coefficient in 

the evolution law is increasing with the bigger pore diameter [43].  

The analysis is performed for four different porosity levels of 𝑃 = 0.01, 0.04,

0.08 and 0.2%. The indicated porosities are selected due to the sample observations in the 

published works [17,36,37]. The reference model is the C(T) sample from Section 2.4 with the 

porosity of 𝑃 = 0.  

To initiate the porosity in the PD model, Gamma distribution with the shape parameter of 

𝑟 = 10 is selected, as shown in Fig. 18. To satisfy the porosities chosen in a sample, the 

porosity ratio is evaluated in the following form:  

𝑃 =
𝑉𝑝
𝑉𝑇

 (27) 

{
 
 

 
 
𝑑𝜆(𝑁)

𝑑𝑁
= −𝑘𝐴1(휀𝜒)

𝑚1 = −𝑘𝐴1 (휀
Δ𝐾𝑝
Δ𝐾𝑡ℎ,𝑝

)

𝑚1

, for Phase I

𝑑𝜆(𝑁)

𝑑𝑁
= −𝑘𝐴2(휀𝜒)

𝑚2 = −𝑘𝐴2 (휀
Δ𝐾𝑝
Δ𝐾𝑡ℎ,𝑝

)

𝑚2

, for Phase II

 (23) 
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where 𝑉𝑝 is the volume of void-space and 𝑉𝑇 is the bulk volume of material. In the PD model, 

𝑉𝑝 is the total volume of the selected pores with the identified diameters and 𝑉𝑇 is the total 

volume of the C(T) sample. After the desired porosity is reached, the pores are randomly 

distributed over the sample. For example, with the porosity level of 𝑃 = 0.01% in Fig. 18, the 

total number of 𝑁𝑝𝑡𝑜𝑡 = 2324 pores are randomly allocated in the sample with the maximum 

pore diameter of 𝑑𝑝 = 220𝜇𝑚. The first row of Fig. 18 showing the Gamma distributions for 

each of the assigned porosities with the indication of the total number of the pores 𝑁𝑝𝑡𝑜𝑡 within 

a sample. The second row shows the random porosity distributions corresponding to each of 

the porosity levels, where the samples with the 𝑃 > 0.01% has more dense porosity 

distributions with the total number of pores of 𝑁𝑝𝑡𝑜𝑡 > 4300. Note that the size of pores in Fig. 

18 are scaled only for visualisation purposes. Multiple crack interaction between neighbouring 

pores is taken into account, where the amplifying effect is considered [60], meaning that the 

interaction between the pores 𝑖 and 𝑗 is effecting the remaining life of the bond as: 

4.2 Results and discussion 

The fatigue simulations are performed under the cyclic load amplitude of 𝐹𝑎 =  3.15 𝑘𝑁 

with the load ratio of 𝑅 = 0.1, and the material properties are the same as stated in Section 2.4 

by omitting the influence of material microstructure (𝑘𝐺𝐼 = 1, 𝑘𝐺𝐵 = 1). In all simulated cases, 

crack follows the path with higher density of pores and deflects towards the pores with a bigger 

diameter, as shown in Fig. 19. Only for the sample with the lowest porosity of 𝑃 = 0.01% the 

crack growth is straight with a slight deflection at the end of its path. The small effect on crack 

propagation is noticed due to the pores' small porosities and low densities in front of the crack 

tip. The second row in Fig. 19 shows the pores that the crack is propagating through, where 

only 20 pores with the mean pore diameter of 𝑑𝑝𝑚𝑒𝑎𝑛 = 77𝜇𝑚 are noticed in the sample with 

𝑃 = 0.01%. On the other hand, the samples with the porosities of 𝑃 = 0.04,

0.08 and 0.2% have higher clusters of the pores on the crack path with the number of pores of 

26, 35 and 37, and mean pore diameter of 𝑑𝑝𝑚𝑒𝑎𝑛 = 86, 121 and 168 𝜇𝑚, respectively. The 

samples with the higher porosity levels are weakening the sample’s integrity and have a higher 

effect not only on the FCG behaviour but also on the FCGR. The 𝑑𝑎/𝑑𝑁 − Δ𝐾 curves in Fig. 

20 for C(T) sample with different porosity levels show the reduction of the fatigue strength due 

to the dense presence of the pores. Only the areas with pores of 𝑑𝑝 < 50𝜇𝑚 or where the 

{

𝑑𝜆𝑖(𝑁)

𝑑𝑁
= −𝑘𝐴1(휀𝑖𝜒𝑖𝜒𝑗)

𝑚1
, for Phase I

𝑑𝜆𝑖(𝑁)

𝑑𝑁
= −𝑘𝐴2(휀𝑖𝜒𝑖𝜒𝑗)

𝑚2
, for Phase II

 (28) 
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distance between the pores is more then 0.3 × 10−3 𝑚, the FCGR are very close to the wrought 

Ti6Al4V (𝑃 = 0) and the effect of the pores on the FCGR is minimal, as shown in Fig. 20 for 

𝑃 = 0.01%. 

 
Fig. 18 Gamma distribution of the pores with porosities of 𝑃 = 0.01, 0.04, 0.08 and 0.2%, and its 
corresponding distributions in the C(T) sample. 

 
Fig. 19 Crack propagation plots and pore distributions in front of propagating crack in C(T) sample with 
different porosity levels. 

 
Fig. 20 Crack growth curves comparison for C(T) samples with different porosity.  
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From the presented numerical study, the effect of the porosities on the FCGR is evident 

with the low impact of the pores on FCG behaviour only in the samples with low porosity 

densities and small sizes of pores. This could be the reason why the test studies [21] showed a 

minor impact of the pores of the diameter of 𝑑𝑝 ≤ 50𝜇𝑚 on FCGR. Moreover, the study [15] 

of EBM Ti6Al4V samples showed non-uniform defect distributions in the AM part with 

different fatigue performances of the H-C(T) and V-C(T) samples. It was indicated that the 

core part of the built mainly was defect-free, and the highest concentration of the pores was 

closer to the built edges [15]. Therefore, it was concluded that the porosities did not have a 

significant contribution to FCG properties. Instead, the review in [38] had the contrary outcome 

with a definitive effect of the pores on the fatigue performance where it is stated that FCG 

behaviour is dependent not only on microstructure but also on process-induced defects, with 

the effect on the FCGR. With this respect, it is important to analyse the fatigue response of the 

C(T) specimen by considering the microstructure and process-induced defects, like pores. 

However, the sample's pore distribution can be regarded as uniform within the sample in the 

current studies, just with the small variations of pore concentrations. Therefore, the following 

simplification is made to analyse the worst-case scenario of the AM sample with high levels of 

porosities within all the sample structures and evaluate the effects of the pores on FCGR.  

The PD fatigue model includes the two types of C(T) samples, shown in Fig. 1, with the 

granularity of C1 (𝑘𝐺𝐼 = 1, 𝑘𝐺𝐵 = 5), described more in details in Section 3, and three levels 

of porosity 𝑃 = 0.01, 0.04 and 0.08%. As shown, in Fig. 21 and Fig. 22, the H-C(T) samples 

has the long grains allocated perpendicular to the pre-notch; on the other hand, sample V-C(T) 

has the grain distribution parallel to the pre-notch. The long grains are presented in a grey 

pattern. The performed PD simulations for all porosity levels have shown transgranular crack 

propagation for H-C(T) and intergranular crack propagation for V-C(T) samples. In all the 

cases for H-C(T) samples, crack deflects toward the weakest areas with the higher densities of 

the pores but still propagates through the grains (Fig. 21). Evaluating the FCGR, the porosities 

have an apparent effect on the fatigue performance, wherein both types of samples, H-C(T) 

and V-C(T), the higher levels of porosities initiate the faster crack propagation resulting in the 

worth FCGR, shown in Fig. 23. Moreover, comparing the fatigue performance of H-C(T) and 

V-C(T) samples in Fig. 24 shows that H-C(T) samples are still more resistant to the FCG. 
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Fig. 21 Crack propagation plots and pore distributions in front of propagating crack in H-C(T) samples with 
different porosity levels of P. 

 
Fig. 22 Crack propagation plots and pore distributions in front of propagating crack in V-C(T) samples with 
different porosity levels of P. 

 
Fig. 23 Crack growth curves comparison between samples with different porosity levels of P and granularity of 
H-C(T) and V-C(T) samples.  
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Fig. 24 Crack growth curves comparison between H-C(T) and V-C(T) samples with porosity of 𝑃 = 0.01,
0.04 and 0.08%.  

The PD study showed good assessment and indication of the porosity effects on the FCG 

even if the model is treated as elastic and the plastic deformations are neglected. All the pores 

are treated as spherical, and the cavities in the samples are evaluated using the pore diameter. 

The following assumption is made based on the test observations [9,19], where the most 

common process-induced defects are spherical pores. Thus, the PD FCG model accurately 

captures the small changes in the material structure and the effect of the small defects on the 

FCGR and FCG behaviour due to the pore existence. The initiation of granularity and porosity 

in the numerical model indicated the influence of both factors on fatigue performance. Firstly, 

it is showcased by means of numerical modelling the importance of porosity reduction in the 

samples, as even the low porosity levels of 𝑃 = 0.01% with the distribution all over the sample 

have a noticeable impact on FCGR. Secondly, the numerical investigation on the columnar 

grains in the structure showed the anisotropy in the fatigue properties due to the development 

of a long-grained structure during the AM process.  

5 Conclusion 
This study investigated the influence of microstructure and porosity on the FCGR of 

additively manufactured Ti6Al4V material. These effects were evaluated based on the types of 

microstructure and porosity levels available in the literature. The employment of PD theory in 

fatigue problems showed the PD fatigue model's capability to capture the FCG behaviour, and 

the results of the validated model are in line with test data. The following conclusions can be 

derived from the conducted study: 

• The crack propagation behaviour is directly dependent on the material microstructure, 

and coarse-grained microstructure has higher FCG resistance. Moreover, the columnar type of 

microstructure developed during AM brings the anisotropy into fatigue properties. The samples 

with the elongated 𝜷 grains located parallel to the crack propagation path have a weaker 

response with the fast-propagating crack along the columnar grains.  
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• The pores in the presented samples impact the FCG behaviour, where the crack moves 

through the areas with a higher density of the pores with bigger diameters. The porosities 

weaken structural integrity with faster FCGR for the samples with higher levels of porosities. 

• The model with implemented porosities and columnar microstructure showed the effect 

of both factors on the FCGR. The cut of the samples with different columnar grains orientation 

contributes to the anisotropy of FCG performance. Even low levels of porosities (𝐏 = 𝟎. 𝟎𝟏%) 

are increasing the FCGR. 
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