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Abstract

The Markov decision process (MDP) model has been widely studied and used in
sequential decision making problems. In particular, it has been proved to be effective in
maintenance policy optimization problems where the system state is supposed to con-
tinuously evolve under sequential maintenance policies. In traditional MDP models for
maintenance, the long-run expected total discounted cost is concerned as the objective
function. The maintenance manager’s target is to evaluate an optimal policy that incurs
the minimum expected total discounted cost through the corresponding MDP model.
However, a significant drawback of these existing MDP-based maintenance strategies is
that they fail to incorporate and characterize the safety issues of the system during the
maintenance process. Therefore, in some applications that are sensitive to functional
risks, such strategies fail to accommodate the requirement of risk awareness. In this
study, we apply the concept of risk-aversion in the MDP maintenance model to develop
risk-aware maintenance policies. Specifically, we use risk functions to measure some
indexes of the system that reflect the safety level and formulate a safety constraint.
Then, we summarize the problem as a constrained MDP model and use the linear pro-
gramming approach to evaluate the proposed risk-aware optimal maintenance policy
under concern.

Keywords: Risk aversion; condition-based maintenance; safety constraint; Markov decision

process; imperfect repair.

1 Introduction

Maintenance has played an important role in preventing system failure and sustaining

a safe operation for various industries. With the advances of sensor technology, system

condition data can be captured in a much easier way, prompting the shift of maintenance

strategies from age-based maintenance to condition-based maintenance (CBM). CBM tends

to intervene the system based on the observed system state. Compared with the traditional
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time-based maintenance, CBM is able to prevent system failure in a “timely” manner.

Superiority of CBM has been recognized from both the academic and practical point of

view (Ahmad and Kamaruddin, 2012; Zhao et al., 2021).

Renewal process theorem and Markov decision process (MDP) are the most commonly

used approaches to model CBM processes. Renewal process tends to describe the mainte-

nance process by a series of renewal cycles, which occur whenever the system is restored

to the as-good-as-new state upon maintenance. Compared with renewal process, MDP is

more flexible in CBM modeling in the sense that it can easily characterize multiple mainte-

nance actions that does not constitute a renewal cycle. In addition, MDP is able to model

maintenance process for a finite horizon, while renewal cycle theorem will find it tedious.

In literature, a large body of studies have appeared on CBM modeling using MDP and

its variants Zhu and Xiang (2021). Papakonstantinou and Shinozuka (2014) conducted a

survey on application of the MDP models in structural inspection and maintenance poli-

cies. Zhang and Revie (2017) developed a partially observable Markov decision process

(POMDP) to model the decision-making in maintenance, with application to rapid grav-

ity filters of a water utility. Chen et al. (2015) developed a monotone control-limit CBM

policy considering the update of degradation parameters. Elwany et al. (2011) formulated

the maintenance problem into a MDP model for systems subject to continuous monitoring.

A monotone control-limit policy was devised considering measurement noise. Liu et al.

(2017) developed a MDP model for CBM considering age-state-dependent operating cost.

Junca and Sanchez-Silva (2013) presented a maintenance model for systems deteriorat-

ing as a result of shocks and the optimal decision is obtained based on MDP. Byon et al.

(2010) examined the optimal maintenance strategy for wind turbines considering stochastic

weather conditions. A POMDP model was established to describe the maintenance process.

Havinga and de Jonge (2020) formulated a MDP model for the cyclic patrolling repairman

problem considering condition-based preventive maintenance. Lagos et al. (2020) developed

a MDP model for airline maintenance operations. Flory et al. (2015) addressed the mainte-

nance problem for a continuously degrading system that operates in a partially observable

environment and formulated the problem as a POMDP.

While one can witness the popularity of MDP in maintenance modeling, a limitation

is that almost all the studies focus on the single criterion of maintenance cost (e.g., aver-
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age maintenance cost, discounted total maintenance cost, etc). However, the criterion of

maintenance cost overlooks the risks associated with occasional high-cost events that occur

during system operation (Gosavi, 2006). In particular, the expectation of the long-term

cost which is extensively adopted as the criterion fails to capture the fluctuation of the

observation sequence, thus fails to evaluate the potential risks associated with such fluctu-

ation. In many practical scenarios, risk awareness is concerned with a high priority during

system operation (Geibel and Wysotzki, 2005; Ngo and Krishnamurthy, 2009; Garcıa and

Fernández, 2015; Tamar et al., 2016; Xu et al., 2021; Meraklı and Küçükyavuz, 2020).

Similarly, in many cases where successive maintenance actions are conducted, risk-averse

criterion is necessary to accommodate the maintenance managers who retain sensitivity to

risky system conditions. For example, safety-critical systems have to keep a large margin

from the failure threshold due to industry standards or safety concerns, and only concerning

the average cost is not enough in the long run. In such situations, classical maintenance

policies evaluated from MDP models aiming at minimizing expected total cost is no longer

applicable. What a maintenance manager expects is a more sophisticated model that can

quantify the risk sensitivity and determine the optimal maintenance strategy incorporating

this factor (Gosavi, 2006; Wu et al., 2017). Actually, risk-aware MDP has been applied

in various industries, such as portfolio selection (Huo and Fu, 2017; Zhang et al., 2020),

option pricing (Chow and Ghavamzadeh, 2014), and energy storage systems (Xia, 2020).

One motivating example of the study is maintenance on bridge joints. Bridge joints are

used to accommodate the necessary movements of bridge decks, withstand the traffic load,

and protect bearings from corrosion (Liu et al., 2017). Asphalt Plug Joint (APJ) is one of

the most common bridge joints due to its advantages in waterproof and noise reduction.

APJs have an expected lifetime of 5 to 15 years based on the operating environment.

Based on the knowledge from local maintenance experts, APJs deteriorate as a result of

aging and environmental factors such as accumulated debris, corrosion and traffic load.

Malfuction of an APJ will increase the failure risk of bridge deck and bearing, and may

even lead to bridge failure. To mitigate the risk of APJ failure, general inspection is

regulated to evaluate the health condition of APJ joints. Upon inspection, the maintenance

engineers are eager to know whether they should repair or replace the APJ. They want a

maintenance policy that minimizes the maintenance cost while can sustain a high safety

3

A risk-aware maintenance model based on 
constrained Markov decision process



level. Another example is the maintenance of water treatment systems that are widely

deployed in the petrochemical industry. The treatment vessel in the system is subject

to periodic inspections and restoration of performance on demand. The shutdown of the

water treatment system caused by the vessel failure can cause costly capacity loss and thus

decision makers wish to control the risk of shutdown at a lower level. Meanwhile, to restore

the performance of water treatment vessels costs considerable materials and manpower, and

it is of great interest to the asset owner to reduce the restoration cost under a constrained

risk level of shutdown.

To this end, this study aims to develop a risk-aware maintenance model considering

safety constraint. The system under investigation is assumed to deteriorate according to a

Markov chain and a safety constraint is imposed upon the system to sustain a reliable op-

eration. Several approaches have been investigated for such problems in existing research,

such as constructing objective functions based on risk-aware functions (Ruszczyński, 2010;

Xu et al., 2021) or using robustness formulation for the model construction against adver-

sarial environment (Kim and Lim, 2015). In our work, we choose to incorporate the safety

requirements as risk-aware constraint functions in the maintenance model and formulate a

constraint MDP model. In particular, we firstly introduce a constraint function that mea-

sures the safety level of the system during maintenance process and subsequently develop

a risk-aware maintenance model. Then, we choose a metric that measures the safety level

of the system according to the system state. Under maintenance policies, the system state

continuously evolves and generates a sequence of stochastic states. Therefore, the safety

level of the system, as a function of the system state, is also a stochastic sequence during

the maintenance process. Following the paradigm of risk management, we use the risk

measures (Artzner et al., 1999; Ruszczyński and Shapiro, 2006) to measure the risk of the

(stochastic) safety level of the system through the maintenance process. Moreover, a risk

threshold is imposed on the system and the risk measure of the safety level shall stay above

the threshold to sustain a reliable operation. Based on these discussions, the maintenance

problem is formulated as a constrained MDP. We restrict the risk measures concerned in

this work to two popular risk measures, namely, value-at-risk (VaR) (Jorion, 2007) and con-

ditional value-at-risk (CVaR) (Rockafellar and Uryasev, 2000). VaR calculates the quantile

of the safety level, thus using VaR in the constraint function means that the safety level is

4

A risk-aware maintenance model based on 
constrained Markov decision process



supposed to stay above some preset lower limit with a high probability. Constraint func-

tion using VaR is “hard” in the sense that it is too strict for any maintenance policy to be

feasible in some problem settings. CVaR is an alternative to VaR in situations where soft

safety constraint is needed. Different from VaR, CVaR involves the quantile of the safety

level in a cumulative way. Thus, the constraint function using CVaR requires the average

system safety level stays above a preset value and is more relaxed than the VaR constraint.

Finally we prove that the underlying constrained MDP problem can be solved using linear

programming approach and evaluate the corresponding optimal policy. Numerical proper-

ties of the approach are investigated through a series of simulation studies. Based on the

discussion above, we summarize the contributions of this work as follows.

(i) We introduce risk-aversion in maintenance problems by using risk measures to con-

struct a metric of safety level and formulate the problem as a MDP model with safety

constraints.

(ii) We use occupation measure method and transfer the non-linear safety constraint into

linear functions in terms of occupation measure. Then, we transform the model into

a linear programming problem.

(iii) Based on the theory of MDP with linear constraints, we prove that the existence of

the optimal policy and provide its specific form.

The rest of the paper is organized as follows. Section 2 presents the model formulation

of classical maintenance problem using the MDP models. Section 3 proposes the constraint

function using risk measures and incorporates the safety constraint in the MDP model

to formulate a constrained MDP model for the risk-aware maintenance problem. Then,

two specific risk measures are introduced in our model. Section 4 develops an approach

to evaluate the optimal maintenance policy for our model using the linear programming

method. Section 5 investigates the numerical properties through examples and simulation

studies. Section 6 summarizes the work and gives some final concluding remarks.
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Notation list

X Set of system states

R Transition probability of system state under natural deterioration

A Set of maintenance actions

Ax Set of feasible maintenance actions when system state is x.

Ma Transient transition probability of system state under maintenance action a

P a Transition probability of system state under maintenance action a

c Maintenance cost function

λ Discount factor

π A generic maintenance policy

V π Value function of policy π

π∗ The optimal maintenance policy

V ∗ Value function of the optimal policy

q Safety metric of system state

Dπ
λ Discounted stationary probability distribution under maintenance policy π

ρ Risk measure

α Confidence level

VaRα Value-at-risk measure

CVaRα Conditional value-at-risk measure

2 Problem formulation

Consider a system whose health condition is discretized into a finite number of states. Let

X , {1, 2, ..., N} be the set of all possible system states, where states are in descending

order in terms of the health condition of the system. In particular, state 1 indicates perfect

(new) state and state N represents the failure state. Assume that the system is under

periodic inspections at time i∆t, where i = 0, 1, · · · , denoting the number of inspection,

and ∆t is the inspection interval. We assume that the system state is observed accurately

each time. Let Xi be the state of the system at the ith inspection. When no maintenance

action is taken, we assume that system state evolves according to a transition probability
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matrix R , {R(x, y); x, y ∈ X}, where

R(x, y) = P{Xi+1 = y|Xi = x}, ∀x, y ∈ X .

We conclude that R can be induced by the physical model of the dynamics of system state

in practice, e.g., the degradation of some critical quality characteristic of the system.

Let A , {0, 1, ...,M} be the set of all allowable maintenance actions before failure, and

denote by a ∈ A a generic maintenance action in A. The maintenance actions are labeled

so that the effectiveness is increasing in the index number, e.g., a = 0 indicates that no

maintenance action is taken and a = M implies a replacement. At the ith inspection time,

the decision-maker is supposed to observe the system state and then select a maintenance

action ai in A.

We assume that the time on maintenance is negligible. If the system is found failed

when the state is observed, the decision maker is supposed to choose only replacement as

the maintenance action. To incorporate these requirements in the model, we define Ax ⊂ A

to be the set of all feasible maintenance actions for each state x ∈ X , specifically,

Ax =

 {M}, x = N

A, x 6= N
.

Moreover, we define Θ , {(x, a) ∈ X ×A : a ∈ Ax} as the set of all feasible state action

pairs, each of which represents a combination of a possible system state and a feasible action

under this state.

For all a ∈ A, if a is taken, the system state makes an instant transition from the state

X− before maintenance to the state X+ after maintenance, according to the transition

probability matrix Ma , {Ma(x, y); x, y ∈ X}, where

Ma(x, y) = P{X+ = y|X− = x, ai = a}, ∀x, y ∈ X .

Based on our discussions about the maintenance actions, we conclude that Qa satisfies the

following conditions:

(C1). Maintenance on a worse initial state leads to a stochastically worse state, i.e.,

N∑
y=s

Ma(x1, y) ≥
N∑
y=s

Ma(x2, y) ∀ x1 > x2, s ∈ S,
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(C2). Less efficient action leads to a stochastically worse state, i.e.,

s∑
y=1

Ma1(x, y) ≥
s∑

y=1

Ma2(x, y) ∀ a1 > a2, s ∈ S.

(C3). The transition probabilities under no maintenance action (a = 0) and replacement

(a = M) are given as

M0(x, y) =

 1, y = x

0, y 6= x
, ∀x, y ∈ X ,

and

MM (x, y) =

 1, y = 1

0, y 6= 1
∀x, y ∈ X .

Now we incorporate maintenance actions in modeling the evolution of the system state.

Denote the transition probability matrix of system state by PA, for all a ∈ A. Define

P a , {P a(x, y); x, y ∈ X}, which is given by

P a(x, y) = P {Xi+1 = y |Xi = x, ai = a} =

N∑
l=1

Ma(x, l)R(l, y), ∀x, y ∈ X , ∀i ≥ 0.

The logic of P a(x, y) goes as follows. Since a maintenance action improves system health

condition before transiting to the state at the (i + 1)th inspection time , the transition

probability is formulated by enumerating all the states that the system would reach by

maintenance.

For all (x, a) ∈ Θ, let c(x, a) denote the maintenance cost of action a given the system

state x at any time. For all x ∈ X , c(x, a), as a function defined on Ax, is supposed to

be monotonically increasing in a, which indicates that a more effective maintenance action

incurs a higher cost. In the paradigm of sequential decision problems with infinite time

horizon, all costs are discounted to the initial time with a discount factor λ ∈ (0, 1). Based

on the above discussions, we may summarize our proposed maintenance model as a Markov

decision process (MDP), represented by a five-tuple
(
X , A, c, PA, λ

)
.

An admissible maintenance policy for the decision maker is defined as π = (π1, π2, · · · ).

For all x ∈ X , each πt : x → P(Ax) is a mapping from x to the set of all probability

distributions P(Ax) on Ax. In particular, if all πt’s are the same, we call π a stationary
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policy. Let Π be the set of all admissible maintenance policies. In reality, a policy implies

the maintenance strategy of the decision maker facing an observed system state each time.

Given any policy π ∈ Π and initial system state x ∈ A, the value function of policy π is

defined in terms of the expected total discounted cost as

V π(x) , E

[
(1− λ) ·

∞∑
i=0

λic(Xt, πt(Xt))
∣∣∣X0 = x

]
. (1)

For ease of discussion, we assume that the system is new when it starts functioning,

which implies that the initial state of the underlying process is X0 = 1 from a practical

perspective. The decision maker’s target is to decide a maintenance policy π ∈ Π to

minimize the expected total discounted cost given initial state X0 = 1, namely, find the

following optimal policy

π∗ = arg minπ∈ΠV
π(1). (2)

Along with the assumption that maintenance actions are instantaneous, it can be shown

that the value function of π∗, denoted by V ∗, is the unique solution of the following dynamic

programming equation

V ∗(x) = (1− λ) · min
a∈Ax

{
c(x, a) + λEX∼Pa(x, ·) [V ∗(X)]

}
, ∀x ∈ X . (3)

where EX∼Pa(x, ·) [V (X)] =
∑N

j=1 P
a(x, j)V (j). Moreover, the optimal policy π∗ is given

as

π∗(x) = arg min
a∈Ax

c(x, a) + λ

N∑
j=1

P a(x, j)V ∗(j)

 .

The above formulation of the problem and the optimal policy directly follow from clas-

sical results of MDP models. However, we note that the value function V π in (1) only

concerns the expected cost and somehow ignores the tracking of the system states. As

a result, the corresponding optimal policy π∗ fails to incorporate risk-aversion, and thus

may lead to risky situations. For example, using only the expected cost as the criterion,

there is no constraint on the total time when the system arrives at some inferior states,

or even failure. Thereby, under the optimal policy π∗, the total maintenance cost may

be averagely low, yet the system may stay in unhealthy situations in a significantly large

proportion of time. When the application environment retains a low tolerance for the risk

that is caused by unhealthy system conditions, π∗ above possibly fails to accommodate
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risk-aware agents. To cope with this gap, we introduce an additional constraint function

that measures the safety level of any policy in terms of the health condition of the system

throughout the maintenance process in the next section. Then, we formulate a risk-aware

sequential maintenance model.

3 Safety constraint on maintenance actions

In situations where safety guarantees are required, researchers impose safety constraint

upon the system to sustain a stable operation. In this section, we introduce a general risk

function to measure the safety level of any given policy and formulate a safety constrained

maintenance model. Then, we give two specific and extensively used examples of risk

functions. To formulate the safety constraint, we firstly need to choose a proper index

that measures the system’s safety level according to its state. Various metrics can be

applied to measure the safety, such as reliability value, remaining useful life, etc. In this

study, we employ a more general metric q : X → (0, 1) to measure the system safety

level. In particular, q(x) quantifies the system’s safety level when system is in state x ∈ X .

Meanwhile, q(x) is supposed to be monotonically decreasing in x ∈ X , implying that a

“worse” state is considered to be more risky. The exact form of q is not specified, as q

is a general mapping from system state to a normalized metric. An exact form highly

depends on the scenario under investigation. For example, we can use the probability of

system survival until the next inspection to construct q(x), indicating that the decision

maker tends to keep the system operating at a reasonable probability between consequent

inspections. Also, q could be a distance function reflecting the distance from system state

X to the failure threshold. Under a given policy, the system continuously evolves and

generates a sequence of states, causing different distributions of states each time. So, the

challenge is how to use q to measure the safety level when the system state is stochastic with

non-stationary distribution. We use the same idea of discounting the future observation

and define the following discounted limit probability function (Mattila et al., 2017) on X

induced by π as
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Dπ
λ(x) = (1− λ) ·

∞∑
i=1

λtP{Xi = x |X0 = 1, π}, ∀x ∈ X .

Dπ is quite similar to the traditional stationary probability distribution of a controlled

Markov chain, namely, limT→∞ 1/T
∑T

i=1 P{Xi = x |X0 = 1, π}, ∀x ∈ X . We conclude

two differences between them, because of which we use the former. The first difference

is that the stationary distribution take average of the distribution each time, while the

discounted distribution uses the exponential-weighted average, which is more consistent

with our model setting that any future feedback of the maintenance policy is less important

than the current feedback and is exponentially discounted. The second difference is that the

stationary distribution does not necessarily exist under an arbitrary policy, and additional

assumptions such as the uni-chain assumption is needed to ensure the existence. However,

the discounted stationary distribution always exists in the sense that the set of partial sum

sequences
{

(1− λ) ·
∑T

i=1 λ
i−1P{Xi = x |X0 = 1, π}

}∞
T=1

is a non-negative and monotonic

Cauchy sequence.

Based on Dπ, we define a random variable, Qπλ, denoting the index of system safety

level under π. In particular, we let P{Qπλ = q(x)} = Dπ
λ(x). Namely, we use q as the

safety metric and consider the discounted stationary probability Dπ
λ(·) as some reference

probability on X generated by π. It might be controversial in some situations to discount

the safety metric Qπλ in the same way as the maintenance cost. However, we would argue

the rationality from the following two perspectives. On one hand, it is somewhat practical

to discount the safety level in the future. For example, with the operation and maintenance

process of the system going, more knowledge about the system degradation will accumulate

and the corresponding safety restriction on the system operation can be less conservative.

Therefore, discounting the safety level indicates that the decision maker is more confident

and imposes less risk on the system state with time going. On the other hand, to use the

discounted stationary distribution consistently for both the maintenance cost and safety

level, the mathematical tractability of the model can be guaranteed and the optimal policy

can be solved through linear programming, as discussed in later sections.

Note that Qπλ is a random variable, one may consider to use the expectation E(Qπλ) to

measure the system safety level under π. However, to accommodate risk-aware decision
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makers, only considering E(Qπλ) is not enough. Because E(Qπλ) contains no information

about the fluctuation of Qπλ and thus fails to detect some potential risky situations that

appear with non-negligible probabilities. Following the paradigm of risk management, we

introduce a risk function of Qπλ as the metric for safety. Broadly speaking, a (standardized)

risk function in the cost-concerning context, denoted by ρ, is a mapping defined on all

the space L of random variables taking values on [0, 1] that satisfies the following axioms

(Ruszczyński and Shapiro, 2006)

(i) Normalization: ρ(0) = 0, where the “0” in ρ(0) represents the random variable that

always equals to 0;

(ii) Translation invariance: for all r ∈ R and L ∈ L, ρ(L+ r) = ρ(L) + r;

(iii) Monotonicity : for all L1, L2 ∈ L and L1 ≥ L2 a.s., ρ(L1) ≥ ρ(L2).

Risk measures are widely used as a metric to judge if the risk of a specific performance

index (e.g., outcome, asset and cost) is acceptable. To control the risks and maintain a

high safety level, a safety-concerned maintenance policy is supposed to keep ρ(Qπλ) at a

low level. Given a preset threshold of safety value τ ∈ [0, 1], we claim the following safety

constraint

ρ(Qπλ) ≥ τ, (4)

in particular, τ = 0 means that there is no safety constraint. By incorporating the safety

constraint in the original optimization problem (2), the resulting safety constrained problem

is

min
π∈Π

V π(1),

s.t. ρ(Qπλ) ≥ τ. (5)

Remark. Since q(x) ≤ 1 for all x ∈ X , we have Qπλ ≤ 1. According to the normalization

and translation invariance of ρ, for all r ∈ R, ρ(r) = ρ(0 + r) = ρ(0) + r = r. Moreover,

because of the monotonicity of ρ, Qπλ ≤ 1 implies that ρ(Qπλ) ≤ ρ(1) = 1. Thus, to ensure

that problem (5) is feasible, we always set τ ∈ [0, 1].
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3.1 Value at risk

Value at risk (VaR) is a widely utilized risk function for risk-aversion in different areas.

VaR calculates the quantile of a random variable. Given a confidence level α ∈ (0, 1), the

VaR of a random variable W is defined as

VaRα(W ) , inf {r ∈ R : FW (r) ≥ α} = F−1
W (α), (6)

where FW (·) is the cumulative distribution function (CDF) of W . VaRα(Qπλ) reveals the

upper bound on Qπλ with a high probability α. Compared with expectation, VaRα(Qπλ) can

better captures the fluctuation of Qπλ. Using VaRα as the constraint, the agent can restrict

the value of Qπλ at a high level with a high probability. Choosing VaR as ρ in (5), the safety

constraint problem can be written as

min
π∈Π

V π(1),

s.t. VaRα(Qπλ) ≥ τ. (7)

3.2 Conditional value at risk

A widely used alternative to VaR is the conditional value at risk (CVaR). As a risk function,

CVaR not only considers the quantile of a distribution, but the whole tail distribution

beyond the quantile by taking average on all quantiles whose confidence level is above some

preset value. Given a confidence level α ∈ (0, 1), the CVaR of a random variable W is

defined as

CVaRα(W ) , (1− α)−1

∫ 1

α
VaRβ(W )dβ. (8)

Instead of making a hard constraint on the quantile as VaR, the CVaR constraint makes a

restriction on the quantile in a cumulative way. It makes the CVaR constraint more flexible

and practical in scenarios where the demand for safety is less strict. Using CVaRα, the

safety constraint problem (5) can be written as

min
π∈Π

V π(1),

s.t. CVaRα(Qπλ) ≥ τ. (9)
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Since the confidence level α is decided by the decision maker, here and thereafter, we

fix the confidence level α for both VaR and CVaR. The challenge of solving (7) and (9)

lies in the non-linear constraint function. Due to the existence of constraint, classical

dynamic programming method is no longer feasible. Alternatively, we choose to use the

linear programming method based on occupation measure which is specified in the following

context. However, the safety constraint is non-linear so that existing linear programming

methods for MDP with linear constraints can not be directly used. In the next section, we

will show that the safety constraint can be transferred to an equivalent linear function in

terms of the occupation measure and the optimal maintenance policy can be solved using

conventional numerical methods for linear programming.

4 Optimal policy

In this section, we achieve the optimal policy for Problem (7) and (9) using the linear

programming method for MDP models. To proceed, we introduce the approach of the

discounted occupation measure as below, which formulates the fundamentals of linear pro-

gramming for MDP. Given the discount factor λ, for all π ∈ Π and all feasible state action

pair (x, a) ∈ Θ, we define

fπλ (x, a) = (1− λ)
∞∑
i=0

λiP {Xt = x, πi(x) = a |π} .

As a function defined on Θ, it is easy to verify that fπλ (·, ·) is a probability measure on Θ,

which can be interpreted as the proportion of the expected number of visits to each feasible

state action pair under policy π. By Theorem 3.2 in Altman (1999), given initial state

x0 = 1, the set of probability measures induced by all policies in Π can be equivalently

presented by the set of all vectors ϕ ∈ [0, 1]|Θ| satisfying
∑

a∈Ax ϕ(x, a)− (1− λ)I {x = 1} = λ
∑

y∈X
∑

a∈Ay ϕ(y, a)P a(y, x), ∀x ∈ X

ϕ(x, a) ≥ 0, ∀(x, a) ∈ Θ
. (10)

where I {·} is the indicator function, i.e.,

I {x = 1} =

 1, x = 1

0, otherwise
.
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An important benefit by introducing the discounted occupation measure is that we can

represent any discounted total cost in a linear way. In particular, if we denote by ϕπ the

discounted occupation measure induced by policy π ∈ Π, then we may rewrite the total

expected discounted cost (2) as

V π(x) =
∑

(x, a)∈Θ

ϕπ(x, a)c(x, a). (11)

Meanwhile, according to the definition of Qπλ and ϕ, we conclude that Qπλ takes the value

of q(x) with probability
∑

a∈Ax ϕπ(x, a).

In the following sections, we will show that using (10) and (11), we may transfer prob-

lem (7) and (9) into the linear programming programs and thus use traditional numerical

methods to solve the problem.

4.1 Optimal policy for VaR constraint

According to previous discussions, to use the linear programming method to solve Problem

(7), we need to transfer the VaR constraint VaRα(Qπλ) ≥ τ into a constraint function using

ϕ. Note that we have,

P{Qπλ = q(x)} = Dπ
λ(x) =

∑
a∈Ax

ϕ(x, a).

Thus, an equivalent condition to the VaR constraint VaRα(Qπλ) ≥ τ is given in the lemma

below.

Lemma 1. Given π ∈ Π and the occupation measure ϕπ induced by π, an equivalent

condition to the constraint function VaRα(Qπλ) ≥ τ can be given using ϕπ by

∑
q(x)≤τ

∑
a∈Ax

ϕπ(x, a) ≤ α.

The proof of Lemma 1 is comparatively trivial and detailed in the Supplemental Online

Materials. According to Lemma 1, if ϕ is an occupation measure induced by some policy

that makes VaRα(Qπλ) ≥ τ holds, then combining with (11), Problem (7) can be rewritten
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as

min
ϕ

∑
(x, a)∈Θ

ϕ(x, a)c(x, a)

s.t.
∑
a∈Ax

ϕ(x, a)− λ
∑
y∈X

∑
a∈Ay

ϕ(y, a)P a(y, x) = (1− λ)I {x = 1} , ∀x ∈ X ,

∑
q(x)≤τ

∑
a∈Ax

ϕ(x, a) ≤ α,

ϕ(x, a) ≥ 0, ∀(x, a) ∈ Θ. (12)

In the following theorem, we conclude that the original problem (7) is feasible if and

only if problem (12) is feasible. Moreover, problem (7) admits a stationary optimal policy

that can be induced by the optimal solution of linear programming problem (12).

Theorem 1. Let ϕ∗ be the optimal solution of problem (12). Then, problem (7) admits a

stationary admissible optimal policy π∗ ∈ Π given as

π∗(x)(a) =
ϕ∗(x, a)∑

k∈Ax ϕ∗(x, k)
, (13)

for
∑

k∈Ax ϕ∗(x, k) > 0 and arbitrarily decided otherwise. Conversely, if problem (7) admits

an optimal admissible policy, then it also admits a stationary optimal policy, which induces

an optimal solution to problem (12).

Proof. We define a complementary cost function dVaR : Θ→ R as

dVaR(x, a) = I {q(x) ≤ τ} ,

then, the constraint
∑

q(x)≤τ
∑

a∈Ax ϕ(x, a) ≤ α can be rewritten as

∑
x∈X

∑
a∈Ax

ϕ(x, a)dVaR(x, a) ≤ α.

The l.h.s of the above inequality can be reversely transformed as

min
π∈Π

E

[
(1− λ) ·

∞∑
i=0

λidVaR(xi, πt(Xi))
∣∣∣X0 = 1

]
.
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Therefore, we can transfer problem (12) reversely into an equivalent original problem

as

min
π∈Π

V π(1),

s.t. E

[
(1− λ) ·

∞∑
i=0

λidVaR(xi, πi(Xi))
∣∣∣X0 = 1

]
≤ α. (14)

Since problem (14), problem (12) and problem (9) are equivalent, we can apply the Theorem

3.3 of Altman (1999) to problem (14) and conclude the proof.

There are situations where one is only interested in the optimal value function, instead

of the corresponding optimal policy. For computational convenience, we introduce the dual

problem to problem (12) in the following corollary, which directly calculates the optimal

value function.

Corollary 1. The dual to problem (12) is

max
V, ϕ

[V (1)− αψ]

s.t. V (x) ≤ c(x, a) + ψ · I {q(x) ≤ τ}+
∑

(y, a)∈Θ

P a(y, x)V (x), ∀(x, a) ∈ Θ,

V (x) ≥ 0, ∀x ∈ X , ψ ≥ 0. (15)

Moreover, strong duality holds between problem (12) and problem (15).

Corollary 1 can be directly concluded by applying the Theorem 3.7 of Altman (1999)

to problem (14), we omit the proof for brevity.

Unlike the classical MDP problems with no constraint, our proposed constraint model

does not admit an optimal value function or policy that can be directly calculated using

dynamic programming method. However, we can still provide a recursive representation

for the optimal value function using Corollary 1. Let ψ∗ be the optimal solution of problem

(15). We note that due to the theory of superharmonic functions, the dual problem (15)

immediately induces the following dynamic programming equation for the optimal value

V VaR(x) in the case of VaR constraint as

V VaR(x) = min
a∈Ax

{
c(x, a) + ψ∗ · I {q(x) ≤ τ}+ λEPa(x, ·) [V (X)]

}
.
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Since there are unknown parameters in this dynamic equation, it is not feasible for numerical

calculation. However, we may have some insight into the optimal value function under

safety constraint. The role of ψ∗ · I {q(x) ≤ τ} in the dynamic programming function above

is intuitive. We may consider the occupation measure of each state action pair as an

additional cost multiplied by a control variable ψ∗. Whenever the system x is risky such

that q(x) ≤ τ , the cost is counted. This is consistent with our motivation of introducing

VaR constraint, namely, we would like the safety level metric Qπλ to be above τ with a high

probability by means that we add a cost of I {q(x) ≤ τ} for punishment each time q(x) ≤ τ .

4.2 Optimal policy for CVaR constraint

We firstly introduce a useful representation of the CVaR function that is critical for the

construction of a linear programming framework. The CVaR of a random variable W , as

defined in the previous section, can be represented as (Ruszczyński and Shapiro, 2006)

CVaRα(W ) = inf
η∈R

{
η + (1− α)−1E(W − η)+

}
, (16)

where

(W − η)+ =

 W − η, W ≥ η

0, Otherwise
.

Using (16) and the discounted occupation measure, we provide an equivalent condition to

the CVaR constraint in the following lemma.

Lemma 2. Given π ∈ Π and the occupation measure ϕπ induced by π, an equivalent

condition to the constraint function CVaRα(Qπλ) ≥ τ can be given using ϕπ by

η + (1− α)−1
∑

(x, a)∈Θ

ϕ(x, a) [q(x)− η]+ ≥ τ, ∀η ∈ Q,

where Q is the set of all possible values of q(x), x ∈ X .

The proof of Lemma 2 is similar to the proof of Lemma 1 and given in the Supplemental

Online Materials for details.

Now, we incorporate this representation in (1) from the Supplemental Online Materials
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in problem (9) and rewrite the problem as

min
ϕ

(1− λ)−1
∑

(x, a)∈Θ

ϕ(x, a)c(x, a)

s.t.
∑
a∈Ax

ϕ(x, a)−
∑
y∈X

∑
a∈Ay

ϕ(y, a)P a(y, x) = (1− λ)I {x = 1} , ∀x ∈ X ,

η + (1− α)−1
∑

(x, a)∈Θ

ϕ(x, a) [q(x)− η]+ ≥ τ, ∀η ∈ Q,

ϕ(x, a) ≥ 0, ∀(x, a) ∈ Θ. (17)

In the following theorem, we conclude that problem (9) is feasible if and only if problem

(17) is feasible. Similar to the case of VaR constraint, the optimal policy for problem (9)

is shown to be stationary and induced by the optimal solution of problem (17).

Theorem 2. Let ϕ∗ be an optimal solution of problem (17). Then, problem (9) admits a

stationary optimal policy given as

π∗(x)(a) =
ϕ∗(x, a)∑

k∈Ax ϕ∗(x, k)
, (18)

for
∑

k∈Ax ϕ∗(x, k) > 0 and arbitrarily decided otherwise. Conversely, if problem (9) admits

an optimal admissible policy, then it also admits a stationary optimal policy, which induces

an optimal solution to problem (17).

Proof. The proof of Theorem 2 is similar to the proof of Theorem 1. Let |S| = K and

Q = {q1, · · · , qK}. We define a set of complementary costs
{
dCVaR
k

}K
k=1

as

dCVaR
k = −(α− 1) [q(x)− qk]+ ,

and the constraint η+(1−α)−1
∑

(x, a)∈Θ ϕ(x, a) [q(x)− η]+ ≥ τ, ∀η ∈ Q can be transferred

as ∑
x∈X

∑
a∈Ax

ϕ(x, a)dCVaR(x, a) ≤ qk − τ, k = 1 · · · ,K. (19)

The rest of the proof is completely the same as the proof of Theorem 1.

Same as the previous discussions for VaR constraint, we also provide the dual linear

programming problem to problem (17) as below.
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Corollary 2. Let ε = (ε1, · · · , εK) ∈ RK be a K-dimensional non-negative vector, the dual

problem to (17) is

max
V, ε

V (1)−
K∑
k=1

εk(qk − τ)

s.t. V (x) ≤ c(x, a) + (α − 1)−1
K∑
k=1

εk[q(x)− qk]+ +
∑

(y, a)∈Θ

P a(y, x)V (x), ∀(x, a) ∈ Θ,

V (x) ≥ 0, ∀x ∈ X ,

εk ≥ 0, ∀k = 1, · · · ,K. (20)

Moreover, strong duality holds between problem (17) and problem (20).

The proof of Corollary 2 can also be directly concluded using the Theorem 3.7 of Altman

(1999). Details are omitted for brevity. Same as the VaR case, given the optimal solution ε∗

for problem (20), we conclude the following dynamic programming equation for the optimal

value function V CVaR(x) for the CVaR case

V CVaR(x) = min
a∈Ax

{
c(x, a) + (α − 1)−1

K∑
k=1

ε∗k[q(x)− η]+ + λEPa(x, ·) [V (X)]

}
.

Similar to the VaR constraint case, there is an additional cost of (α−1)−1
∑K

k=1 ε
∗
k[q(x)−η]+

in the dynamic programming equation. However, in the CVaR case, the difference is that

the additional cost is an weighted average among residual terms [q(x)−qk]+, k = 1, · · · ,K.

This meets with the idea of CVaR that takes average among quantiles.

Remark. The optimal policy under safety constraint, as derived in this section, is not

necessarily deterministic as the optimal policy under no constraint. In practice, engineers

may not prefer random policies in some scenarios even they admit mathematical optimality.

We propose an alternative here without rigorous interpretation. When deterministic policies

are preferred, the previous random optimal policies can be transferred to deterministic

policies according to practical safety requirements. Specifically, if the cost saving is more

important and safety restriction is relaxed, then maintenance actions with low levels can be

chosen with probability 1 for those system states that admit random optimal maintenance

actions. In the contrast, if safety requirement is high and strict, then maintenance actions

with relatively high level can be chosen with probability 1 for the underlying states. We

will make more discussions about this in Section 5 through a numerical example.
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5 Numerical study

We demonstrate the foregoing elaborations with a case study of condition-based mainte-

nance on systems subject to performance degradation. A water treatment system in a

petrochemical plant generally degrades over time and usage due to the corrosion of treat-

ment vessel. The treatment vessel is inspected periodically and necessary maintenance

actions are carried out upon the inspection. Apart from minimizing the operational and

maintenance cost, an important issue to which decision makers pay great attention is the

risk of shutdown of the system. Shutdowns not only induce more cost to the plant, but also

lead to safety risks. Similar problems also exist in manufacturing systems. Manufacturers

oftentimes utilize the machine as long as possible, while unexpected system shutdowns may

cause unfulfilled orders and other negative market effects (Yang et al., 2017). Therefore,

decision makers seek for a maintenance policy for such systems to minimize the mainte-

nance cost under a constrained risk of shutdown. Consider such a system of which the

degradation levels can be discretized by ∆d, 2∆d, . . . , N∆d. In this manner, system state

space can be fully characterized by X , {1, 2, ..., N}. Note that ∆d is preferably set as a

small value to achieve higher accuracy. For the purpose of illustration, we assume that the

system degradation can be generally modeled by a drifted Wiener process. We denote the

state of the system at time t by Y (t), which is given by

Y (t) = µt+ σB(t), (21)

where µ and σ are the drift parameter and diffusion parameter, respectively, and B(·) is a

standard Brownian motion. Let the decision interval be ∆t. We can approximately give

the probability matrix R. Specifically, we have R(x, y) = I{y = N} for x = N . For x < N ,

R(x, y) is given as follows:

R(x, y) =I{y = N}
[
1− Φ

(
N∆d− x∆d− µ∆τ

σ
√

∆t

)]
+ I{N > y > x}

[
Φ

(
y∆d− x∆d+ ∆d− µ∆τ

σ
√

∆t

)
− Φ

(
y∆d− x∆d− µ∆τ

σ
√

∆t

)]
+ I{y = x}Φ

(
∆d− µ∆τ

σ
√

∆t

)
. (22)

Further, the elements in Qa are given in a form of the truncated normal distribution.
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Specifically, for 1 ≤ a ≤ N − 2, the maintenance action is imperfect repair, thus we have

Ma(x, y) =I{y = 1} [1− FT N (x; a, σR, 0, x− 1)]

+ I{y 6= 1} [FT N (x− y + 1; a, σR, 0, x− 1)− FT N (x− y; a, σR, 0, x− 1)] ,

(23)

where FT N is the CDF of Truncated Normal distribution with the scale parameter σR de-

scribing the uncertainty in the effect of the imperfect repair. Specifically, for no maintenance

action (a = 0) and replacements (a = N − 1), the following equations hold:

M0(x, y) = I{y = x}, MN−1(x, y) = I{y = 1}. (24)

Next, we set the single-time maintenance cost c(x, a) in the following form:

c(x, a) =


cr, if a = N − 1

cma, otherwise

(25)

In this sense, we assume that the replacement cost is constant while the repair cost is

proportional to a. In addition, if the system fails and needs a corrective replacement, an

addition cost of cf is incurred to the replacement cost. The setting of q can be rather

flexible under various circumstances. As an example, we let q(x) be the probability that

the system survives until the next decision epoch. Specifically,

q(x) =
N∑

x′=x

R(x, x′). (26)

It is noteworthy that the probability that the system survives until the next decision epoch

is an important criterion for industrial asset management. Generally, industrial systems

are expected to operate uninterruptedly between inspections to guarantee the required

performance. For water treatment vessels, unexpected shutdowns are deemed as risky

events of which the probability of occurrence between inspections should be controlled

strictly (Zhao et al., 2021). Therefore, manufacturers or asset managers usually control the

probability of shutdown, which is equivalent to q(x) that we have defined, to a satisfactory

level. Other risk measures that satisfy the conditions listed in Section 3 can also be adopted

to optimize the maintenance policies, for example, the expected system uptime and expected

cumulative performance (uit het Broek et al., 2020; Chen et al., 2021).
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5.1 VaR constraint model

We firstly present an example for the VaR constraint model. We choose a value of 10 for N ,

which is common in problems with moderate sizes. The parameter setting for the model is

given in details in Table 1.

Table 1: Parameter setting for the illustrative example

Parameters Value

N 10

µ 2.5

σ 4

∆t 1

σR 3

cr 20

cm 1

cf 20

τ 0.7

λ 0.9

α 0.3

The optimal maintenance policy can be achieved by solving the linear programming

problem in (12), and is summarized in (27). The minimum discounted cost is 74.1273

under the optimal policy. We notice that the optimal decision is deterministic for all system

states except for x = 7. To be specific, when the system state is 1 or 2, the optimal decision

is doing nothing, i.e., π∗(1) = π∗(2) = 0; it is optimal to imperfectly repair the system

when 3 ≤ x ≤ 6. When x = 7, the optimal decision is randomly chosen from {8, 9} with

probabilities 0.0396 and 0.9604, respectively; finally, replacement is the optimal decision

when x ≥ 8. Specifically, we investigate how the optimal discounted cost changes when

the random policy is altered to a deterministic one. On the one hand, under conservative

considerations, we can set π(7, 9)=1, that is, when the system state is 7, the optimal action

9 is chosen with probability 1. Optimal decisions for other system states stay the same as

those in (27). The conservative policy results in a discounted cost of 74.43, which is slightly

larger than that of the random optimal policy. On the other hand, we can choose action 8
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when the system state is 7, which thus forms a less conservative policy. The policy results

in a discounted cost of 66.79, which is considerably lower than the original optimal cost.

However, the less conservative policy cannot satisfy the constraints for the problem.

π∗(x, a) =



1, for (x, a) ∈ {(1, 0), (2, 0), (3, 1), (4, 3), (5, 6), (6, 8), (8, 9), (9, 9), (10, 9)} ,

0.0396, for (x, a) = (7, 8),

0.9604, for (x, a) = (7, 9),

0, otherwise,

(27)

To demonstrate the influence on the optimal policy and the total discounted cost caused

by introducing the safety constraint, we denote by π∗0(x, a) the optimal policy under α = 1,

where no safety constraint is imposed to the model, and π∗0(x, a) is specified in (28). The

minimum discounted cost is 58.34, which is considerable lower than that under the safety

constraint characterized by τ = 0.7 and α = 0.3.

π∗0(x, a) =


1, for (x, a) ∈ {(1, 0), (2, 0), (3, 1), (4, 1), (5, 1), (6, 4), (7, 6),

(8,7),(9,8),(10,9)},

0, otherwise,

(28)

From (28), we note that the optimal decision is deterministic for all states, which is consis-

tent with the results for non-constrained MDP model. Moreover, replacement is the optimal

decision only when the system has failed (x = 10), meaning that without risk-aversion, the

optimal policy retains a high tolerance for “bad” states. In light of the comparison between

optimal policies π∗ and π∗0, the safety constraint leads to more conservative maintenance

policies by repairing or replacing the system earlier, yet this inevitably induces a larger

maintenance cost.

Since both τ and α determine the risk-aware constraint and thus influence the optimal

decisions, we are interested in how the change in τ and α affects the value of the objective

function. To study the sensitivity of the objective function to τ and α, the discounted total

cost under different values of τ and α are exhibited in Figure 1. We can observe that when

τ and 1 − α are both small (the blue area in the figure), the safety constraint does not

affect the problem, therefore the optimal policy is the same as that in the non-constrained
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case. In contrast, in the cases where τ and 1 − α are both large or either of them is very

large (the yellow area), the constraint can never be satisfied, leading to infeasibility of the

problem. In general, as τ or 1 − α increases, the safety constraint exerts more influences

on the optimal decisions and discounted cost.
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Figure 1: Optimal discounted cost with different τ and α under the VaR constraint

5.2 CVaR safety constraint

Next, we demonstrate the problem under the CVaR constraint in Section 4.2 by a similar

example. For the sake of consistency, we keep all the model inputs the same as in Table

1. By numerical solution, we find that the optimal maintenance policy is exactly the same

as the optimal policy π∗0 in (28). It seems that under the same model parameter setting,

CVaR constraint exerts more relaxed risk-aversion on the model than VaR constraint. We

may conclude the reason as follows. According to the form of VaR and CVaR in (6) and

(8), VaR constraint makes a restriction on the absolute value of the quantile of Qπλ, yet

CVaR constraint makes a restriction on the cumulative average of the quantile Qπλ. Even

the upper bound of the quantile may reach some high value, its average value may still stay

at a low level. Thus, the VaR constraint is more restrictive than the CVaR constraint, and
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thus leads to a more conservative optimal policy.

To study the sensitivity to τ and α under CVaR constraint, a plot of the discounted

total cost against τ and α that is analogous to Figure 1 is shown in Figure 2. In comparison

to the case where VaR constraint is employed, the discounted total cost under CVaR cost

is uniformly lower. In particular, the CVaR constraint yields a much smaller set of τ and

α that lead to infeasibility. The results are consistent with our interpretation that CVaR

constraint is softer than VaR constraint.

Figure 2: Optimal discounted cost with different τ and α under the CVaR constraint

The sensitivity analysis, as part of the numerical example, is exhibited in the Supple-

mental Online Materials.

6 Conclusions

In this work, we propose a maintenance modeling approach to accommodate risk-aware

practitioners and engineers. Specifically, we develop a constrained MDP model to fit the

proposed problem, where the risk-aversion is incorporated in the constraint function. A

safety metric is defined as a metric of the system’s safety level in the long run. Subse-

quently, two popular risk measures are used to measure the fluctuation of the safety metric,
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and a constraint is imposed that the risk measures are not allowed to exceed some preset

thresholds. Moreover, we construct the optimal policy of the proposed constrained MDP

model that leads to the lowest total discounted cost.

We conclude that our model framework is not limited to the model assumptions and

risk measures used in this work. Potential extension of this study can be considered as

follows. Alternative risk measures can be used other than the VaR and CVaR risks, as long

as the risk measure induces a linear constraint using the occupation measure. In addition,

the definition of safety metric q and the transition probability are flexible and adapt to

many existing popular models, though we choose specific models, i.e., the probability of

survival for q and the Wiener process for the transitions, in our numerical study.

Meanwhile, we note that the incorporation of safety constraint in the maintenance

process may significantly increase the maintenance cost in some situations. Therefore,

the decision maker needs to balance between cost control and risk-aversion. From a more

conceptual perspective, other feasible ways to introduce risk-aversion in the maintenance

model are worth investigating in the future research.
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