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A parallel finite element solver is developed for hypersonic flows with frozen chemistry. 
The finite element formulation is edge-based with flow stabilization via a Roe scheme. The 
flow solver is loosely-coupled with a two-temperature thermal non-equilibrium solver. 
Numerical experiments are performed to assess the accuracy and efficiency of the proposed 
approach. 

I. Introduction
HE aviation industry is involved in studies of high-speed non-equilibrium flows. Strong shock waves, chemical
reactions, thermal non-equilibrium and the potential presence of free electrons that may induce magneto-

gasdynamic effects make the physics of such flows complex [1, 2]. To achieve reliable design of high-speed civil 
transport, the accurate prediction of shear stresses, heat fluxes and temperature distributions over the surface of the 
vehicle are essential. Experimental tests [3, 4], together with flexible and reliable computational fluid dynamics 
(CFD) tools, are critical in understanding such high-speed flows. 
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Several numerical approaches for high-speed flows have been developed based on the finite volume (FV) 
method [5-7] and the finite element (FE) method [8, 9]. FE methods have favorable properties such as rigorous 
formulation of boundary conditions, more accurate derivatives on surfaces and superior robustness on stretched 
grids. In particular, the FE method implemented in this work uses an edge-based formulation that introduces 
favorable numerical properties, such as the straightforward application of upwind numerical schemes at cell 
interfaces, an efficient (cost and memory-wise) framework to deal with complex meshes (structured, unstructured 
and hybrid) within a unique data structure and a more computationally efficient assembly compared to element-
based ones [10, 11]. 

The studies of high-speed flows involve solving a system of conservation equations that model non-equilibrium. 
The degree of thermal non-equilibrium is typically measured by a suitable Damkӧhler number, expressed as the ratio 
between the characteristic time for a fluid element to travel a characteristic length and the characteristic time for the 
energy modes to reach equilibrium [7]. When the Damkӧhler number is of the order of unity, the flow is in thermal 
non-equilibrium and a local equilibrium approach, where all energy modes are in equilibrium at one temperature, is 
not suitable to characterize the aerothermodynamic processes. To properly address the effects of thermal non-
equilibrium, the three-temperature model [12, 13] introduces a translational-rotational temperature to characterize 
the translational and rotational kinetic energies of the particles, a vibrational temperature to account for the energy 
associated with the deformation of polyatomic molecules with multiple atoms and chemical bonds, and an 
electronic-electron temperature due to the presence of free electrons and electronic excitation of the species 
constituting the gas. Although this approach is often presented in the literature, it does not yield accurate results and 
is rarely used in high-speed codes [7]. The thermal non-equilibrium model used in this work is Park’s two-
temperature model, which further assumes the vibrational temperature and electronic-electron temperature to have 
the same value [14]. This model simplifies computational complexity, and provides good results for aerodynamic 
coefficients and convective heat transfer rates [13]. 

The present work introduces a loosely coupled edge-based FE solver for the modeling and simulation of high-
Mach flows in thermal non-equilibrium. The computational framework will be discussed and validated without 
considering the presence of chemical reactions at this stage. This is justified by the fact that in high-enthalpy flows, 
thermal non-equilibrium is often relevant even before any chemical reaction is activated and therefore this approach 
provides a meaningful extension of local / quasi-local equilibrium approaches to address high-Mach flows. A finite 
element edge-based formulation [10] is used to reduce the cost of the assembly and to enable the application of Roe 
scheme [15] for its superior accuracy, stability and efficiency in various flow regimes. Second order accuracy in 
space is achieved via the Monotonic Upstream-Centered Scheme for Conservation Laws (MUSCL) [16]. The 
methodology introduced is intended to serve as a framework for the eventual simulation of flows with more complex 
physics and thermodynamics properties. 

The manuscript is organized as follows: Section II presents the stable edge-based FE scheme. Section III 
presents numerical results and Section IV provides conclusions and future work.  

II. Edge-based formulation of the FE scheme
The governing equations of a single-species steady-state viscous flow in thermal non-equilibrium can be written 

as [12] 

( )( ) ( , ) ( , ) ( ) − −  =A V TQ Q Q SQ Q QF F F·
 (1) 

where Q is the vector of conserved variables, Q = [ρ, ρV, ρE, ρEve], ρ is the density, V is the velocity vector, E is the 
total energy per unit mass, Eve is the total vibrational-electronic energy per unit mass, FA, FV, FT are, respectively, 
the inviscid, viscous and thermal flux vectors. FT = [0, 0, ktrΔT+kveΔTve, kveΔTve], where ktr and kve are, respectively, 
the heat conduction coefficient for translational-rotational energy and vibrational-electronic energy, ΔT and ΔTve are 
the Laplacian of translational-rotational temperature and vibrational-electronic temperature, S = [0, 0, 0, St-v]. St-v is 
the energy relaxation between vibrational and translational energies, modeled by the Landau-Teller theory [12], i.e.  
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where Ev is the vibrational energy per unit mass, T is the translational-rotational temperature and τ is the relaxation 
time modeled by the Millikan-White formula [17] and the Park’s correction [14].  

The weak-Galerkin method is used to obtain a FE representation of Eq. (1) [11] 
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where Wi is the linear Lagrangian test function and Ei and Fi are the set of elements/faces sharing the i-th vertex. The 
second term of equation (3) is the boundary term. Since in 3D, the boundary elements are much fewer than the 
volume elements, this term is evaluated in standard FE schemes by simply looping over the faces of the elements 
that belong to the boundary. For simplicity, the contribution from the boundary conditions will be ignored from this 
point on. The first and last terms of the equation (3) can be assembled in an edge-based fashion as [11] 
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where Ki is the set of nodes connected to the i-th node and the lumped mass matrix is introduced as 
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where χij is a boundary contribution different from zero only for boundary faces. 

The above FE discretization is known to be unstable for advection-dominated flows. The Roe scheme is used to 
provide a stabilized numerical formulation of the inviscid fluxes. The vector of inviscid fluxes FA of Eq. (4) is 
replaced with the numerical approximation FRoe. The inviscid fluxes used in Eq. (4) are replaced by their numerical 
counterpart evaluated at the edge midpoint 
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The flux FRoe in Eq. (5) is a non-linear function of the nodal variables of the edge. The second term in Eq. (5) is a 
“correction” factor that is only nonzero at the boundary edges, since it is proportional to the difference of the fluxes. 
Following [10], the natural inviscid flux is left unchanged and no additional dissipation is introduced.  

The resulting scheme is first-order in space and is made second-order by introducing the MUSCL approach. In 
this work, the van Albada slope limiter [18] is used. The viscous and thermal fluxes are discretized with the standard 
continuous Galerkin approximation and assembled in an edge-based fashion, naturally resulting in a second-order 
representation. The viscosity coefficient is computed using NIST polynomials [19] and the heat conduction 
coefficients are from Eucken’s relation [6]. A loosely-coupled strategy is used, that splits Eq. (1) into two systems. 
The conservation of mass, momentum and total energy are combined as the first system, and the conservation of 
vibration-electronic energy is the second one. Each system of equations is solved independently with information 
exchange through the variables T, V, ρ and Tve, as depicted in Figure 1. 
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Figure 1. Diagram of the coupling between Navier-Stokes and thermal non-equilibrium solver 

III. Numerical results
Three test cases are presented. The first one validates the source term in the vibration-electronic energy equation 

that models the energy exchange between the translational and vibrational modes. The second test case consists of 
Mach 20 flow past a cylinder in 2D. The third one is a Mach 11.3 flow past a blunt cone in 3D. These cases are used 
to examine the accuracy and performance of the proposed formulation. In all cases, chemical reactions are not 
considered. 

A. Zero-dimensional cube

To validate the numerical formulation of the source term in vibration-electronic energy equation, the Navier-
Stokes solver is turned off. The test case is a cube filled with Oxygen at rest. Consequently, the convection term in 
the vibration-electronic energy solver vanishes, and each grid node is decoupled from others. Initially, the pressure 
is 0.063 atm, the translational-rotational temperatures are 300K, and the vibrational-electronic temperatures is 
20,000 K. A constant time step of 1×10-10 s is used.  

Figure 2. Zero-dimensional cube: Translational-vibrational relaxation time versus physical time 

Figure 2 plots the translational-vibrational relaxation time versus physical time. In the legend, MW corresponds 
to the relaxation time computed by Millikan-White formula and MWP stands for the relaxation time computed by 
Millikan-White’s formula with Park’s correction. Millikan-White’s formula is a semi-empirical curve valid in the 
temperature range from 300K to 8000K. At higher temperature, it is known that the Millikan-White formula under-
predicts the relaxation time. Park corrected this by adding an extra term that more accurate estimates collision cross 
sections. In Figure 3 (left), the translational-rotational (T-R) temperatures and the vibrational-electronic (V-E) 
temperatures are plotted against the reference, and it can be seen that the T-R and V-E temperatures eventually reach 
equilibrium. MW reaches equilibrium earlier than MWP, indicating that Park’s correction increases the relaxation 
time at higher temperatures. Figure 3 (right) plots the pressure distributions versus time. The solid lines are results 
from this work and the circle points are reference results from [20]. Good agreement is found for all the results.  
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Figure 3. Zero-dimensional cube: translational-rotational temperature and vibrational-electronic temperature versus 
physical time (left). Pressure distribution versus physical time (right). 

B. Mach 20 flow past a cylinder

The second test case is a Mach 20 laminar flow of Nitrogen past a cylinder in 2D. The radius is 1 m. The
Reynolds number based on cylinder radius is 5,913. A 2D structured mesh is shown in Figure 4, consisting of 
78,400 nodes and 78,204 elements. The height of the first layer of elements near the wall is 2 μm. The solution is 
obtained with the Roe scheme and extended to second order by the van Albada slope limiter. The initial conditions 
are: Mach number 20, velocity 6047 m/s, pressure 0.89 Pa, both freestream translational-rotational and vibrational-
electronic temperatures are 220 K. The two temperatures on the wall are set to 1,000 K. The far-field Knudsen 
number (Kn) is 5.1×10-3.  

Figure 4. Mach 20 flow past a cylinder: mesh (left) and mesh near the wall (right) 
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Figure 5. Mach 20 flow past a cylinder: Translational-rotational and vibrational-electronic temperature contours (left) 
and pressure contour (right). 

Figure 6. Mach 20 flow past a cylinder: convergence curves 
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Figure 7. Mach 20 flow past a cylinder: skin friction coefficient, pressure coefficient and surface heat flux on the wall. 

Figure 5 plots the translational-rotational and vibrational-electronic temperature contours on the left, and 
pressure contours on the right. Figure 6 plots the convergence curves for Navier-Stokes and thermal non-equilibrium 
solver. The Navier-Stokes solver achieves roughly three orders of magnitude reduction in the residual norm, with 
both solvers stalling after 1,000 Newton iterations. Figure 7 plots the skin friction coefficient, pressure coefficient 
and heat fluxes on the wall. Figure 8 plots the translational-rotational temperature, vibrational-electronic 
temperature, density and Mach number profiles along the stagnation line. The CFD results with the no-slip boundary 
condition (labelled as HALO3D) are compared with Casseau’s results (labelled as Vincent 2015) where the 
Smoluchowski temperature jump condition and the Maxwell velocity slip jump boundary conditions are employed 
[6]. Since the far-field Kn number is still in the continuum regime, minor differences are expected between the 
profiles obtained from the two boundary conditions. With the exception of the friction coefficient on the wall, which 
is under-predicted, the comparisons of other quantities are in good agreement.  
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Figure 8. Mach 20 flow past a cylinder: translational-rotational temperature, vibrational-electronic temperature, density 
and Mach number along the stagnation line. 

C. Mach 11.3 flow past a blunt cone

The third test case is a Mach 11.3 laminar flow of Nitrogen past a blunt cone in 3D. The nose radius is 6.35 mm.
The flat plane is 5 cm long in the streamwise direction and has a 25-degree angle with the stream direction. The 
Reynolds number based on the length of the blunt cone is 8,284. A 3D structured mesh is shown in Figure 9, 
consisting of 8,611,400 nodes and 8,568,144 elements. The height of the first layer of elements near the wall is 2 
μm. The solution is obtained using the Roe scheme and extended to second order by the van Albada slope limiter. 
The initial conditions are: Mach number 11.3, velocity 2764.5 m/s, pressure 21.9 Pa, freestream translational-
rotational and vibrational-electronic temperatures are 144.4 K. Both temperatures on the wall are 297.2 K. The far-
field Kn number is 2.05×10-3.  
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Figure 9. Mach 11.3 flow past a blunt cone: mesh (left) and mesh near the wall (right) 

Figure 10. Mach 11.3 flow past a blunt cone: Translational-rotational and vibrational-electronic temperature contours 
(left) and Stanton number contour (right). 

Figure 10 plots the translational-rotational and vibrational-electronic temperature contours on the left, and 
Stanton number contours on the right. Figure 11 plots the convergence curves for Navier-Stokes and thermal non-
equilibrium solver. The Navier-Stokes solver achieves roughly four orders of magnitude reduction in the residual 
norm, with both solvers stalling after 3,000 Newton iterations, possibly due to the loosely coupled strategy. Figure 
12 plots the skin friction coefficient, pressure coefficient and Stanton numbers on the wall. The CFD results with the 
no-slip boundary condition are compared with Casseau’s results where the Smoluchowski temperature jump 
condition and the Maxwell velocity slip jump boundary conditions are employed [6]. As in the cylinder test case, the 
far-field Kn number is still in the continuum regime and little difference is expected to be found between the profiles 
obtained from the two boundary conditions. Figure 13 plots the translational-rotational temperature, vibrational-
electronic temperature, density and velocity profiles along the stagnation line. The translational-rotational 
temperature profile is slightly under-predicted compared to Casseau’s profile and the vibrational-electronic 
temperature profile is slightly different from Casseau’s profile. Further investigation is required on this issue and 
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this author is being contacted. The agreement of density and velocity profiles along the stagnation line is 
satisfactory. 

Figure 11. Mach 11.3 flow past a blunt cone: convergence curves 

Figure 12. Mach 11.3 flow past a blunt cone: skin friction coefficient, pressure coefficient and Stanton number on the 
wall. 
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Figure 13. Mach 11.3 flow past a blunt cone: translational-rotational temperature, vibrational-electronic temperature, 
density and velocity along the stagnation line. 

IV. Conclusions
The present work is part of a large and sustained effort to develop an edge-based FEM all speeds compressible 

turbulent flow solver, suitable for hypersonic flows. The present paper addresses a robust and accurate loosely 
coupled solver for high-Mach thermal non-equilibrium flows with frozen chemistry. The two-temperature model is 
used to model the thermal non-equilibrium. The edge-based strategy yields a stable FE formulation with the 
numerical fluxes computed by the Roe scheme. Various zero, two and three-dimensional numerical results are 
presented. These results are compared with references and good agreement is found in all test cases.  
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