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This paper presents the results of implicit Large Eddy Simulation (iLES) and Direct Numerical Simulation (DNS) for
flow and acoustics for transitional and turbulent boundary layer over a flat plate at Mach 6. The DNS was about 50
times more refined grid-wise than iLES. Both DNS and iLES were performed using the same numerical schemes, initial
and boundary conditions. We compare the different numerical approaches concerning the shape factor, momentum-
thickness-based Reynolds number, heat flux on the wall, Reynolds stress, and near-wall acoustics. We perform pressure
fluctuations spectral analysis and propose a predictive model. We show that iLES captures pretty accurately the flow
and acoustic characteristics in the turbulent region. Differences up to 5 dB occur between iLES and DNS in the
transition region. iLES also shifts slightly further downstream the end of the transition and underpredicts the shear
stress value peak. The iLES captures the near-wall acoustic spectrum roll-off accurately at low and medium frequencies.
It underpredicts high frequencies’ content due to grid constraints. Overall, iLES gives excellent results compared to
the significantly more refined DNS. The results show that high-order numerical simulations can help adapt and validate
semi-empirical models for the engineering design and acoustic loading on hypersonic structures.

I. INTRODUCTION

Structural elements of supersonic and hypersonic aircraft
are exposed to acoustic fatigue due to pressure fluctua-
tions beneath the transitional or turbulent boundary layers
(TBLs). There is literature concerning subsonic and su-
personic TBLs, including studies regarding the amplitude
of pressure fluctuations1 and the roll-off of the pressure
spectrum2–4. These models and theories have been validated
experimentally5–8, as well as verified numerically9,10.

Although hypersonic TBLs have been studied experimen-
tally during the recent years11–14, numerical studies are
limited15–17. Furthermore, high-resolution investigations of
TBLs on acoustic loading are indeed scarce18. To the best of
our knowledge, the frequency content of pressure fluctuations
in transitional boundary layers at supersonic and hypersonic
speeds was discussed for the first time in19.

Zhao et al.20 published wind tunnel experiments for the
wall pressure fluctuations for hypersonic flow over a flat plate
at Mach numbers 6 and 8. They used a linear sensor array
and processed the data by a beam-forming algorithm. They
showed that the transition causes a significant increase in the
equivalent sound pressure level (SPL) for the wall pressure
fluctuations, which reaches a peak value at the end of the tran-
sition region and further dissipates in the turbulent area.

In another recent publication, Huang et al.21 used DNS to
characterize the pressure fluctuations under the turbulent por-
tion of the boundary layer over a sharp 7 degrees half-angle
cone at a nominal freestream Mach number of 7.91. The DNS
was performed using the non-uniform digital-filtering method
to generate inflow turbulence with the mean boundary layer
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profiles and the Reynolds stress tensor at the inflow provided
by the pre-cursor RANS. Huang et al.21 compared the charac-
teristics of turbulent pressure fluctuations at the cone surface
with those over a Mach 8 flat plate and showed that the in-
ner scaling collapses the wall-pressure power spectra density
(PSD) among the different flow configurations.

The linear stability theory22 shows that multiple instabil-
ity modes exist in high-speed boundary layers, contrary to
low-speed or incompressible boundary layers where only one
mode exist (Tollmien-Schlichting). Moreover, the transition
process in hypersonic boundary layers is highly random due
to higher modes’ existence. The random nature of the hy-
personic transition process explains its sensitivity to changes
in the disturbance environment that can significantly change
the transition process17. Contrary to previous studies that fo-
cused on single-mode or ’controlled’ transition, our research
focuses on multi-mode perturbations, which comprise many
waves imitating the von Kármán atmospheric turbulence.

The objectives of our study are:

• Examine the accuracy of 9th-order iLES against DNS
that is about 50 times finer using the same computa-
tional model, i.e., the same numerical scheme, initial
and boundary conditions. The initial conditions are
based on a von Kármán atmospheric spectrum at the in-
let. To our knowledge, such comparisons between iLES
and DNS are performed for the first time.

• Investigate the physics of flow and acoustics using a
range of parameters.

• Provide the community with data for verification and
validation of hypersonic simulations. Furthermore, we
show how the data can help develop reduced-order
models to predict the acoustic spectrum. We present
the effectiveness and accuracy of such a model and a
detailed spectral analysis of the pressure fluctuations.
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II. COMPUTATIONAL METHODOLOGY

We solve the compressible Navier-Stokes equations (NSE)
for an ideal gas using the finite volume method (FVM). In
integral form, the NSE are formulated as:
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where ρ is the density; u is the velocity vector; p is the static
pressure; n̂ is the outward pointing unit normal of surface el-
ement dA of the closed finite control volume dV; e is the total
energy per unit mass given by e = i+u ·u/2; i is the specific
internal energy, which for a calorically perfect gas is given by:

i = cvT =
p

ρ (γ−1)

T is the temperature, cv is the specific heat capacity at con-
stant volume, and γ is the heat capacity ratio (or adiabatic
index) defined as γ = cp/cv where cp is the specific heat ca-
pacity at constant pressure and Rs = cp − cv = cv (γ−1) is
the specific gas constant. At high Mach numbers and tem-
peratures, vibrational excitation and dissociation effects of
diatomic molecules result in ionization and make the calor-
ically perfect gas assumption no longer valid. In the above
case, the ratio of specific heats will depend on the tempera-
ture. The above effects are not taken into consideration here
as the maximum temperature is well below the critical tem-
perature for oxygen dissociation (2500 K). Furthermore, it is
common to study transitional and turbulent boundary layers at
Mach greater than 4 using the calorically perfect gas model,
particularly in the range of Mach 4 to 618,21,23–27. This fa-
cilitates studying turbulent near-wall effects in isolation from
other assumptions associated with ionized gas models. Fur-
thermore, distinguishing a particular hypersonic flow from su-
personic cannot be based purely on chemical non-equilibrium
processes (e.g., oxygen dissociation). The dominant flow tran-
sition mechanism changes near Mach 4 from the oblique 1st
mode to the 2nd mode instability. Additionally, surface heat-
ing affects these instabilities differently28.

For a Newtonian fluid, the shear stress tensor is given by:

τ = λb (∇ ·u) I +µ

[
∇u+(∇u)T

]

where I is the identity tensor; the bulk viscosity is given by
λb =−4µ/3 according to Stokes hypothesis; and µ is the dy-
namic viscosity obtained by Sutherland’s Law as:

µ(T ) = µre f

(
T

Tre f

) 3
2 Tre f +Ts

T +Ts
(4)

where the free-stream values are used as the reference and the
Sutherland temperature is Ts = 110.4K.

The heat flux is calculated by Fourier’s Law of heat con-
duction:

q =−κ ∇T

where κ is the heat conductivity given by:

κ(T ) =
cp

Pr
µ(T )

and Pr = 0.72 is Prandtl’s number.
We have employed DNS and iLES in the framework of the

CFD code CNS3D29–32. In classical Large Eddy Simulations
(LES), the smallest length scales, which are the most compu-
tationally expensive to resolve, are removed via low-pass fil-
tering of the Navier–Stokes equations. Then, the unresolved
scales of turbulence are modeled by subgrid-scale models.
In iLES, the computational grid removes small scales. The
modelling of the unresolved scales is obtained through the
non-linear dissipation embedded onto the high-resolution and
high-order numerical schemes used to discretize the convec-
tive terms. There is a significant body of work in the literature,
both theoretical and numerical, explaining iLES methods and
demonstrating their accuracy in turbulent flows, e.g., see the
books33,34

A detailed description of the method used in this study can
be found in the recent paper by Kokkinakis et al.29. CNS3D
solves the full Navier-Stokes equations using a finite volume
Godunov-type method for the convective terms. We discretize
the inter-cell numerical fluxes by solving the Riemann prob-
lem using the reconstructed values of the primitive variables at
the cell interfaces. We use a one-dimensional swept unidirec-
tional stencil for the reconstruction of the variables. The Rie-
mann problem is solved using the so-called “Harten, Lax, van
Leer, and (the missing) Contact" (HLLC) approximate Rie-
mann solver35,36.

The high-order numerical discretization is based on
a 9th-order Weighted-Essentially-Non-Oscillatory (WENO)
scheme, and the specific numerical details are explained by
Kokkinakkis et al.29. We briefly mention below the WENO
characteristics in the framework of CNS3D.29 The left and
right reconstruction stencil are normalized, per variable, ac-
cording to a transformation function29. The transformation
normalizes the candidate stencils so that the entire stencil’s
maximum value becomes equal to one. The minimum value
takes a positive and nonzero value, and the value range scales
relative to the maximum. The normalization of the total sten-
cil values per variable prevents negative WENO smoothness
indicator values, reduces the numerical dissipation and simpli-
fies applying the proceeding step. Furthermore, Kokkinakis’s
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et al. WENO version uses a total variation (TV) limiting pro-
cedure for each candidate stencil and obtain the maximum TV
ratio between the candidate stencils. If all of the stencils con-
tain significant discontinuities, then the maximum TV ratio
can be incorrectly small. Thus, an additional criterion is intro-
duced through the linear WENO weights29, i.e., the standard
WENO weights are also modified according to the mapped
WENO (WENO-M) approach37.

Furthermore, CNS3D uses a second-order central scheme
to discretize the viscous terms. The solution is advanced in
time using a five-stage (fourth-order accurate) optimal strong-
stability-preserving Runge-Kutta method38–40 and references
therein. The 9th order discretization scheme applies to con-
vective terms. In contrast, the viscous terms and temporal dis-
cretization is of 2nd and 4th order, respectively. Therefore,
the overall order of accuracy is probably second order. How-
ever, despite the above, several studies have shown that the or-
der of accuracy and the numerical design of the method used
for the discretization of the convective (non-linear) terms sig-
nificantly influence the accuracy of the simulations30–33,41–43.
The above is due to the non-linearity of these terms respon-
sible for capturing transitional and turbulent flow features, as
well as shock waves and contact discontinuities. CNS3D has
been extensively validated against experimental and numeri-
cal results29–32,44.

III. HIGH-RESOLUTION SIMULATIONS AT MACH 6

A. Flow analysis

The problem case concerns hypersonic flow over a flat plate
at Mach 6 subjected to von Kármán atmospheric spectrum at
the inlet. We compare iLES and DNS results in the same
CFD code (CNS3D) using the same simulation parameters,
with the only difference being the mesh resolution. This com-
parison allows examining the accuracy of high-fidelity ap-
proaches for predicting the complexity of transition, turbu-
lence and associated acoustic effects. The turbulence intensity
of the freestream velocity at the inlet is Tu = 1%. Regarding
acoustic loading, it has been shown that the inlet’s turbulent
intensity affects the maximum acoustic load location, but not
the actual value19. A comprehensive study (incompressible
flow) on free stream turbulence and TBL can be found in45.
Based on the freestream properties (Table I) and the reference
length xl = 2 mm, the incoming flow has a Reynolds number
of Rexl = 77,791. The reference length is calculated from the
leading edge of the plate. We implement periodic boundary
conditions in the spanwise direction (z). In the wall-normal
direction (y), we use a no-slip isothermal wall (with a temper-
ature Tw of 1600 K, near the adiabatic value)46. High-order
implementation of the boundary conditions requires fictitious
cells inside the wall. The velocity components on these cells
are linearly extrapolated from the computational cells inside
the domain. The temperature is also linearly extrapolated us-
ing the specified wall temperature. The density is calculated
from the equation of state considering a zero pressure gradi-
ent normal to the wall. We apply supersonic outflow condi-

tions at the outlet and far-field boundaries. The same method-
ology was also recently used in conjunction with the digital
filter approach to study the flow and acoustics of supersonic
shock/boundary-layer interactions29.

We visualize the start and the end of the different flow re-
gions using the instantaneous density gradient along the sim-
ulation domain’s centerline (Fig. 1). The transition from lam-
inar to turbulent flow is captured. The flow can be considered
fully turbulent in the last third of the simulation domain; see
discussion below for the instantaneous two-point spatial au-
tocorrelation functions (ACF) and shape factor. In this paper,
the end-of-the-transition region is defined as the location of
maximum skin friction. The thickening of the boundary layer
is significant along the simulation domain. This is also high-
lighted in Figure 2 where we show the contour plot of the
streamwise velocity component in the turbulent region. The
continuous black line has been drawn based on 99% of the
freestream velocity and approximately indicates the edge of
the boundary layer.

To check that the limited length of the simulated flat plate
does not affect the dynamics of the observed vortex structures,
we calculate the instantaneous two-point spatial autocorrela-
tion functions (ACF) for the velocity field:

ACF(x) =
(
〈u′i(x0)u′i(x)〉
〈u′i(x0)2〉

)
, (5)

where u′i can be any of the fluctuating velocity components
(u′; v′; w′). For x = x0, the ACF is trivially unity, and it de-
cays with increasing distance from x0. The autocorrelation
function converges to zero for the limit of considerable dis-
tances since turbulence is a random phenomenon. The above
is demonstrated in Figure 3, where the autocorrelation func-
tion converges to zero after a very short distance from the ini-
tial point. The initial point has been chosen at x = 30, just
after the skin friction value peak, indicating the transition re-
gion’s end. The autocorrelation function is averaged in the
spanwise direction. This behavior justifies that the numerical
predictions from the present simulations can be used to inves-
tigate turbulence structure both near and far from the wall47.
The velocity field behaviour changes in the various sub-layers
of the boundary layer, and we get anticorrelation near the wall
(y+ < 20) and inside either the viscous sublayer or the buffer
layer. While the ACF vanish much quicker, as expected, in
the outer layer and outside the boundary layer. The above
ACF oscillations observed normal to the wall in the transi-
tion region might also be due to other several reasons, such as
numerical effects or indicating instabilities that tend to dump
out in the turbulent region. The above points require further
investigation, notably the potential transition instabilities. The
above was beyond the scope of the present study.

To examine mesh resolution effects and differences be-
tween iLES and DNS simulations on these type of flows, we
compare two cases, one with ∼ 20 million cells (iLES) and
one with ∼ 1.0 billion cells (DNS). The fine DNS mesh aims
at capturing the smallest possible turbulent scales and pro-
vides a high-resolution reference for examining the accuracy
of iLES in high-speed turbulent boundary layers. In general,
performing DNS on complex engineering geometries would
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FIG. 1. Contour plot of the instantaneous density gradient along the centerline of the DNS simulation domain. Different regions have been
identified as a) laminar, b) beginning of transition, c) peak of transition, d) end of transition and e) fully turbulent. The red arrow is placed at
x = 30 indicating the end-of-the-transition point.

FIG. 2. Contour plot of the streamwise velocity component in the
turbulent region. The black line highlights the boundary layer edge.

require hundreds of billions of mesh points. Thus, explor-
ing the accuracy of alternative methods such as iLES com-
pared with high-resolution DNS on simpler geometries pro-
vides the scientific and engineering communities with guid-
ance for the best simulation practices. The DNS case’s com-
putational cost is significant, requiring access to National Su-
percomputers with thousands of CPU cores and special post-
processing techniques to handle the terabytes of data pro-
duced. On the other hand, we can perform iLES on a work-
station with at least 20 CPU cores. For the DNS results pre-
sented in this study we utilised 11,760 cores and ∼ 2.5 TB of
RAM on ARCHER, while for the iLES results we utilised 240
cores and ∼ 50 GB of RAM on Archie-WeSt. Further details
about both meshes, including a DNS case from the literature,
are given in Table II. Both meshes are comparable, in terms
of size and quality, to the DNS of fully-turbulent hypersonic
flows18,48. We should also mention that both cases resolve the
boundary layer with the near-wall y+ being always below 1.

A qualitative comparison of the flow development for both
iLES and DNS is shown in Figure 4 using the isosurfaces of
compressible Q-criterion and contour plots velocity, density
and temperature. Transition to turbulence is slightly delayed

TABLE I. Simulation parameters for hypersonic flow over a flat plate
at altitude 11651m.

xl u∞ P∞ T∞ M∞ ρ∞ Tw Rexl Tu
(mm) (m/s) (kPa) (K) (-) (kg/m3) (K) (-) (-)
2.0 1,769.92 19.417 216.64 6.0 0.3124 1600 77,791 1%

TABLE II. Mesh parameters for hypersonic flow over a flat plate

Nx Ny Nz Cells (millions) ∆x+ ∆y+w ∆y+e ∆z+

iLES 811 201 121 19.5 12.6 0.39 4.7 5.5
DNS 4055 405 605 989.2 2.25 0.16 1.89 0.9

DNS*18,48 1600 500 800 640 9.63 0.51 5.33 5.14

in the iLES case than the reference DNS case, while a coarser
grain of turbulent structures is captured in the turbulent re-
gion (Figure 4). However, considering the 50 times coarser
mesh utilized by iLES, the accuracy and amount of details
captured are impressive. If we focus on the temperature, den-
sity and velocity contour plots, the results are indistinguish-
able between the two cases.

Both cases similarly predict the shape factor H (Figure
5(a)). The shape factor H is used to assess the compressible
boundary layer flow; H is defined as the ratio of the displace-
ment thickness (δ ∗) to the momentum thickness (θ ):

H =
δ ∗

θ
=

ˆ
∞

0
(1−Π)dy

[ˆ
∞

0
Π

(
1− u(y)

u∞

)
dy
]−1

, (6)

where Π = ρ(y)u(y)
ρ∞u∞

while u∞ and ρ∞ are the freestream ve-
locity and density, respectively. Previous studies49–52 have
confirmed the reduction of the shape factor with increasing
Reynolds number and the potential asymptotic limit at high
Reynolds numbers. A correlation formula for fully turbulent
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(a)

(b)

(c)

FIG. 3. Autocorrelation functions of the a) streamwise, b) normal to
the wall and c) spanwise velocities at different locations normal to
the wall, inside and outside the boundary layer

boundary layers and a broad range of Reynolds numbers has
been proposed in the literature52

Hcomp = Hinc +0.4M2 +1.222
Tw−Taw

T∞

, (7)

where Hinc = 1.4. The present simulation results are in good
agreement with the above formula’s predictions (Figure 5(a)).

Note that flow statistics are computed by averaging in time
over three flow cycles for iLES and one flow cycle for DNS,
while spatial averaging in the spanwise direction is applied in
both cases. The initial simulation time necessary to reach a
fully developed flow (excluded from post-processing calcula-
tions) is equal to three flow cycles for both cases.

A closer observation of skin friction (Figure 5(b)) high-
lights that both cases capture the onset of transition at the same
location . The end-of-the-transition delay is less than 5% in
iLES and corresponds to 1.23 length units or ≈ 2.5 mm. We
make similar observations in Figure 5(c) for the Stanton num-
ber

St =
qw

ρ∞u∞cp(Taw−Tw)
, (8)

where Taw is the adiabatic wall temperature and peak location
difference increases to 4.42 length units or ≈ 8.9 mm. The
length of the transition region, Tr, can be estimated based on
the minimum and maximum values of skin friction. Those
values along with the locations of maximum pressure and
thermal stresses are summarised in Table III.

TABLE III. Locations of maximum skin friction, thermal and pres-
sure stresses. The location of minimum skin friction and the length
of the transition region is also given. All streamwise locations given
in the table are non-dimensionalised with xl .

C f−Start C f−End Tr StMax P′rms−Max
iLES 11.88 29.78 17.90 28.30 28.80
DNS 11.29 28.55 17.26 23.88 25.36

The Stanton number produces noisy results, despite ap-
plying the same averaging approach with the previous statis-
tics. To overcome this issue in other flow and acoustic load-
ing statistics, we performed a Bezier smoothing operation,
which allows us to identify key flow characteristics and dif-
ferences between the cases more manageable. To assure the
reader that the smoothing function does not affect our obser-
vations and conclusions, we include the supplementary ma-
terial figures with the original unprocessed DNS data and a
comparison between unprocessed data with the results after
the smoothing operation. DNS and iLES give similar values
for the momentum-thickness-based Reynolds number in the
transition region. At the same time, iLES produces a thicker
boundary layer in the turbulent region leading to an over pre-
diction of Reθ at the last third of the flow (Figure 5(d)).

We have further assessed the accuracy of iLES through
higher-order statistics, starting with the calculation of the
Reynolds normal and shear stresses τi j = ρu′iu

′
j/(ρwu2

τ),
where u′i can be any of the fluctuating velocity components
(u′, v′, w′). The above is a common way to present the fluctu-
ating velocity statistics (Figure 6), which accounts for turbu-
lent fluctuations in fluid momentum. The iLES under-predict
the magnitude of the peak Reynolds stresses associated with
unresolved turbulent scales that produce the small near-wall
fluctuations. However, iLES can accurately replicate DNS’s
shape and provide an accurate overall representation of the
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iLES

DNS

iLES

DNS

T u ρ

FIG. 4. Comparison of instantaneous plots between iLES and DNS. Upper figures and zoom-ins are isosurfaces of compressible Q-criterion
coloured by Mach number. The density gradient is also plotted in blue scale on the graph’s side, highlighting the transition region. Lower left
figures are the contour plots of density and streamwise velocity near the wall and temperature contour plots at various cross-sections of the
simulation domain.
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(a) (b)

(c) (d)

FIG. 5. Comparison between iLES44 and DNS of a) shape factor H, b) skin friction C f , c) Stanton number St and d) Reθ along the plate. An
empirical correlation (Eq. 7) is also presented in a) for the fully turbulent flow regime. In b) an additional DNS result from a fully turbulent
simulation18,48 at M = 6 is also included. Stanton number results in c) have been smoothed with a Bezier function, see suplementary material
for additional information.

Reynolds stresses. The above is true in the viscous sublayer
and the outer layer (log-law region). Figure 6 shows results
from the end of the domain, but we can make similar observa-
tions in all other locations.

The physical representation of the transitional and turbulent
boundary layer of the reference DNS case is further analysed
by examining the skewness of the streamwise velocity fluctua-

tions (Su = u′3/u′2
1.5
) and flatness (or Kurtosis) of the normal

to the wall velocity fluctuations (Fv = v′4/v′2
2
). The skew-

ness or third moment is a measure of the asymmetry of the
probability distribution of u′, while flatness is the fourth mo-
ment that shows the frequency of events far from the mean
value53. A value of skewness around zero and a value of
flatness around 3 indicate Gaussian or symmetric probabil-
ity distribution function. High values of flatness indicate a
highly intermittent flow. It is expected that close to the wall
and in the viscous sublayer, the probability distribution of the
streamwise velocity fluctuations to be positively skewed, in-
dependent of the Reynolds number of the flow54–56

The above behavior is verified in Figure 7, where the nega-
tive skewness values can quickly identify the boundary layer.
As the flow develops from transitional to turbulent; the skew-
ness becomes negative inside a large part of the boundary
layer. The negative values are associated with highly nega-
tive perturbations and indicate air intrusion from the bound-
ary layer’s outer parts. Flatness is also over the Gaussian limit
due to the intermittent character of turbulence in the near-wall
region. Further away from the wall and in the TBL loga-
rithmic part, turbulence returns to symmetry with Su ≈ 0 and
Fv ≈ 3. Close to the boundary layer edge, we observe large
negative values of skewness and positive flatness values, sug-
gesting strong intermittency in this region dominated by small
amounts of u′ and v′ infrequent but intense positive values.

The transition region can also be identified in these plots.
More specifically, Su ≈ 2 near the wall, which is also the high-
est value observed in the domain. We expect the above behav-
ior since the transition to turbulence is highly intermittent by
definition. We can see that the transition region affects the
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(a) (b)

(c) (d)

FIG. 6. Comparison of Reynolds stresses in inner coordinates at the end of the simulation domain for both iLES44 and DNS results: a) τxx, b)
τyy, c) τxy, d) τzz.

freestream flow from the flatness distribution, creating inter-
mittent events above the boundary layer. Further high order
statistics for all velocity components are available for both
iLES and DNS cases, and detail analysis can give more in-
sight into the flow physics and the effect of mesh resolution.
It should also be noted that iLES plots of the same values (not
shown here) would lead to the same observations and conclu-
sions regarding the flow characteristics.

B. Pressure fluctuations

The results in the preceding section provide confidence in
the accuracy of the simulations. The fundamental statistical
quantity that describes the magnitude of near-wall acoustic
loading is the root-mean-square level of the pressure fluctu-
ation (P′rms). The standard approach is to non-dimensionalize
it using the boundary layer edge or freestream dynamic pres-
sure q∞ = γP∞M2/2. We present results in this form to be di-
rectly comparable to other numerical and experimental studies
and other hypersonic cases such as the compression/expansion

case. In an earlier publication19 we have compared our iLES
results with an existing theoretical model, which predicts
P′rms/q∞ near the wall below fully turbulent boundary layers.
In the same paper, we highlighted the accuracy of iLES by
comparing with previous independent DNS studies at various
Mach numbers, and we proposed a correction on the theoreti-
cal model to improve its accuracy on compressible supersonic
and hypersonic flows.

Figure 8 shows that DNS predicts an earlier pressure fluc-
tuation peak with an increased magnitude as compared with
iLES. However, both iLES and DNS converge to the same
pressure fluctuations in the fully turbulent region. This sup-
ports our findings on the correction of the theoretical model
in19 and does not alter our previous conclusions. The above
result demonstrates that iLES can predict pressure fluctuations
and acoustic loading in fully turbulent areas without compro-
mising accuracy compared to the intensive DNS.

In Figure 8, we have included the (approximate) iLES
error associated with different numerical methods ranging
from 5th to 9th order accuracy. Note that the estimated er-
ror has emerged from the authors’ extensive experience us-
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FIG. 7. Skewness and flatness of the streamwise u′ and normal to the wall v′ velocity fluctuations, respectively, with the latter one limited to a
threshold value of 5. Flatness is the fourth moment that shows the frequency of events far from the mean value. A value of flatness around 3
indicate a Gaussian or symmetric probability distribution function. High values of flatness indicate a highly intermittent flow. We also indicate
the start- and end-of-the-transition points based on the minimum and maxim values of the skin friction, respectively.

ing high-order methods for iLES in various compressible
flows30–32,39,57. The error ranges from ±2% to ±5% depend-
ing on the flow region, transitional or turbulent.

Pressure fluctuations have an essential effect on the struc-
tural response of hypersonic structures. The iLES delay in
transition compared to DNS does not affect (P′rms) in the
turbulent region. Since the results show that iLES is suf-
ficiently accurate to predict pressure fluctuations in the tur-
bulent regime, the delay in transition is not expected to af-
fect the structural response. To corroborate the above, future
aerostructure simulations that involve iLES over flexible pan-
els are required.

FIG. 8. Comparison of pressure fluctuations along the plate between
iLES and DNS. The error bars (black color) on the iLES results cor-
respond to ±5% and ±2% of the local value for the two selected
points in the transition and turbulent region.

The DNS reveals the magnitude of the pressure fluctuations
inside the boundary layer (Figure 9). The end of the transi-
tion region is visible by the high values of P′rms (red areas in
the figure). Above the boundary layer edge, some pressure
fluctuations appear in an angle linked to the freestream Mach
number, contributing to far-field noise. These far-field fluctua-
tions generated from the transition region can be correlated to
velocity fluctuations in the same area, as observed in Figure 7.

FIG. 9. Root mean square pressure fluctuations in the turbulent
region highlighting the boundary layer thickness. The end-of-the-
transition area can also be identified from the very high, near-wall
values and approximately indicated with the red arrow.

In acoustic loading calculations, it is common to transform
the fluctuating pressures to sound pressure level (SPL), which
can be connected directly to high cycle fatigue in aerospace
structures,

SPL = 20log10

(
P′rms

20µPa

)
. (9)

The acoustic loads’ peak in the transitional region, obtaining
significantly higher values than those sustained in the laminar

Flow transition to turbulence and induced acoustics at Mach 6

9



10

FIG. 10. Comparison of SPL along the plate between iLES and DNS,
a Bezier function has been used for smoothing. On the upper axis
of the figure we show the locations (red dots) of pressure history
calculations.

or fully turbulent regions14,58. For both cases considered in
this study, the pressure fluctuations in the transition region are
35% larger (∼ 3 dB) than their values in the fully turbulent
area (Figure 10). The difference in acoustic loading between
the laminar and transition region could be more than 10 dB.
In a previous study, the authors have shown that the inlet fluc-
tuations’ turbulent intensity influences the maximum acoustic
load location, but not its value19. Downstream of the end of
the transition, simulations with different turbulent intensities
and M = 6 converged to the same level of acoustic loading.
Similarly, here we show that a high-order iLES in a relatively
fine mesh can converge to the same acoustic loading level as
a highly accurate and computationally expensive DNS.

We defined 42 specific places on the wall to monitor the
pressure values at every timestep, leading to hundreds of thou-
sands of samples with nanosecond resolution. Those locations
are along with 14 points in the streamwise direction, indicated
by a red dot in Figure 10, and 3 spanwise positions for ev-
ery streamwise site. We chose the exact locations based on
our previous iLES simulations, which lead to having samples
in all three flow regimes (laminar, transitional and turbulent)
and in critical areas like the position of peak acoustic load-
ing (x = 25). Pressure time histories from DNS and iLES are
shown in Figure 11. We have selected the points to be at the
transition initiation, the end of the transition, and inside the
fully turbulent regime. We also provide the mean value and
standard deviation (STD) in Table IV. Regarding the mean
and STD values, the agreement between iLES and DNS is
remarkable in the turbulent region. More significant differ-
ences appear mainly in the transitional region, where due to
the mesh resolution, DNS predicts larger fluctuation values.
For x = 15 the DNS’s STD is almost twice that of iLES, but
the difference reduces as we move towards the end of the tran-
sition region. In the following section, we perform spectral
analysis of the pressure signal in those 4 locations for both
iLES and DNS.

TABLE IV. Mean value and standard deviation (STD) for the pres-
sure time histories at the various positions shown in Figure 11.

x MeaniLES MeanDNS STDiLES STDDNS
15 0.04004 0.04014 0.00125 0.00248
25 0.04100 0.04122 0.00284 0.00389
30 0.04240 0.04194 0.00354 0.00338
45 0.04208 0.04193 0.00268 0.00268

C. Spectral Analysis of Acoustic Loading

We analyze each pressure history signal as a single-point
spectrum in the frequency domain, which is defined by

Φ(ω) =
1

2π

ˆ
∞

−∞

P′(x,y,z, t)P′(x,y,z, t + τ)e−iωτ dτ, (10)

where τ is a time delay and ω is the radial frequency. Ini-
tially, we evaluate the iLES approach’s accuracy in direct
comparison with DNS results at the same locations (see Fig-
ure 12). Despite the significant lower resolution in both space
and time, the iLES results have excellent agreement with the
DNS in the low and medium frequency regimes. In higher
frequencies, the iLES underestimates the spectrum’s ampli-
tude, while we cannot resolve very high frequencies due to
the mesh size. The spectrum roll-off follows the same scal-
ings in all cases, as will show in more detail below. It is worth
mentioning that DNS can capture at over 21 MHz.At the same
time, iLES can resolve frequencies up to 4.3 MHz, which is
still significantly higher than most experimental sensors and
measurement techniques can achieve20,21,60. The frequency
range accurately captured by the simulations is limited by the
mesh resolution and time. The maximum resolved frequency
depends on mesh resolution, hence the fivefold difference be-
tween iLES and DNS. The minimum resolved frequency de-
pends on time; longer simulation times resolve lower frequen-
cies. In the present results, the minimum frequency captured
is around 350 kHz.

Figure 12(a) shows the spectra at the peak of the transi-
tion for the DNS case (x = 25). Knowing from the analy-
sis in the previous sections that iLES reaches the peak at a
later point, we include at the same plot the DNS results from
location x = 20 where the magnitude of the pressure fluctu-
ations is closer to that of iLES at x = 25. In that case, the
spectra are identical up to the maximum resolution that iLES
can achieve. This is a possible indication that the mismatch
at higher frequencies when we compare the spectra between
iLES and DNS at the same locations could be potentially at-
tributed to the iLES delay in reaching the transition’s peak.

In the same set of figures, we also include a semi-empirical
wall-pressure spectra model (COMPRA-G), which the au-
thors have extended based on Goody’s model61. More dis-
cussion about semi-empirical models and COMPRA-G can be
found in62. The initially proposed model produces a scaling
behaviour based on the established pressure spectrum scal-
ing for zero pressure-gradient, fully turbulent subsonic and
supersonic flows. The proposed COMPRA-G is also appli-
cable to high-speed flows, as we include compressibility ef-
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FIG. 11. Comparison of pressure time histories between iLES and DNS at the centerline. The time, tc, has been non-dimensionalized by the
time required for one flow cycle: a) x = 15, b) x = 25, c) x = 30, and d) x = 45.

fects. COMPRA-G also retains the excellent prediction capa-
bilities at lower-speed flows down to the incompressible limit
(M = 0.1)62.

COMPRA-G consists of one equation, based on Howe’s63

and Goody’s61 past studies:

Φ(ω)u∞

τ2
wδ

=
C2χ2

[χ0.75 +C1]3.7 +[C3RCRG
T χ]7

, (11)

where C1 = 0.5, C2 = 3.0 and C3 = 1.1 are empirical con-
stants, χ = ωδ/u∞, RT = δu2

τ/(νwu∞) and CRG = −0.49 for
supersonic and hypersonic flows. In the case of incompress-
ible flows CRG = −0.57. The authors have shown62 that all
the necessary parameters for the calculation of COMPRA-G
can be based on freestream properties, the distance from the
leading edge and empirical correlations, like the one proposed
by Bies59 for the boundary layer thickness

δ = 0.37xRe−0.2
x

[
1+
(

Rex

6.9×107

)2
]0.1

. (12)

We show characteristic values of δ for each location in Fig-
ure 12 based on Eq. 12, where x is the distance from the lead-
ing edge of the plate in meters. The spectra from the iLES
and DNS calculations have been non-dimensionalized based

on parameters calculated during the simulations at the corre-
sponding locations.

The COMPRA-G empirical model can capture the low and
medium frequency regimes with high accuracy based only on
freestream properties usually known or at least much eas-
ier to obtain. High frequencies are not captured correctly
as the model has been designed with an ω−5 scaling, while
hypersonic flows seem to have steeper high-frequency scal-
ings. COMPRA-G can predict the pressure spectra below
fully turbulent boundary layers and in the challenging transi-
tional regimes. Such a model could be used for quick approx-
imations when the focus is at the low and medium frequency
regimes without more expensive simulations or experiments.

The spectra results can also be analyzed in comparison with
the theoretical predictions for fully turbulent flows4, and var-
ious observations64. Bull64 isolated four different regions of
low, mid (which includes the spectral peak), mid-to-high over-
lap, and high frequencies, with corresponding spectrum slopes
of ω2, ω0, ω−r (r = [0.7,1.1]), and ω−t (t = [7/3,5]), respec-
tively. The turbulent motion influences the low-frequency re-
gion in the outer part of the boundary layer. The viscosity and
turbulent motion affect high frequencies in the inner part of
the boundary layer.

According to the theoretical arguments made by Ffowcs-
Williams2 for compressible flows, in the low-frequency re-
gion, the scaling should be ω → 0. This observation has been
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(a)

(b)

(c)

FIG. 12. Comparison of spectra between iLES, DNS and the
COMPRA-G model at various locations in the transitional and fully
turbulent regime. In a) we also present the spectrum of the pressure
history at location x = 20 from DNS data: a) x = 25 and δ = 1.05
mm based on Bies59 empirical correlation for the calculation of δ ; b)
x = 30, δ = 1.21 mm; c) x = 45, δ = 1.66 mm.

confirmed by experimental and numerical studies of super-
sonic and hypersonic turbulent boundary layers8,9,18,19,65. The
above is in contrast to the Kraichnan-Phillips theorem for in-
compressible flows64,66,67, which suggests ω2.

(a) iLES

(b) Transition region - DNS

(c) Turbulent region - DNS

FIG. 13. PSD development from transitional to turbulent regimes
produced by a) iLES and b-c) DNS data.

The mid-to-high overlap frequency region appears at suffi-
ciently high Reθ values and the spectrum varies as ω−r with
r = 0.7 to 1.1, influenced by the local Reynolds number. This
region is associated with pressure-induced eddies in the log-
arithmic region of the boundary layer. Its scaling behaviour
was predicted by Bradshaw3 and was verified theoretically68

and experimentally6,8.
Following the ω−r region, the spectrum becomes ω−7/3,
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henceforth called “acoustic-transition", which was also pre-
dicted for isotropic turbulence by Batchelor69 and has also
been observed in various experiments70–72, as well as verified
by numerical calculations of supersonic turbulent boundary
layers9,18. The spectrum decays more rapidly at high frequen-
cies, reaching a slope proportional to ω−5. Sources in the sub-
layer (y+ < 20) contribute to this frequency region according
to the theoretical prediction of Blake4, with the scaling being
validated experimentally, as well5,6.

In Figure 13 we focus on the scaling of the spectrum at the
various frequency regimes for both iLES (Figure 13(a)) and
DNS results (Figures 13(b), 13(c)), including data obtained
below both transitional and fully hypersonic turbulent bound-
ary layers. In all cases, the low-frequency region yields ω→ 0
and the mid-to-high overlap frequency region scales as ω−1.1,
which both agree with the analysis above. The overlap region
occurs over a broader range of frequencies compared to pre-
vious studies at lower Mach numbers, and observations also
made previously by the authors for hypersonic flows19.

The high-frequency region of the spectrum, including the
“acoustic-transition" scaling, also appears here in all turbulent
boundary layers. However, the high-frequency region scales
with ω−6.8. The above slope is steeper than the usually ob-
served ω−5. On top of that, we can follow a region of ω−10 at
very high frequencies. This last region is difficult to observe
in the iLES results due to resolution restrictions. Still, it has
been already mentioned, albeit with a smaller value, by Ritos
et al.19 for flows in a range of Mach number and turbulent in-
tensities. We attribute this region to high-speed, compressibil-
ity effects closer to the wall (y+ < 20). The Mach dependence
of the spectrum in fully turbulent boundary layers has also
been observed in experiments73, and numerical simulations18.

Figure 13(b) shows the spectrum roll-off development in
the transitional regime through the DNS results. The spectra
towards the end of this region resemble those observed in a
fully turbulent flow. However, at x = 15, close to the start-
of-the-transition point, the spectrum presents a previously un-
observed PSD jump at the mid-frequency range. This point
is far from the literature’s conditions, and deviations from the
existing theory regarding the spectrum roll-off below fully tur-
bulent boundary layers are expected. We do not present iLES
results for this point due to mesh restrictions which limit us to
the (flat) low-frequency region.

From further analysis of Figure 13, it becomes apparent that
the high-frequency region is different in transitional bound-
ary layers and before the peak of the transition (x = 25 for
iLES and x = 20 for DNS). The “acoustic-transition" scal-
ing is not possible, and the high-frequency region presents a
slope proportional to the usually observed ω−5 before becom-
ing steeper and equal to ω−10 at the very high-frequency end.
It is essential to mention here that iLES can resolve the cor-
rect scaling behaviour under both transitional and turbulent
boundary layers despite the significantly reduced resolution
compared to the DNS.

IV. CONCLUSIONS

The present study results shed light on the accuracy of high-
resolution simulation approaches such as implicit Large Eddy
Simulation and Direct Numerical Simulation for hypersonic
transitional and turbulent flows and associated acoustic load-
ing near-wall effects. The main conclusions drawn from this
research are summarized below:

1. iLES can produce highly accurate results in both flow
and acoustic metrics even though a 50 times reduced
mesh resolution compared to DNS.

2. iLES slightly under-predicts the transition peak and de-
lays the transition.

3. iLES predicts the correct spectrum roll-off for transi-
tional and turbulent hypersonic boundary layers. How-
ever, it underpredicts high frequencies’ amplitude due
to mesh resolution constraints at high frequencies.

4. The acoustic spectra scaling at Mach 6 is different than
that of incompressible flow across frequencies. There-
fore, incompressible models should not be used in high-
speed flows.

5. The proposed wall-pressure spectra model COMPRA-
G that includes compressibility effects gives good esti-
mates of the low and medium frequency regimes based
only on freestream properties. This makes its imple-
mentation extremely straightforward and fast, avoiding
the need for costly computer simulations.

6. Since the iLES captures the near-wall acoustic spectrum
roll-off at low/medium frequencies, that would make it
appropriate for modeling structural dynamic loading.

Regarding future work, we aim to use wind tunnel data
in conjunction with high-resolution simulations to investigate
pressure fluctuation near the wall further and advance the de-
velopment of reduced-order models. The U.S. Air Force Re-
search Laboratory (AFRL) Structural Sciences Center (SSC)
leads an experimental campaign in the Arnold Engineering
Development Center (AEDC) von Kármán Facility Tunnel C
(VKF-C) to investigate the aerothermoelastic behavior of a
flight-weight thin titanium panel at Mach 4, as well as other
flow conditions in the future. Although the recent experi-
ment at Mach 4 is at different freestream conditions and mea-
surement positions in the boundary layer with those of the
present paper, we found that the experiment’s PSD at the low-
frequency (0.3 to 3 ωδ/u∞) resembles Mach 6 simulations
with an ω0 scaling. The above is a promising result that justi-
fies further investigation subject to the availability of new ex-
periments that measure pressure fluctuations nearer the wall.
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