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Abstract

In this work, a data-driven technique is proposed for efficient design exploration and optimisation of the Kaplan turbine. To avoid
the curse of dimensionality, the proposed approach commences with the extraction of latent features of a parametric design space,
which form a lower-dimensional subspace accumulating maximum geometric variability of designs. Afterwards, this subspace is
exploited for the construction of a Gaussian Process-based surrogate model using an adaptive training strategy to infer the relative-
tangential velocities at the leading and trailing edges of the turbine. The training strategy is structured on a high-fidelity sampling
approach to ensure a notable prediction accuracy with a few training samples. After training, the surrogate model is integrated with
an optimiser to explore the subspace for an optimal design and to determine the sensitivity of design parameters. The results showed
that the optimal design generated with the proposed method increases the efficiency of the initial design from 56.98% to 90.73%
at a significantly low computational cost. Finally, the convergence performance is verified with different experimentation and its
accuracy to extract latent features and to predict the relative-tangential velocity is demonstrated via a comparative study in which
different state-of-the-art approaches are compared with the proposed approach.
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1. Introduction

Over the past few years, due to alarming climate change and
worsening environmental conditions, various global and unilat-
eral environmental organisations have put forward strong regula-
tions to reduce the CO2 emissions produced by various industrial
sectors. Among many, the energy sector plays a critical role in
reducing these emissions and in meeting future goals [1]. Con-
ventional fossil fuel-based energy resources (e.g. coal, petrol and
diesel), which are reducing rapidly and catastrophically impact-
ing the environment, are being replaced with cheap, pollution-
free and renewable resources (e.g. wind, solar, hydro and tidal).
Among existing renewable energy resources, hydropower is a re-
liable, efficient and cheap resource with a low gestation period
[2].

To meet increasing energy demands, new hydropower plants
are being built and existing ones are being upgraded to increase
their reliability, operational efficiency, life cycle and availability
[3]. Hydropower plants extract the potential and kinetic energy
of water with hydro turbines, which generate a runner torque
through runner blades. Different turbine designs have been de-
veloped to extract the energy of water flow; they can be primarily
classified as impulsive and reaction turbines. The main difference
between these types is that, in impulsive turbines, there is no pres-
sure change in flow as it passes through turbine runners while, in
reaction turbines, there is a pressure change in flow, which uses
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kinetic and pressure energy to rotate the runner.
Selecting suitable turbines in hydropower plants mainly de-

pends on the net head (H) and a coefficient related to specific
speed (σ) [4]. H is the difference between the headrace and the
tailrace water levels and σ mainly depends on the turbine’s rota-
tional speed (N) and discharge rate (Q) [4], which is determined
using Equation 1. Among recreation turbines, Kaplan turbines
have been widely used in hydropower plants. Their unique hy-
drodynamic and energy characteristics make them suitable for a
wide range of discharges, lower net heads and pressures [3].

σ =
2N
√
πQ

(2gH)
3
4

(1)

According to [5], in the following decade, new and improved
equipment will be retrofitted to existing hydropower plants to en-
hance their power production capacity. Therefore, considering
the importance of turbines in hydropower plants, improved tur-
bine designs can be significant in increasing overall energy pro-
duction.

Turbine performance can be enhanced in different ways. For
instance, the number of blades can be increased or the blade pro-
file can be altered to achieve maximum efficiency. The latter ap-
proach is more appropriate as increasing the number of blades
is not cost-effective and also increases system complexity. How-
ever, generating efficient blade profiles is also a challenging pro-
cess due to the complexity of the shape; it requires designers to
create and test multiple design alternatives to select an optimal
design. Even though the computer-aided design and physics-
based simulation tools, such as parametric design and computa-
tional fluid dynamics (CFD), have significantly facilitated design-
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ers to expedite the design and manufacturing process, their appli-
cation is still limited, especially in complex free form shapes, due
to their high computational costs.

Recent advancements in high-computing systems have helped
alleviate this computational burden and driven simulation-based
designs toward integrating optimisation techniques to create a
simulation-driven optimisation (SDO) loop. In this loop, para-
metric design, along with a shape modification method, is cou-
pled with the optimiser, which explores a given design space.
At each iteration, design instances searched by the optimiser are
fed to shape modification methods. These deform the baseline
design to create new geometries evaluated using physics simu-
lations. This guides optimisation processes toward optimal de-
signs. For complex design problems, such as the one studied
in this work, this typical optimisation loop suffers from high-
computational cost, which stems from the (i) high-dimensionality
of design space as designers must exhaustively explore enriched
design spaces [6], (ii) high-fidelity CFD solvers required to ac-
curately estimate designs’ performance and (iii) efficiency of the
optimiser to explore the design space for optimal design. Among
these three, the root cause of computational cost is design space’s
dimensionality and is highly impacted by the CFD solvers. The
high-dimensional design spaces demand exploring a vast number
of designs, usually in the tens of thousands, which are required to
be evaluated using these time expensive solvers. Therefore, this
can impose a great challenge, even for high computing systems.

Over the past decade, researchers have proposed and studied
different techniques both to tackle the dimensionality curse and
to release the computational burden caused by solvers, which
can accelerate SDO to some extant for global optimal design.
These techniques can be broadly classified into two categories:
supervised machine learning techniques, which build a low fi-
delity approximation model of physical simulations and are usu-
ally referred to as surrogate or response surface models [7], and
unsupervised feature extraction/learning techniques, which pro-
duce a lower-dimensional representation of the original design
space [8]. With the availability of computing power and eval-
uation of deep- and machine- learning, surrogate models have
shown a huge potential to predict the performance of engineering
design with notable accuracy as they have the capability of han-
dling strong nonlinearity between design and its physics, thereby
bypassing the need for computational solver in SDO loops. How-
ever, efficient construction of these models in high-dimensional
design spaces can still be computationally demanding as these
are the supervised data-driven techniques whose success, espe-
cially for high-dimensional problems, relies on the large num-
ber of training datasets consisting of parametric design instances
as independent variables and their performance as a dependent
variable. Unfortunately, in most engineering problems involving
fluid dynamics, data is often insufficient since each data point in
the parameter space requires an expensive physical simulation-
based on Navier–Stokes equations. Therefore, the construction
of such big datasets still imposes the problem of computational
complexity for complex and novel design problems where a sin-
gle simulation run with solvers is extensively time-consuming.

Moreover, high-dimensional engineering design problems also
impose a challenge on the optimiser as the dimensionality expo-
nentially increases the complexity of the exploration process for a
globally optimal solution. These dimensionality associated com-

plications during the exploration can be tackled with dimension
reduction techniques, which are mostly unsupervised statistical
methods and also refer as a feature or manifold learning [9], used
to create a lower-dimensional latent representation of the original
space. In a design context, these techniques are structured on the
assumption that the geometric variability in design space is not
the same in all directions and there are only a few inherent fea-
ture directions that materialise most improvement in the design
and covers the maximum geometric variance [10]. These inher-
ent features can form the basis of a new lower-dimensional latent
subspace.

Therefore, even with advance model learning techniques the
problem of computational complexity and the curse of dimen-
sional still exists. Therefore, in this work, we integrate the fea-
ture extraction with a machine learning technique to build a lower
order approximation to achieve the real-time CFD performance
of the Kaplan turbine design. Our approach enables drastically
faster shape optimisation and substantially accurate design’s eval-
uation by learning a lower-dimensional subspace and by con-
tracting a learning model between design features and turbine’s
physics. The reduction of design space’s dimensionality serves
two key advantages, it helps to:

1. Build an efficient surrogate model even with a small training
set.

2. Relaxes the exploration process for the optimiser to generate
a global optimum with fewer numbers of iterations.

The proposed pipeline consists of the following main steps:
geometric feature extraction, dimension reduction, CFD simula-
tion, machine learning, design optimisation and parametric sen-
sitivity analysis. First, a rich design space is formed by defining
the upper and lower bounds of the design parameters used to de-
fine the turbine. A feature extraction technique is implemented to
capture inherent geometric feature directions with high geometric
variability. The number of these features is less than the original
design parameters, therefore, a linear combination of these fea-
tures with design parameters spans the basis of a subspace whose
dimensionality is lower than the original design space but accu-
mulates its maximum geometric variability. For parametric de-
sign problems, typical dimensionality reduction techniques, such
as principal component analysis (PCA), cannot be implemented
routinely as in many parametric design problems the design pa-
rameters are independent and orthogonal to each other; thus, im-
plementing these techniques on such design space does not pro-
vide any meaningful reduction. Therefore, in our case, we com-
pose a feature extraction method based on the Karhunen–Loève
expansion (KLE) [11], which is directly implemented on the
shape modification function and is similar to PCA if this func-
tion is discretised. The benefit of implementing dimensionality
reduction on shape modification function is two-fold, (i) the user
does not have to care about the orthogonality of the parameters
and (ii) as a discretisation of shape modification contains higher
information about the design, therefore, subspace can better cap-
ture designs’ geometric variance.

Afterwards, a high-fidelity design sampling is performed in the
lower dimensional design space, which covers the entire design
space with few design instances. As the designs in the train-
ing dataset have to be evaluated with CFD solvers, therefore,
creating a dataset consisting of many designs will again cause

2



high computational cost. Thereafter, a computationally effec-
tive machine learning training strategy is developed and imple-
mented to develop a surrogate model, which learns the nonlin-
early and globally coupled relationship between geometric fea-
tures and relative-tangential velocity of the turbine’s runner. This
model is then integrated with the optimiser for rapid exploration
of subspace for optimal design. Furthermore, a global sensitivity
analysis (GSA) is performed to identify the sensitivity of each
design parameters with respect to design physics. This sensitiv-
ity assessment can be a meaningful prerequisite to reducing un-
certainty in design performance [12] and identifying the driving
features of designs that account for the maximum or minimum
variability in performance. Through these effects, GAS advances
enhanced resource allocation on refining the significant design
features and parameters of design from the early design process
stage, thus expediting the entire product development for maxi-
mal performance improvement [13]. Studying such an effect can
be critical for complex engineering problems, especially those in-
volving free-form surface, like turbine blades. However, GSA is
also a supervised data-driven method and can be computationally
expensive if are required to run in high-dimensional design space
and evaluated with time expensive solvers. Therefore, in the pro-
posed work, GSA is performed in connection with the surrogate
model within the reduced dimensional subspace and the correla-
tion of the design features is learned with original design param-
eters to understand their significance and impact on the overall
design’s performance.

Finally, various experiments are conducted and comparisons
are performed with existing techniques to validate the perfor-
mance and reliability of our pipeline. Figure 1 shows the sequen-
tial flow of the proposed SDO pipeline to build a surrogate model
and its integration for the exploration of optimal design and eval-
uation of design parameters’ significance on its performance. The
code written to implement this approach will be made available
at GitHub repository 1. Among others, we make the following
main contributions in this work:

• Data-driven shape optimisation of the Kaplan’s runner blade
profile.

• Coupling of unsupervised feature extraction technique with
a supervised machine-learning method to construct an effi-
cient and reliable reduced-ordered machine learning-based
surrogate model to predict the relative-tangential velocity of
the turbine.

• Machine learning strategy to ensure efficient training of the
surrogate model, which helps to identify iterative a moderate
amount of data need to train an efficient model, thereby, re-
moving the need for carrying out large computationally ex-
pensive physics-based simulation runs for the development
of large training dataset.

• Sensitivity analysis over the subspace and coupling it with
original design parameter to understand their significance on
overall design performance.

1https://github.com/shahrozkhan66/ENTERTAIN.git
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Figure 1: Schematic workflow of proposed SDO pipeline.

• Comparison of the proposed technique with the existing
state-of-the-art methods.

The remainder of this paper is organised as follows: Section 2
reviews relevant literature. Section 3 and 4 give comprehensive
details on the formulation of the proposed data-driven approach
and a detailed description of the test case used for the experi-
ments, respectively. The numerical results to prove the working
and feasibility of the proposed technique are presented in Section
6. The concluding remarks and opportunities for future work are
included in Section Section 7.

2. Related works

2.1. Turbine design
Hydro turbines like Kaplan have a complex design, which con-

sists of various components affecting different performance as-
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pects. Therefore, several studies, including both experimental
and computational, have been conducted to study its behaviour
and to improve its overall performance. Recently, Abbas et al.
[14] applied a multi-disciplinary optimisation technique for the
design of a micro-sized horizontal Kaplan turbine. In the optimi-
sation process, Abbas et al. [14] considered two design variables,
blades’ warp angle and the total number of blades. Afterwards,
a 2D design space was created and optimisation was performed
in connection with the CFD solver in this space to optimise the
design. The optimal design was obtained after 150 CFD simula-
tions, which showed an increment in the efficiency of 23%. Fur-
thermore, the results of the final design are also compared with an
experimental study. In another study, Abbas et al. [15] optimise
the Kaplan turbine design in the presence of a Rim-Driven Gen-
erator [15]. Abeykoon and Hantsch [16] developed a theoretical
model to construct the runner of the Kaplan turbine. This model
was then used to analyse and optimise its performance with k − ε
CFD simulations. This theoretical model was also used in this
work to construct an initial/baseline design as a test case for the
proposed shape optimisation method.

A multi-objective genetic algorithm optimisation was per-
formed by Lipej and Carlo [17] to optimise the runner blade of
the Kaplan turbine. As mentioned by the authors, despite being
an efficient method it has a high computational cost because of
the high-dimensionality of the design space. Semenova et al. [18]
also utilised the multi-objective genetic algorithm for the shape
optimisation of runner blade intending to maximise the efficiency
and minimise cavitation area at the suction side of the blade. Sim-
ilar to [17, 18], Peng [19] also performed multi-objective optimi-
sation to minimise the total hydraulic losses and cavitation coef-
ficient.

Banaszek and Tesch [20] defined and optimised the blade’s
sectional profile with the mean camber line and thickness of an
aerofoil. The shape optimisation is performed based on these two
parameters with an objective to reduce the polytropic loss ratio.
Apart from the runner blade design, researchers have also studied
the optimisation of different parts. For instance, ElGammal et al.,
[21] improved the overall performance by optimising the intake
flow tube of the turbine and Božić and Benišek [22] proposed a
method to determine the secondary energy losses in the runner of
Kaplan turbine.

2.2. Dimension reduction in design
In simulation-based design, shape parameterisation plays an

important role. A well-defined parameterisation helps to cre-
ate diverse shapes, thereby, increasing the possibility of gener-
ating the most efficient design. However, such parameterisation,
demands effective exploration of rich (i.e., consisting of large
design possibilities) and high-dimensional design spaces. This
causes the curse of dimensionality as the computational cost of
exploration increases exponentially [23].

Therefore, various researchers studied different feature ex-
traction techniques, such as Active Subspace Method (ASM)
[24], Karhunen–Loève Expansion (KLE)[11]/Principal Com-
ponent Analysis (PCA)[8], Proper Orthogonal Decomposition
(POD)[25, 26] and Auto-encoders [9], which build a lower-
dimension representation of original design space or dataset
based on the extracted features. Among these approaches, ASM
is a newly proposed technique and shares similarities with the

proposed approach in terms of building a surrogate model from
a lower-dimensional feature representation of original design
space, therefore, we compared this approach with the proposed
one in Section 6.7.2. ASM requires the evaluation of gradients
of the function under study, which are used to build up a lower-
dimensional active representation of the original space. ASM has
been implemented in various shape optimisation such as aircraft
wing [24], ship hull [27], satellite [28]. However, as it is based
on the evaluation of gradients, which for engineering problem
can be difficult to obtain, thus its usage can be restricted for a
diverse range of problems.

Techniques like PCA and POS have also been widely utilised,
with application ranges from shape optimisation of ship hull[11],
aerofoil [26], marine propeller [25], and structural design[29].
These techniques are similar to each other, which learn a lower-
dimensional subspace whose basis is the linear combination of
the original design parameters, which capture the maximum geo-
metric variability of the shapes in the original design space. An-
other machine learning-based technique, Autoencoders, has also
been utilised for lower-dimensional feature extraction in shape
optimisation [9, 30] but has gained more popularity in the com-
puter graphics community to learn the feature manifold to repre-
sent a high-dimensional 3D shape [31].

2.3. Machine learning in design

Advancements in computing power and availability of big data
have leverage machine learning, which helped evolved various
design and engineering fields. Different shape exploration tech-
niques, such as generative [32, 33] and interactive [34] design, are
now being connected with machine learning to generate novel de-
sign ideas. Machine learning-based surrogate models have been
developed to predict the highly-nonlinear behaviour of complex
physics phenomena. In this subsection, we discussed some prior
applications of machine learning in engineering to predict per-
formance thus overcomes the computational burden caused by
physics simulations.

Recently, an approach related to the present work was pro-
posed by Gunpinar et al. [35] to predict the drag coefficients
of two-dimensional (2D) car shapes. In which a car side profile
was parameterised to create a 52-dimensional design space and a
generative search was performed to create a dataset consisting of
well-sampled points. To accurately map the relation between de-
pendent and independent variables, a nonlinear transformation of
the independent variables was first performed and the linear re-
gression model was developed and integrated with optimisation.
To aid the interactive design process of cars, Umetan and Bickel
[36] proposed a Gaussian Process Regression (GPR) model to
predict the drag coefficient of three-dimensional car shapes. The
novelty of their approach lied in the unique reparameterisation of
existing car shapes. Baque et al. [37] developed a Geodesic Con-
volutional Neural Network to estimate the pressure distribution
on 3D shapes. Their method is independent of any design param-
eterisation type as it directly takes surface representation as input
for training the neural network.

A new variation of Neural Networks (NN) [38] called Naiver-
Stokes Informed NN was proposed by Raissi et al. [39] to pre-
dict velocity and pressure fields. Xu et al. used reinforcement
learning to predict and optimise flight behaviour of the hybrid
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unmanned aerial vehicles. Moreover, Zhang and Duraisamy de-
veloped a GPR model using both CFD simulation and experi-
mental data to predict high-fidelity turbulence behaviour. Other
recent application of machine learning-based optimisation in-
cludes the design of aerodynamic rockets [40] and aerofoil [41],
low water resistance ship hulls [42], energy-efficient build de-
sign [43], streamlined transonic compressor rotor [44] and gas
turbines [45].

As mentioned earlier, for accurate prediction of the perfor-
mance of high-dimensional problems most of the machine learn-
ing techniques require large datasets. To tackle this issue, Costa-
bal et al. [46] proposed a multi-fidelity Gaussian model for clas-
sification problems, which was trained on low fidelity simulations
to predict their high fidelity counterpart. A physics-constrained
and simulation data-free deep neural network was used by Sun et
al. [47] for surrogate modelling of incompressible flows. In [47],
the model was trained by minimising the residuals of the govern-
ing partial differential equations (i.e., conservation laws), which
helped to eliminate the need for computationally expensive CFD
simulation data. Although, [46, 47] have proven to be efficient
for simple problems, however, for complex problems they still
need to evolve.

To the best of the authors’ knowledge, apart from [48], there
is no significant work on the machine learning-based design op-
timisation of hydro turbines. In [48], Banaszek and Tesch de-
fined the shape of the runner blade with aerofoil, whose profile
is defined in term of foil thickness and a distribution function for
thickness. The objective is to optimise the rotor-stator integration
based on the thick function while minimising the politropic loss
coefficient. Afterwards, a single-layered unidirectional NN [38]
was developed to predict the loss coefficient, which was then used
in connection with the optimiser to explore a two-dimensional
space created with rotor and stator distribution coefficients for an
optimal design. While the present work defines the shape of the
runner blade based on the velocity triangles, which are defined
separately for its leading and trailing edges. The initial design is
composed of ten design parameters, which create a more efficient
parametric design and helps to explore a wide variety of design
alternatives. This increases the probability of finding the most op-
timal design. Although from the model point of view, [48] uses
different components of the turbine, but both the present study
and [48] uses transit state simulations with a laminar k − ε model
to compute the results. Moreover, in comparison to [48], we used
a completely different meshing approach, as our CFD simulation
work focuses on the fluid flow behaviour for optimising the shape
of the blades. Finally, even though [48] uses a more complete
model from a simulation point of view but we use a more so-
phisticated data-driven approach as the prime aim of the present
work is to propose an efficient data-driven approach to acceler-
ate the shape optimisation and to validate the approach using a
practical design problem such as hydropower turbine.

3. Proposed data-drive optimisation pipeline

Turbine efficiency can be increased by increasing the number
of blades but according to a study by Menny [4], the highest effi-
ciency for this kind of turbines should be achieved with a maxi-
mum of four number of blades, as further increasing the number

of blades can result in a complex system and high manufacturing
and maintenance cost.

The pressure difference between the top and bottom surface
of the blades affects the rotational movement hence influences
its power production efficiency. Therefore, an effective way to
achieve maximum efficiency is to change the theoretically de-
fined inlet and outlet angles at the leading and trailing edges,
respectively, which define basic design parameters to create the
profile of the runner blades. For a well-defined design, these pa-
rameters create high-dimensional design spaces. These spaces
are explored using an optimiser in-connection with the CFD
solver, which evaluate the design and guides the optimisation to-
wards the optimal solution. However, as mentioned before, ex-
ploring the design space of infinite possibilities and evaluation of
each design with expensive solvers makes the optimisation com-
putationally expensive and hinders from exploring diverse design
possibilities. Therefore, to lessen the computational burden, a
data-driven optimisation pipeline based on feature extraction and
surrogate modelling is used, which is described in the following
subsections.

3.1. Feature extraction for dimension reduction
Let M be a geometric domain representing a baseline design

that needs to be optimised, which is present in an M−dimensional
ambient spaceM ⊂ RM , where M is either equal to two or three
depending ifM is two- or three-dimensional, respectively. Now
also assumeM is parameterised with a set of designs parameters
x = {xk, k = 1, 2, . . . , n} ∈ X ⊆ RN . The lower xl and upper xu

bounds of these parameters form a n−dimensional design space,
X, as X := {xl

k ≤ xk ≤ xu
k ,∀k ∈ {1, 2, . . . , n}}. The associated

parameterisation of M defines a shape modification function ζ,
which for any parametric instance, x′, sampled from X (i.e., x′ ∈
X) modifies the baseline design to form a new design as M′ =

ζ(M, x′) ∈ RM , whereM′ is the modified design. Furthermore,
consider a n−variable model, f : X ⊆ Rn → R, representing a
give function or physical simulation. Here, y = f (x) ∈ R is the
output of interest for whichM is need to be optimised.

A typical shape optimisation ofM commences with the explo-
ration of X to find an optimal parametric instance, xoptimal, which
maximum or minimise y. In this process an optimiser first sam-
ples a parametric instance from X and feeds it to the shape mod-
ification function to create a new design, which is then evaluated
with f . Afterwards, y is inputted to the optimiser to guide the
exploration process towards the promising regions of the design
space.

As explained earlier, ifX is high-dimensional and performance
evaluation of the design is time expensive then the whole optimi-
sation process can suffer from high computational cost. There-
fore, the proposed approach cure the curse of dimensionality with
feature extraction techniques to create a lower-dimensional sub-
space and uses this subspace to construct a surrogate model to
bypass the need for designs’ performance evaluation with simu-
lation tools.

The dimension reduction performed here is similar to PCA,
whose objective is to extract the geometric features of X for the
formulation of a reduced dimensional representation of ζ(M, x)
in terms of geometric variability of the designs (ζ̂(M, t)). Here,
t = {ti, i = 1, 2, . . . ,m} ∈ T ⊂ Rm is a latent variable (LV) vec-
tor, which is composed as a linear combination of features of X
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with the shape modification vector and serves as the new dimen-
sional coordinates for an m-dimensional subspace (T ). During
the feature extraction, we minimise an objective/cost function
defining the reconstruction error between the original variables
and their lower-dimensional representation. In present case, this
error measures the accuracy of ζ̂(M, t) with respect to ζ(M, x) in
term of Mean Squared Error (MSE) normalised to total geometric
(σ2

g) as

NMS E =
MS E
σ2

g
=

∫∫
X×T ,M

||ζ(M, x) − ζ̂(M, t)||2ρ(x, t)dxdt∫
X,M
||ζ(M, x)||2ρ(x)dx

,

(2)
where, ρ(x, t) is a probability distribution over the product space
X × T . The extraction of geometric feature commences with the
eigendecomposition of a symmetric and positive definite covari-
ance matrix, C, which is composed of ζ(M, x) within X and is
written as

C =

∫
X

(ζ(M, x))(ζ(M, x))Tρ(x)dx. (3)

For the complex problem, evaluation of C requires solving high
order integrals, which, if the dimensionality of the design space
is sufficiently small, can be solved with techniques like tensor
product Gauss-Legendre quadrature. However, for problems like
studied in the present work, the estimation of C is evaluated us-
ing pseudo-random sampling techniques such as Monte Carlo or
Latin hypercube sampling. To evaluate C, M is first discretised
into L elements of equal measure, which, for M = 3, gives spatial
discretisation of ζ(M, x) as

ζ(M, x) = d(x) =

d1(x)
d2(x)
d3(x)

 =



d1,1(x)
...

d1,E(x)
d2,1(x)
...

d2,E(x)
d3,1(x)
...

d3,E(x)



T

, (4)

Here, d(x) is a [1 × L] matrix representing the discretisation of
ζ(M, x), where L = ME Taking this discretisation a training
dataset D is created as

D=


d(x1)
d(x2)
...

d(xN)

 =



d1,1(x1) . . . d1,E(x1) d2,1(x1) . . . d2,E(x1) d3,1(x1) . . . d3,E(x1)
d1,1(x2) . . . d1,E(x2) d2,1(x2) . . . d2,E(x2) d3,1(x2) . . . d3,E(x2)
d1,1(x1) . . . d1,E(x1) d2,1(x1) . . . d2,E(x1) d3,1(x1) . . . d3,E(x1)

...
. . .

...
...

. . .
...

...
. . .

...
d1,1(xN) . . . d1,E(xN) d2,1(xN) . . . d2,E(xN) d3,1(xN) . . . d3,E(xN)


,

(5)
which is obtained while sampling X with a statistically conver-
gent number of Monte Carlo realisations N. At the discrete level,
C can be approximated as

C ≈
1
N

DT D, (6)

whose eigendecomposition is obtained by the solution of the
eigenproblem as follows

CW = ΛW. (7)

Herein, W is the [L×L] feature matrix whose columns are orthog-
onal eigenvectors W = {wk, k = 1, 2, . . . , L} with (wT

k wk = 1).
This spans the basis of an eigenspace, which creates rotation of
RL. Λ = diag(λi, k = 1, 2, . . . , L) are the eigenvalues sorted in
descending order λ1 ≥ λ2 ≥, . . . , λL ≥ 0 and represents the ge-
ometric variance resolved along the corresponding eigenvectors.
The eigenvectors have the properties of maximising the geomet-
ric variance of designs projected on them and minimising the
mean squared distance between the original points and the rel-
ative projections. The eigenvector with the highest eigenvalue
captures maximum geometric variance of designs in X. There-
fore, for dimension reduction, columns of W are rearranged in
the descending order based on their eigenvalues and is partitioned
into two sets, containing dominant and non-dominant features.

Λ =

[
Λ1

Λ2

]
, W =

[
Z1 Z2

]
. (8)

The columns of Z1 = {zi, i = 1, 2, . . . ,N} and Z2 = {z j, j =

1, 2, . . . , L − m} span the dominant and non-dominant features
of C, which defines the dominant and non-dominant subspaces,
receptively, and Λ1 = {λi, i = 1, 2, . . .m} and Λ2 = {λ j, j =

1, 2, . . . L − m} are their corresponding eigenvalues. The sep-
aration between Z1 and Z2 is done based on the eigenvalues.
Here, Z1 contains first m columns of W corresponding to the first
largest m eigenvalues, Λ1 = {λi, i = 1, 2, . . .m}, retaining min-
imum 95% of the geometric variance (σ2), which is measured
as

σ2 =

∑m
i=1 λi∑L
i=1 λi

. (9)

Afterwards, d(x) can be project on these subspaces using Eq. (10)
to find its active t1 = {t1

i , i = 1, 2, . . . ,m} and inactive t2 = {t2
j , j =

1, 2, . . . , L − m} latent parameters.

t1 = ZT
1 d(x) ∈ Rm, t2 = ZT

2 d(x) ∈ RL−m. (10)

Among t1 and t2, we are only interested in t1 as its basis Z1 covers
largest variability of designs, which is negligibly influenced by
t2. Here, ith ( jth) dominant (non-dominant) variable is the linear
combination of elements of ith ( jth) column zi (z j) of Z1 (Z2)
and coordinates of original design space (i.e., t1

i = z1,id1,1(x) +

z2,id1,2(x) + · · · + zL,id3,E(x) (t2
j = z1, jd1,1(x) + z2, jd1,2(x) + · · · +

zL, jd3,E(x))).
The reduced-order representation of d(x) is created with the dom-
inant variable t and represented as

d̂(t) = Zd(x), (11)

where d̂(t) can also be represented as the minimum-squared-error
approximation of d(x). In the discrete form, expectation in Equa-
tion 2 is approximated by evaluating MSE and geometric vari-
ance, σ2, as

MS E =
1
N

N∑
r=1

∣∣∣∣∣∣d̂(tr) − d(xr)
∣∣∣∣∣∣2 , (12)
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σ2
g =

1
N

N∑
r=1

||d(xr)||2 . (13)

Combining equation Eq. (12) and Eq. (13) gives NMSE as

NMS E =

∑N
r=1

∣∣∣∣∣∣d̂(tr) − d(xr)
∣∣∣∣∣∣2∑N

r=1 ||d(xr)||2
. (14)

For sake of simplicity, from this point and onward we will
represent t1 and Z1 with t and Z, respectively. Furthermore,
after learning the basis of a new lower-dimensional subspace
(T ), its bounding limits (tu and tl) are identified by transform-
ing the upper xu and lower xl limits of original design space
as tu = ZT d(xu) and tl = ZT d(xl). Equation 7 can be solved
through different techniques, however, the most commonly used
is Singular Value Decomposition (SVD) [49], therefore, utilised
in this work. For details on SVD, interested readers should refer
to [50, 8].

3.2. Surrogate modelling in subspace

The motivation for learning T is to expedite the surrogate
modelling for high-dimensional design problems. These mod-
els suffer from the curse of dimensionality [51], as for high-
dimensional problems they require a large dataset to train a sur-
rogate model with notable accuracy. Often for complex design
problems, like one studied in this work, the training datasets are
not available at hand and has to be constructed either by run-
ning physical experiments or by running high-fidelity simula-
tions, which can again cause the whole process to suffer from
high-computational cost [39]. Therefore, by reducing the input
space dimensionality and training the surrogate model in the re-
duced dimensional subspace, we can accept a small penalty in the
accuracy of the f in exchange for the opportunity to tackle high-
dimensionality with a small training dataset. After evaluating t,
f can be approximated in T as

f (x) ≈ g(Z1
T d(x)) = g(t) (15)

To train a surrogate model, sampling is performed in the sub-
space T and dataset T consisting of N

′

samples is generated.
Here, samples (t1, t2, . . . , tN′ ) are the lower-dimensional feature
representation of original design and each design consists of m
latent variables, ti = ti,1, ti,2, . . . , ti,m, which are taken as indepen-
dent variables. The quantity of interest (QoI), which is design
physical parameter, evaluated with f are the dependent variable
Y = [y1, y2, . . . , yN]T . Both dependent and independent variables
create a training database D (see Equation 16) for training the
surrogate model.

D =




t1,1 t1,2 . . . t1,m
t2,1 t2,2 . . . t2,m
...

...
. . .

...
tN′,1 tN′,2 . . . t1,m

 ,


y1
y2
...

yN′


 (16)

In this work, along with Gaussian Process Regression (GPR),
different surrogate modelling techniques, such as Linear Regres-
sion (LR) [52], Decision Tree (DT) [53], Support Vector Regres-
sion (SVR) [54] and Neural Networks (NN) [38] are used for
training and testing the surrogate models in the subspace. All

these models have been widely utilised in the literature and will
be discussed in Section 6.7. We have seen better results in term
of training the surrogate model with GPR, thus, leaving the com-
prehensive details to [7, 55], below section gives brief deception
on the key concepts and construction of the GPR-based surrogate
model.

3.2.1. Gaussian process regression
GPR is a non-parametric Bayesian approach, which has been

used in different design applications [46] and proven to be an
efficient tool for mapping the nonlinear and globally coupled re-
lationship between inputs and outputs sampled from a theoreti-
cally infinite-dimensional normal distribution. This mapping is
based on simple parameterisation and Bayesian interpretation. It
has been proven in literature [56] that many Bayesian models
based on NN converge to GPR in the limit of an infinite network.
Therefore, GPR based models can make a reliable and accurate
prediction; thus, can be considered as a replacement for other so-
phisticated models such as NN and SVR for surrogate modelling
[55]. The main advantages of GPR over other modelling tech-
niques are, it can: (1) proximate a highly nonlinear relationship
between inputs and outputs with small data size and (2) can eas-
ily handle noise in the data, thus, avoids over-fitting. For training,
GPR assumes that the output y of g at input t can be written as:

y = g(t) + ε, with ε ∼ N(0, σ2
ε ). (17)

Above is similar to Multiple Linear Regression (MLR) and as-
sumes that an observation consists of an independent signal term
g(t) and a noise term ε. However, GPR assumes that g(t) is a
random variable and follows a particular distribution, which re-
flects our uncertainty regarding the function [2]. The uncertainty
in g(t) can be observed based on its output at different t samples.
The term ε represents the inherent randomness in the observa-
tions and is independent of the number of observations. In GPR,
g(t) assumes to be distributed as a Gaussian Process (GP):

g(t) ∼ GP(µ(t), k(t, t′)). (18)

A GP is any distribution over functions such that any finite set
of function values g(t1), g(t2), . . . , g(tN′ ) have a joint Gaussian
distribution and is defined by a mean µ(t) and a covariance k(t, t′)
function [2]. The µ(t) defines the expected function value at input
t,

µ(t) = E[g(t)], (19)

Here, we set µ(t) = 0 to avoid any posterior computation, which
is achieved by subtracting the mean from all observations. The
term k(t, t′) in Eq. (18) defines dependence between the g(t) and
g(t′) as

k(t, t′) = Cov
[
g(t), g(t′)

]
= E

[
{g(t) − µ(t)}{g(t′) − µ(t′)}

]
. (20)

Once µ(x) and k(t, t′) are chosen, we can use GP to draw priori
and posterior function values upon previous observations. For
that, we sample U to obtain training dataset (Di) consisting of
N′ samples;

Di = {Ti, gi}, (21)
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where

Ti =


ti
1

ti
1
...

ti
N′

 =


ti
1,1 ti

1,2 . . . ti
1,m

ti
2,1 ti

2,2 . . . ti
2,m

...
...

. . .
...

ti
N′,1 ti

N′,2 . . . ti
N′,m

 , gi =


g(ti

1)
g(ti

2)
...

g(ti
N′ )

 . (22)

Now, we want to make predictions for new inputs t∗ by sampling
g∗ for the posterior distribution ρ(g|Dt). Moreover, by definition,
gi and g∗ follows a joint multivariate normal distribution, which
can be written as follows:[

gi

g′

]
∼ N

(
0,

[
K(Ti,Ti) + σ2

ε I K(Ti,T′)
K(T′,Ti) K(T′,T′)

])
. (23)

Here, K(ti, ti) is the covariance matrix,

K(Ti,Ti) =


k(ti

1, t
i
1) k(ti

1, t
i
2) . . . k(ti

1, t
i
N′ )

k(ti
2, t

i
1) k(ti

2, t
i
2) . . . k(ti

2, t
i
N′ )

...
...

. . .
...

k(ti
N′ , t

i
1) k(ti

N′ , t
i
2) . . . k(ti

N′ , t
i
N′ )

 , (24)

between all observed points, and K(T′,T′) is the covariance ma-
trix between new points. K(Ti,T′) is the covariance matrix be-
tween the observed points and the new input points and K(T′,Ti)
is vice versa. Where, in Eq. (23), parameters I and σ2

ε are the
identity matrix and noise level of observations, respectively. Fol-
lowing [2], the conditional distribution ρ(g′|Ti, yi,Ti) is then a
multivariate normal distribution with mean (Eq. (25)) and covari-
ance matrix (Eq. (26)).

µi(t) = K(t,Ti)
[
K(Ti,Ti) + σ2

ε I
]−1

gi, (25)

kt(t, t′) = k(t, t′) − K(t,Ti)
[
K(Ti,Ti) + σ2

ε I
]−1

K(Ti, t′). (26)

In GPR, k is known as the kernel function [7] and it has a pro-
found impact on the performance of a GPR model. The choice
of a suitable function is based on the desired smoothness and
likely patterns to be expected in the training data [2]. In lit-
erature, different types of kernel functions have been proposed
and utilised. In this work, we have tested different kernel func-
tions, such as Exponential, Squared Exponential Kernel, Rational
Quadratic Kernel and Linear Kernel [7] and selected one which
gives the best prediction results and avoids over-fitting. Once
a kernel function is selected the unknown hyper-parameters in-
volved in the kernel need to be estimated from the given training
dataset. This kernel function of GPR is similar to the activation
function of NN, which controls the learning rate thus can affect
its results [57]. For instance, the squared exponential kernel func-
tion is expressed as

k(t, t′) = σ2
nexp

(
−||t − t′||2

2l2

)
. (27)

In the above equation, ||.||2 is the L2-norm, l2 and σ2
n define the

length-scale and signal variance, respectively, which can be al-
tered to increase or reduce the prior correlation between points
and the variability of the resulting function. k(t, t′) is often repre-
sented as k(t, t′|Ω) to explicitly indicate its dependence on hyper-
parameters, where Ω is set containing all the hyper-parameters,

σ2
n and l2 (e.g., Ω = (σ2

n, l2)). These parameters are tuned for a
specific dataset D either with maximum likelihood approach [7]
or Bayesian techniques [58], which measures how well a given
Ω describesD. In this work, GPR with different kernel functions
are tested and hyper-parameters are optimised with the Bayesian
technique [58].

3.2.2. Cross validation
We utilise k-fold cross-validation [59] to validate the accu-

racy of the GPR prediction model and to avoid over-fitting. The
dataset D is partitioned into kc folds/groups. From these folds,
one fold is used for validation or testing and the remaining kc − 1
folds are used as the training dataset to train GPR. After training,
the data in kcth fold is inputted into the trained GPR to predict
their performance. Designs in this fold are not used during the
training and are used to test the capability of the model for un-
seen data. The cross-validation MSE between the actual and the
predicted performance values for designs in kcth fold is obtained
from the trained model. This process is repeated kc times and
kc GPR models are trained. The model giving the least cross-
validation MSE is selected as the final model.

3.2.3. Training dataset
For an appropriate representation of the design space, the train-

ing dataset must consist of well-sampled designs from the design
space, in other words, designs should be evenly distributed cov-
ering all the design possibilities a design space has to offer. One
possible method that can be used is Monte Carlo sampling, how-
ever, this will require a large number of designs to be sampled and
unlike feature extraction, training of surrogate modelling requires
labelled data, therefore, evaluating a large number of designs us-
ing time expensive physics simulation will again make the whole
optimisation computationally inefficient. Therefore, we utilised
Khan and Gunpinars’s [60] technique for constructing a dataset
of the surrogate model. This sampling approach is referred to
as high-fidelity because it samples the design space in the con-
text of Latin Hypercube design based on an optimisation strategy
whose objective is to ensure the criteria of space-filling and non-
collapsing. Space-filling criterion helps to uniformly distribute
the designs over the design space, so that design does not get clus-
tered in some specific region, whereas non-collapsing improves
design diversity by forcing that no two design shares same para-
metric values. These criteria are achieved while running a sepa-
rate optimisation during sampling.

The computational cost of this high-fidelity sampling approach
rises with the number of samples. Therefore, to keep sampling
time to a minimum and to evaluate the least number of sam-
ples with time-expensive CFD solvers for the reliable model, we
proposed an adaptive training strategy, which instead of taking
a fixed dataset size increases the number of samples iteratively.
As initially, it can be difficult, if not impossible, to determine the
exact number of samples need to train a model. A common rule
of thumb that is followed in machine learning literature is that
number of samples should be ten times the number of parame-
ters. However, it does not guarantee that these samples will be
appropriate for reliable and generalised model training. There-
fore, in the proposed approach, sampling is initially started with
N
′

samples and the size of the samples is gradually increased by
adding N

′′

more samples in the initial dataset, i.e., N
′

= N
′

+ N
′′
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with N
′′

<< N
′

. In each training iteration, N
′′

new designs
are sampled and their performance is evaluated after projecting
back to the original design space. The training is performed with
N
′

= N
′

+N
′′

samples and this process is repeated until no notable
improvement is observed in the training performance.

3.2.4. Model training and testing
Figure 2 shows the workflow of the strategy used to train the

surrogate model. To start the training first a kernel function is
selected for GPR and the QoI of the sampled designs is evalu-
ated. The training dataset is divided into kc-folds and kc surrogate
models are developed and while training each model, Bayesian
optimisation is performed to select an optimal value of hyper-
parameters. From kc trained models, a model giving the least
cross-validation MSE is selected. Afterwards, N

′′

new designs
are sampled and added to the training dataset after evaluating
their performance and the whole process is repeated until there
is no significant improvement in MSE. This process is repeated
using different kernel functions and the one giving the least cross-
validation and overall-sampling MSE is selected for a final surro-
gate model, which is later integrated with optimisation and sen-
sitivity analysis. Once constructed, kc new samples are obtained
from T and the performance of the model is evaluated using the
Absolute Percentage Error (APE). If the mean of APE of all kc

designs is greater than 5% then the process depicted in Figure 2
is repeated. Moreover, we have also compared the results of the
trained GPR model with other approximation techniques and will
be discussed in section 6.

3.3. Optimisation

After constructing the GPR-based surrogate model, an optimi-
sation process is carried out to explore the subspace T for opti-
mal design and during exploration, designs are evaluated using
the surrogate model g(t). The design geometries are visualised
after projecting back the lower-dimensional design instance on to
the original space. To generate an optimal design, one can solve
the following optimisation problem:

given: t ∈ Rm

maximise:
t

g(t)

subject to: tl ≤ t ≤ tu

(28)

For the above optimisation problem, we utilised Jaya Algo-
rithm (JA) [61], which is a recently proposed simple yet effec-
tive meta-heuristic optimisation technique, whose performance
has been proven in various engineering applications by different
scholars. JA is a population-based technique, which requires a
set of randomly sampled initial solutions to start the optimisation.
Unlike most of the population-based meta-heuristic optimisation
techniques, JA does not require the tuning of any algorithmic spe-
cific parameters. This nature elevates additional burden from the
user and ensures a solution closer to the global optimal.

Algorithm 1 summarises the step-wise procedure of the pro-
posed data-driven approach.

𝑚-dimensional 
subspace

Sample ሖ𝑁
desings

Evaluate designs 
using CFD

Dataset

Parameters & Physics

Divide data into 
𝑘-folds

⋯

Select a Kernel 
Function

Optimize 
hyperparameters

Generate GP-based 
surrogate with 

optimal value of 
hyperparameters

Compute cross-
validation MSE

1 𝑘

Select model 
with least cross-
validation MSE

Sample 
𝑁"designs

2 3

Repeat this for k-folds

Repeat this until desired accuracy is achieved 

Figure 2: Schematic diagram of the strategy used to train the surrogate model.

3.4. Sensitivity analysis

In a parametric study, sensitivity analysis enables to identify
of the local or global influence of a single or set of parame-
ters on the QoI, respectively. In other words, it provides insight
into the variability of QoI, which in our case is the difference
of relative-tangential velocity at the leading and trailing edges
of the runner blade, contributed by input parameters. In a local
sensitivity analysis, the change in QoI is evaluated with respect
to variation in a single parameter, whereas, in the global sensi-
tivity analysis, variability in QoI is measured against the varia-
tion in all parameters over the entire design space. This allows
users to evaluate the relative contribution of each parameter to
QoI’s output variation. In literature, different types of local and
global sensitivity analyses, such as variance-based (or Sobol’s
method), derivative-based, density-based sensitivity, elementary
effects test (or Morris method), etc [62], have been proposed.
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Algorithm 1 Step wise procedure of the proposed approach.

1: Create an initial modelM and parameterise it with n design
parameters (x1, x2, . . . , xn).

2: Define the design space X with lower and upper bounds of n
parameters, X := {xl

k ≤ xk ≤ xu
k , ∀k ∈ {1, 2, . . . n}}.

3: Define a shape modification function ζ(M, x) to modify M
for any realisation x ∈ X.

4: Sample X to create set X = [x1, x2, . . . , xN]T , where N is
sample size.

5: Create the dataset D containing discrete representation of
ζ(M, x) as D = [d(x1),d(x2), . . . ,d(xN)]T , where the dis-
cretisation of ith design xi is represented in Eq. (4).

6: Compute C eigendecomposition is obtained by the solution
of the eigenproblem: CW = ΛW.

7: Partition eigenspace of C as in Eq. (8), where first m ele-
ments of Λ capturing minimum 95% of the variance (i.e.,∑N

i=1 λi/
∑M

i=1 λi ≥ 95%).
8: Form latent variable set as t = Z1

T d(x), where t = {tr, r =

1, 2, . . . ,m}.
9: With t create an m−dimensional subspace T ⊂ Rm as T :=
{tl

k ≤ tk ≤ vu
k , ∀k ∈ {1, 2, . . .m}}, where tl

k and tu
k are the lower

and upper bounds and m < n.
10: InitialiseDtotal ← ∅.
11: repeat
12: Initialise E ← ∅.
13: Sample T to create set T = [t1, t2, . . . , tN′ ]T , where N′ is

the sample size.
14: Evaluate QoI for T, Y = [y1, y2, . . . , yN′ ]T .
15: Create dataset D = [T Y] with columns of T as indepen-

dent variables and Y as the dependent variable.
16: Dtotal ← Dtotal ∪D.
17: Partition Dtotal into kc subsets, Dval

total =

{D1
total,D

2
total, . . . ,D

kc
total}, containing equal number of

samples.
18: for l = 1, . . . , kc do
19: Exclude Dl

total from Dval (Dval−1
total =

{D1
total,D

2
total, . . . ,D

kc−1
total }).

20: se response surface method on dataset,Dval−1
total , to create

a surrogate model gl(t).
21: Feed Tl of Dl

total = [Tl,Yl] to gl(t) and evaluate Y′l,
where Y′l and Yl are the predicted and actual values,
respectively.

22: Compute Mean Square Error (El) between Y′l and Yl.
23: E ← El.
24: end for
25: Select surrogate model, g(t), with least E in E.
26: until Desired accuracy is achieved.
27: Solve Eq. (28) to find an optimal design toptimal in T .
28: To find the full space projection of toptimal (d̂(t)optimal) in X

solve d̂(x)optimal = Z1toptimal.

Among these methods, the variance-based method, Sobol’s sen-
sitivity [63], is widely utilised in engineering applications. As
mentioned earlier, for high-dimensional design problems, espe-
cially whose performance has to evaluated using high-fidelity
physical solvers, performing sensitivity analyses can be computa-
tionally intensive as it requires running a large number of simula-

tions for reliable estimation of parametric sensitivity [64]. There-
fore, along with the completeness of the parametric study of the
design under consideration, the aim here is also to expedite this
sensitivity evaluation process while performing it in the lower-
dimensional subspace in connection with the surrogate model.
After obtaining the sensitivity of the latent variables of the sub-
space, a correlation, which will be discussed later in this section,
between these latent variables and the original design parameters
is evaluated to identify significant design parameters. Once ob-
tained, the sensitivity results can be further used for design space
refinement and uncertainty reduction [12], thereby allowing us
to better understand the used test and the significance of design
parameters, which can be critical during shape optimisation.

3.4.1. Sobol’s sensitivity analysis
Sobol’s method [63] globally measures variance attributed by

each of the design parameters in QoI even for a nonlinear prob-
lem. In this method, calculation of sensitivity index for each pa-
rameter requires solving dimensional integral, which for engi-
neering applications can be difficult, if not impossible, to eval-
uate. Therefore, are usually estimated using Monte Carlo or
Quasi-Monte Carlo methods. This estimation requires a large
number of evaluations of QoI, which, as mentioned before, can
be highly computationally expensive in the case of CFD. There-
fore, we utilised the GPR-based surrogate model and the sensi-
tivity of the parameters is determined over the subspace. Another
key advantage of learning sensitivity on set t that they ensure the
satisfaction of the requirement of independence between input
parameters because there exists no correlation between them.

Let y is a univariate output of g(t) and elements of t are in-
dependent and uniformly distributed over T . Under the proba-
bilistic interpretation of elements of t, Y is a random univariate
variable with mean (g0) and variance (V):

g0 =

∫
g(t)dt

V =

∫
g(t)2dt − g2

0

(29)

Sobol’s sensitivity method is based on the decomposition of
V into contributions from the effects of single and/or combined
effects of pairs of parameters.

y = g0 +

m∑
i=1

gi(ti)+

m∑
i=1

m∑
i, j

gi j(ti, t j)+ · · ·+g1,...,m(t1, . . . , tm) (30)

The terms of decomposition are constructed as follows:

gi(ti) =

∫
g(t)

∏
k,i

dtk − g0

gi j(ti, t j) =

∫
g(t)

∏
k,i, j

dtk − g0 − gi(ti) − g j(t j)
(31)

The analysis of variance representation of g(t) is based on the
following condition:

∫
gi1,i2,...,im (ti1 , ti2 , . . . , tim )dtx = 0 for k = i1, i2, . . . , im (32)
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With this condition, squaring and integrating Equation 31 on
both sides yields:

V =

m∑
i=1

Vi +

m∑
i< j

Vi j + · · · + V1,2,...,m (33)

Where

Vi1,...,im =

∫
g2

i1,i2,...,im (ti1 , ti2 , . . . , tim )dti1,i2,...,im (34)

Equation 34 is the variance of gi1,i2,...,im (ti1 , ti2 , . . . , tim ) and refer
as partial variance crossponding to parameter set t. The Sobol’s
sensitivity indices for that subset is defined as

S i1,i2,...,im =
Vi1,i2,...,im

V
(35)

Here, S i = Vi/V gives the first-order contribution of the ith

parameter to the variance of g(t) and S i j = Vi j/V provides the
second-order contribution from the interaction between ith and
jth latent variables. The total order sensitivity indices is the sum
of all the sensitivity indices (see Equation 36). It measures the
overall effect of a parameters on g(t) while accounting both first-
and second-order effects over the entire design space.

S Ti = S i + S i j(i, j) + · · · + S 1,2,...,I,...,m (36)

To divide the parameters into significant and insignificant pa-
rameter sets, a cutoff (ϕ) equal to 0.05 or 0.1 have been widely
used. The LVs with sensitivity index values greater than ϕ are
significant and insignificant latent variables have a sensitivity in-
dex lower than ϕ.

3.4.2. Correlation between features and design parameters
After identifying the most significant LV, t∗, the highly influ-

ential design parameters can be identified, which are used in the
construction of the subspace dimension defined by t∗. For this,
one can determine the correlation between t∗ and design param-
eters, and design parameters highly correlated with t∗ can give
useful insight into the importance or influence of each design pa-
rameter towards QoI. The correlation coefficient between ith pa-
rameter (xi) and jth feature (t j) is given as

ri j = αi j ×

√
λ j

std(xi)
(37)

where αi j is an ith element of jth eigenvector of covariance ma-
trix, λ j is the corresponding eigenvalue and std(xi) is the standard
deviation of xi.Here, it is noteworthy that the above formulation
holds if the training data D is not standardised before feature ex-
traction. If D is standardised then the parameters with higher
absolute weights w j in the jth feature are considered to be highly
correlated.

4. Initial design of kaplan turbine’s runner blade profile

The efficiency of the whole turbine unit depends on the per-
formance of different components like a runner, distributors, oil
head, governors, etc. In the present work, to validate the pro-
posed SBO pipeline, we focused on the design and optimization
of the turbine’s runner blade profile, which is constructed based

on the design theory proposed in [4, 16] and summarized in this
section.

4.1. Fluid flow parameters for turbine

The design process for the blade is started by setting the initial
parameters for the flow in which the turbine will be operated. In
the present work, a Kaplan turbine is considered to be installed
at a run-off river-based hydropower plant with the following set-
tings: H = 4.2m, Q = 40m3/s and σ = 1.45. Using these param-
eters the rotational speed of the turbine is obtained with Equation
38.

N =
σ(2gH)

3
4

2
√
πQ

(38)

The specific speed (Ns) of the turbine, which represents the speed
for producing unit power under a unit head, is calculated with the
following relationship:

Ns =
N
√

Q

H
3
4

(39)

Figure 3 represents the relationship between hub (DN) and outer
(Da) diameters of the runner; number of blades (z

′′

); diameter
number (δ) and σ. A runner having a value of σ greater than 1.3
are considered as fast, thus we selected σ = 1.45. At σ = 1.45,
DN/Da = 0.4, z

′′

= 4 and δ = 1.8 are evaluated from the design
graph in Figure 3. Afterwards, at these parameter values, Da is
calculated using Equation 40.

Da =
2δ
√
π

(
Q2

2gH

) 1
4

(40)

Figure 3: Design graph for Kaplan turbine, which was originally proposed by [4].

4.2. Turbine blade profile

Similar to [16], the position of the blades are kept fixed at the
hub. The profile of each blade is constructed with three curves
representing leading (El) and trailing (Et) edges, and middle (Em)
section. Each curve is segmented into five points (P1, P2, P3, P4
and P5) from start to end of the curve. Figure 4 illustrates basic
parametric representation of a blade profile. Curves El and Et lie
in three-dimensional space and the curve Em is on the xy−plane.
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The point P1 of the curves lies on the circumference of the hub
and P5 is on the outer diameter of the runner.

The difference between DN and Da is divided in four equal
parts, resulting in three nominal diameters, D1, D2 and D3, and
two outer diameters DN and Da. Thus, points P1, P2, P3, P4 and
P5 correspond to diameters Da, D1, D2, D3 and DN , respectively.
Based on these nominal diameters, the position of points of El,
Em and Et are obtained using well known velocity triangle dia-
grams, which gives the angular values βl, βm βt for each point on
these curves. This results in 15 angles for a single blade profile.
Table 1 shows the values obtained for the baseline design used
in this study. Interested readers should refer to ref. [4, 16] for
detailed theory behind the construction of initial blade design on
the basis of velocity triangles.

𝐷𝑎

𝐷𝑁 𝐷1
𝐷2

𝐷3

𝑃1

𝑃2

𝑃3

𝑃4

𝑃5

Middle  
Curve Trailing  

Curve

Leading  
Curve

Figure 4: Basic parametric representation of turbine’s runner blade.

For the optimisation, angles at the middle curve are kept fixed
because of their low effect on the shape variation. As, each curve
of the blade is divided into five different points (P1,P2,P3,P4 and
P5). So, the design parameter vector x is composed of a total of
ten angles for El and Et, which can be changed independently to
obtain several design variations. This creates a 10-dimensional
(10D) design space to be explored for an optimal design.

The chord length and distance between blades is represented
with s

′′

and t
′′

. t
′′

and s
′′

for any point on the curves can be
obtained as

t
′′

P1,P2,P3,P4,P5
=
πDa,1,2,3,N

z′′
(41)

s
′′

P1,P2,P3,P4,P5
= 0.75 × t

′′

P1,P2,P3,P4,P5
(42)

In Equation 41 and 42, D will be equal to the respective point on
feature curves. The resulting values of these parameters for the
initial design are given in Table 1.

Table 1: Parameter values for the initial runner blade design.

P1 P2 P3 P4 P5 Units
D 3.0792 2.6173 2.1554 1.6935 1.2316 m
βl 154.7707 148.3642 137.2620 114.9459 72.5824 ◦

βm 156.4949 151.3645 143.1664 128.2016 97.3382 ◦

βt 158.0095 153.8822 147.7994 137.9528 119.7385 ◦

s
′′

/t
′′

0.75 0.888 1.025 1.163 1.300
t
′′

2.4184 2.0556 1.6928 1.3301 0.9673 m
s
′′

1.8138 1.8254 1.7352 1.5469 1.2575 m

The relative-tangential velocities at the leading and trailing edges
are represented as vl and vt, respectively. The difference ∆v be-
tween these velocities is calculated as

∆v = vl − vt =
Hgη

u
(43)

Here, η is the efficiency of the Kaplan runners, which is assumed
to be the highest possible of 94%, and u is the tangential velocity
of the blade at D2. For validation of the parameter values in Table
1, the power output of the runner and the power available in the
water is calculated using Equation 44. Using these power values
the efficiency of the theoretical design is evaluated.

Prunner = (πD2N) × ρQ∆v = 1.548MW

Pwater = ρgHQ = 1.646MW

η =
Prunner

Pwater
= 94%

(44)

As the efficiency obtained from our theoretical design is 94% thus
our theoretical design is validated.

5. Design and analysis of turbine

In this section, we discuss the creation of the CAD geometry
of the blade design and the boundary conditions, which are set to
perform CFD analysis.

5.1. Shape modification of baseline design
Following the similar notation defined in the Section 3.1, the

initial turbine design is represented with M and its shape mod-
ification function is defined separately for the leading ζl(Ml, xl)
and trailing ζt(Mt, xt) curves. AsM deformed only by changing
the shape of the leading and trailing curves, therefore, the shape
modification function is defined for these two curves. The param-
eterisation of these curves is defined with the velocity triangles at
five different locations of each of the curve. This results in a total
of n = 10 parameters to modify the overall shape and to perform
optimisation. Below we describe the formulation of ζl(Ml, xl),
which follows the same for ζt(Mt, xt), and is defined as

ζl(Ml, xl) = ωl(Ml) + sl(xl, u) (45)

Here, ωl(Ml) is equal to the difference between new and original
values of xl and

sl(xl, u) =

v∑
i=0

Nk
l,i(u)Pl,i(xl), u ∈ [uk−1, uv+1] (46)

represents a B-spline curve of order k (or degree k − 1) for the
leading edge. Nk

l,i(u) is the ith normalised B-spline basis function
of order k, for which the knots u0, u1, . . . , uv+k are necessary. Pl,i

is the ith the control point of curve defining the leading edge,

Pl,i(xl) = {Pl,i, j, j = 1, . . . , e} ∈ M ⊂ Re (47)

Here, e = 3 and k = 4 creating a cubic B-spline curve. The de-
sign vector xl is composed of five angles evaluated using velocity
triangles for each point on the leading edge:

xl = {βl,1, βl,2, . . . , βl,5} (48)
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The position of the ith point Pl,i(xl) in 3D Cartesian coordinates
(e = 3) is evaluated as

Pl,i(xl) =


Pl,i,1 = sin βl,i − 90◦

Di sin
(
s
′′

180◦/Diπ
)

2 cos(βm−βl)

Pl,i,2 =
Pl,i,1

tan(βl−90◦)

Pl,i,3 = Di
2 − Di sin

(
arcsin(2Pl,i,2/Di)

2

) (49)

The control points values for the baseline design are shown in
Table 2.

Table 2: Control point values of the B-spline curves used to define the initial
design of runner profile.

i = 1 i = 2 i = 3 i = 4 i = 5 Unit

Pl,i, j

j = 1 1.3308 1.0950 0.9124 0.7954 0.5910 m
j = 2 0.7741 0.7166 0.5736 0.2904 -0.1731 m
j = 3 0.3648 0.4415 0.5300 0.6244 0.5517 m

Pm,i, j

j = 1 1.5396 1.3087 1.0777 0.8468 0.6158 m
j = 2 0 0 0 0 0 m
j = 3 0 0 0 0 0 m

Pt,i, j

j = 1 1.3194 1.0686 0.8523 0.6796 0.5476 m
j = 2 -0.7934 -0.7554 -0.6595 -0.5051 -0.2817 m
j = 3 -0.3204 -0.3704 -0.4153 -0.4555 -0.4931 m

The lower-dimensional subspace is obtained with the latent
features extraction as mentioned mentioned earlier in Section 3.1,
which commence with the eigendecomposition of the covariance
matrix constructed with the discretised version of the shape mod-
ification function. To extract latent features for the turbine design
the discretisation is implemented on the shape modification func-
tions of leading and trailing curves separately. The discretised
versions, dl(x) and dt(x), of ζl(Ml, xl) and ζt(Mt, xt) are points
on the resulted curves. For each curve we select 50 points, as
there are two curves so E = 100 in Equation (4) and M = 3
becauseM is defined in 3D ambient space. To construct the sub-
space, proposed feature extraction is performed on N = 5000
randomly sampled designs and for an N th design in Equation (5)
there are L = ME = 300 elements.

The surface model of the design is generated by approximating
Coons patches between these feature curves. Moreover, taking
this surface as the middle plan, two offset surfaces at a distance of
7.5mm are created to define the overall cross-sectional thickness
of 15mm of blades. This thickness is tested to be suitable for CFD
analysis because of the high variance in section chord. In this
work, we ignored the mechanical structure of the turbine blade
because our focus is to study the behaviour of fluid flowing over
the blade profile and its shape optimisation. Figure 5 shows the
CAD geometry of the runner created using the coordinates values
in Table 2.

To define the fluid domain, a cylinder is created around the
runner body and the runner is then subtracted from the cylinder.
The resultant cylinder is the fluid geometry of the runner, which
acts as a rotatory body. Another outside cylinder is created having
the same centre as a rotating body, which represents a draught
tube. The resulting fluid domain is shown in Figure 6 (a).

5.2. Selection of mesh type, solution method and boundary con-
ditions

The Ansys Fluent commercial software is used as the flow
solver. Unstructured tetrahedral shaped cells are used for mesh-
ing, which is shown in Figure 6 (b). To achieve a low aspect ratio,

Figure 5: CAD geometry of initial Kaplan turbine’s runner design.

Inlet area

Outlet area

Interior fluid

Outer fluid

(a) (b)

Figure 6: (a) Fluid domain acting as a drought tube created around runner for
CFD simulation. (b) Meshing of the fluid domain and runner geometry. The
unstructured tetrahedral shaped cell mesh is used to perform CFD analysis.

high orthogonal ratio and low skewness tetrahedral cells are more
suitable especially in the case of fluid flowing over rotating solid
object [65].

As Transit solutions are more suitable to achieve better accu-
racy and convergence thus transit state simulations with laminar
k − ε 2-equations are used to compute the results. For bound-
ary conditions, uniform inlet velocity of 6.3945 m/s and 0 Pa of
constant outlet pressure is selected. For rotor mesh, rotation of
106.1316 rpm is used as cell zone condition. CFD simulations
are performed at these boundary conditions and mesh setting to
calculate ∆v. For the sake of simplicity, the material of the tur-
bine is not considered during simulation runs.

6. Results and discussion

In this section, we discuss the results of feature extraction for
dimension reduction and validation of the surrogate model. Af-
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terwards, optimisation results and comparison between optimised
and baseline design are discussed followed by the comparative
results of the proposed pipeline with active subspace method.
Lastly, we provide the outcomes of the sensitivity analysis of the
design parameters.

6.1. CFD
Using the conditions mentioned in Section 5, CFD analysis

is performed on the baseline model to evaluate the difference
of relative-tangential velocity at the leading and trailing edge
∆vCFD, which came out to be 1.843m/s. Figure 7 (a) and (b)
shows the velocity streamlines and distribution at the leading and
trailing edges of the baseline design, respectively.

Figure 7: (a) Velocity streamlines around turbine runner. (b) Contours of relative-
tangential velocity of fluid at the leading and trailing edge of the blade.

The efficiency of the design is evaluated based on the ∆vCFD

using Equation 44. From this equation, the power obtained
for runner is Prunner−CFD = 0.938MW and the power available
in the water is Pwater = 1.646MW. With these power values
the overall efficiency of the turbine is calculated as ηCFD =

Prunner−CFD/Pwater = 56.9867%. It is noteworthy that the effi-
ciency obtained from the CFD analysis is far less than the theo-
retical efficiency of the turbine, which is η = 94%. As η and ∆v
are directly proportional to each other, therefore, baseline designs
need to be optimised for ∆vCFD to increase η.

6.2. Dimension reduction
A lower-dimensional representation of X is created with a fea-

ture extraction of D, which consists of N = 5000 designs sampled

using Monte Carlo Sampling. The eigenvalues and eigenvec-
tor obtained from eigendecomposition, respectively, identify the
original design space’s variability retained and defines the basis
for the new reduced dimensional subspace. For m−dimensional
subspace we set to achieve the minimum of 95% of geometric
variability of the original design space. Figure 8 shows the per-
centage of the geometric variance captured by each of the eigen-
vectors. It can be seen that the parameter formed with the first
eigenvector captures maximum variance (i.e., 66.90%) of the
data, thus showing the clear dominance and the second eigen-
vector captures only 15.7% which is less than half of the first
eigenvector. The first four eigenvectors capture greater than 95%
of geometric variance explained. The remaining five parameters
show very small variance with no improvement, therefore, these
eigenvectors can be ignored to create a four-dimensional (4D)
subspace that retains 95% of the geometric variance of designs in
the original 10D design space.

Figure 8: Plot showing the geometric variance in percentage captured by each
eigenvector.

Figure 9 shows the values of NMSE versus the number of di-
mensions of the subspace (m). It can be seen that values of the
error decrease as m increases, however, there is no noticeable
improvement after m = 4. At m = 4, the value of NMSE is
5.0102%, which ensures approximately 95% per cent of accu-
racy for the reconstruction of the designs from the 4D subspace
to the original 10D designs space.

Figure 9: Convergence of NMSE (in percentage) as a function of number of di-
mensions (m) of the reduced design space.

Afterwards, to further validate the reconstruction accuracy for
unseen designs, we sampled 10 test designs from original space
and then reconstructed these designs from the 4D subspace. The
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NMSE for these test design is 5.0233%. Figure 10 shows the
first six of the 10 tested designs and their reconstruction from the
4D space. To evaluate the shape deviation between original and
reconstructed designs, we have project deviation error on the re-
constructed designs (shown in Figure 10), which is evaluated as
the Hausdorff Distance (Hd) between two designs. Hd is calcu-
lated using Cignoni et al.’s [66] technique, which has been widely
used in literature [66, 67, 51] to measure the similarity between
two CAD designs. Regions with a higher value of Hd = 1 show
maximum deviation from the original design whereas the same
features have Hd = 0. From Figure 10 it can be observed that the
reconstructed designs are very similar to the original designs and
have a maximum deviation of less than 10% (i.e.Hd < 0.1).
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Figure 10: Original designs and Hausdorff Distance plots on reconstructed de-
signs showing the variations of features between original and reconstructed de-
signs.

6.3. Training and validation of GPR
After constructing the 4D subspace, it is sampled with high-

fidelity sampling [60] to create a diverse dataset for training GPR
to build a surrogate model. As mentioned before, to reduce the
computational cost for creating a training dataset, an adoptive
training strategy is utilised in which sampling is performed mul-
tiple times to generate a dataset consisting of an appropriate num-
ber of samples to construct a reliable prediction model.Initially,
training is started with N′ = 100 sampled designs and iterations
are performed until a surrogate model with the desired accuracy
is achieved. To avoid over-fitting cross-validation is performed at
each iteration, the dataset consisting of N′ = 100 samples is di-
vided into kc = 5, where each fold contains 20 designs. The first
iteration resulted in the training dataset containing 80 samples for
training and 20 samples for validation. kc = 4 surrogate models
are trained and for each model a different kth

c fold is used to cross-
validate its performance. During the training of each of the surro-
gate, hyper-parameters are optimised using Besiyan optimisation.

After cross-validation, the model with the least cross-validation
MSE is selected. In each iteration, N

′′

= 20 more designs are
sampled and included in the dataset after evaluating their ∆v. The
sampling process is stopped after 6th iterations, which resulted
in the training of the final model with 220 designs.

As mentioned before, different kernel methods are tested and
one giving the least cross-validation and overall MSE is selected.
Table 3 shows the error values for exponential, squared exponen-
tial, rational quadratic and Matern kernel functions, which are
used during the training of the GPR model. It can be seen that
squared exponential and rational quadratic kernel functions give
the same and least cross-validation MSE. The small MSE shows
the good prediction ability of the models trained with these kernel
functions. Moreover, R2 error is bounded between 0 and 1 and its
value equal to zero indicates that the proposed model does not
improve prediction over the mean model, and a value close to
one shows good prediction, thus a model with higher R2 should
be selected. In our tests, the exponential kernel gave the highest
value of R2. Therefore, we selected the model trained with the
squared exponential kernel as a final surrogate model and inte-
grated it with shape optimisation and sensitivity analysis. The
hyper-parameter values of the final model are σ2

n = 0.2129 and
l = 15.1966. For this model, the cross-validation and overall
MSE values are 0.0162 and 0.0103, respectively, which are close
to each other, thus ensuring the good generalisation of the trained
model.

Table 3: Error values of different kernel functions used during the train of GPR-
based surrogate model.

Kernel Function Cross-validation MSE R2

Exponential 0.0243 0.9214
Squared Exponential 0.0162 0.9068
Rational Quadratic 0.0162 0.8892
Matern 0.0201 0.9021

APE =

g∑
i=0

∣∣∣∣∣yi − y
′

i

yi

∣∣∣∣∣ × 100% (50)

Table 4: Values of ∆v obtained from trained surrogate model and CFD analysis
and the absolute percentage error between two values for all ten designs.

Design No. Surrogate model CFD APE (%)
1 2.190 2.107 3.780
2 2.880 2.834 1.588
3 2.643 2.590 2.000
4 2.201 2.137 2.886
5 2.257 2.208 2.185
6 2.014 1.983 1.540
7 1.912 2.004 4.799
8 2.723 2.683 1.479
9 2.200 2.188 0.530
10 2.281 2.182 4.351

To further demonstrate the performance of the final trained
model, we sampled twenty new designs and evaluated them using
the surrogate model and CFD. ∆v values ten of these designs are
shown in Table 4. We used Absolute Percentage Error (APE) (see
Equation 50) to compare the results of surrogate model and CFD
of these ten designs. It can be seen that the deviation of predicted
values is small, with a maximum of 4.5% from the actual values.
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This gives us a further indication that our prediction model has
good accuracy to predict ∆v for a particular design.

6.4. Optimisation

The final GPR prediction model is integrated with optimisation
to search for an optimal design (one having a maximum value of
∆v) from the subspace using the Jaya Algorithm. Figure 11 shows

Figure 11: Convergence plot between number of optimisation iterations and ∆v.

the convergence plot of optimisation between cost function (i.e.,
values of ∆v predicted by the surrogate model) and the first 40
optimisation iterations. The optimal solution obtained from this
process has ∆v = 2.9341m/s, making the generated design with
an efficiency of 90.737%. Figure 12 shows the CAD geometry of
the optimal and initial designs.

Optimised
Design

Initial Design Optimised Design

Initial
Design

Figure 12: Geometric comparison between initial and optimised design

6.4.1. Comparison between initial and optimal design
The flow behaviour across the runner profile of the initial and

optimised turbine can be observed in Figure 13. In the initial
design of the runner, little swirls can be observed in water after

leaving the runner, which indicates that water still has the poten-
tial left for power generation. On the other hand, in optimised
design, water has a more streamline flow after it leaves the run-
ner. This means the optimised design is capable of extracting
most of the energy from the flow.

Figure 13: Comparison between velocity streamlines of initial and optimal de-
sign.

The pressure distribution across the runner for initial and op-
timised design has been shown in Figure 14. It can be seen that
after optimisation, the pressure at the backside of the blade has
decreased slightly which results in providing higher pressure dif-
ference and higher pressure force in a rotation direction to in-
crease the power generation by the turbine.

Figure 14: Pressure distribution on the initial and optimised design.

6.5. Sensitivity analysis
Figure 15 shows the Sobol’s sensitivity indices values obtained

from the main (first-order) and total effect for four LVs used to
build the surrogate model. According to these results, the first LV
has the highest sensitivity in term of both main and total effect on
the ∆v, which is then followed by the second variable. Moreover,
the first two LVs have indices value greater than ϕ = 0.05 thus
represented as significant parameters; between these two the first
one has values greater than half of the second. The third and
the fourth variable of both main and total effect is lower than
ϕ = 0.05, therefore, can be regarded as insignificant LVs. In term
of the main effect both third and fourth has the same sensitivity,
whereas the total effect of forth LV is higher than the third one.
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Figure 15: Plot showing the sensitivity index values obtained from Sobol’s sensi-
tivity analysis performed in subspace.

Table 5 show the integer ranking of the design parameters for
each of the LV, which is evaluated based on the correlation be-
tween design and sensitive LVs. The first LV, which is the most
significant, has the highest correlation with the βl,1 and βt,2 is the
second most correlated parameter, whereas βt,5 is the least corre-
lated design parameter. The first two correlated design parame-
ters with the most significant LV shows the maximum influence
on the design’s performance. For the second LV, βl,2 is the highly
correlated design parameter followed by the βl,5 and βl,4 is the
least correlated parameter.

Table 5: Ranking of design parameters based on the correlation results obtained
between design parameters and significant LVs.

βl,1 βl,2 βl,3 βl,4 βl,5 βt,1 βt,2 βt,3 βt,4 βt,5

LV1 1 9 3 4 8 6 2 5 7 10
LV2 5 1 7 9 2 3 4 8 10 6
LV3 7 8 4 9 2 10 3 6 5 1
LV4 7 9 5 6 10 1 8 3 2 4

6.6. Surrogate model trained with significant latent variables

Considering the sensitivity results, we retrained the GPR
model with the significant LVs following the same procedure,
which is used while training with all four latent variables. The
plot of the resulting 2D surrogate model is shown in Figure 16,
which is again obtained with the squared exponential kernel func-
tion. It is interesting to note that the cross-validation MSE and
R2 values of this surrogate model are 0.0144 and 0.9130, respec-
tively. This shows the better performance of the 2D surrogate
model compare to one trained with four LVs as it has lower MSE
and higher R2 values. This is also supported by the optimisation
results obtained from this model. To find an optimum design,
the JA is run in a 2D subspace formed with two significant latent
variables and during the search, process designs are evaluated us-
ing the 2D model. The final design found from this model has
the ∆v of 2.9710m/s, which gives the efficiency of 91.8790%.
This value is slightly higher than the one obtained from the 4D
surrogate model (∆v = 2.9341m/s and η =90.7378%).

Figure 16: (a) Surface and (b) contour plot of the 2D surrogate model trained with
two significant PCs.

Figure 17 shows the CAD geometry of the optimal design ob-
tained from the 2D surrogate model, which is generated after pro-
jecting back the design onto the original 10D design space and
red arrows show the comparison between the features of optimal
design obtained from 2D and 4D surrogate models. Although the
design obtained from the 2D model shows better performance,
however, as discussed in Section 6.2 the reconstruction error from
the 2D to 10D is higher compared to the reconstruction error ob-
tained for the projection of 4D subspace to 10D design space.
Figure 18 shows a deviation in terms of Hd for the design recon-
structed from 2D and 4D subspace, respectively. This shows that
the design regenerated from the 2D has a large deviation from
the original design compared to the design obtained from the 4D
subspace.

6.7. Comparative study

In this subsection, we compare the performance of the GPR
with different surrogate model approaches to verify its efficiency.
Moreover, we also compare the proposed feature extraction ap-
proach with ASM and Auto-encoder in order to analyse which
of these approaches provide efficient subspace in term of the ac-
curacy of the surrogate model and the performance of the final
optimal design obtained from the subspaces created with these
approaches.
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Figure 17: Optimal designs obtained from the 2D and 4D surrogate models.
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Figure 18: Reconstruction error in terms of Hausdorff distance on the design
regenerated from the 2D and 4D subspace.

6.7.1. Comparison of GPR with other surrogate modelling tech-
niques

We compared the performance of the GPR-based surrogate
model with LR, DT, SVR and feed-forward NN, with an aim to
choose one which provides better accuracy with the least number
of samples and is well able to generalise the mapping between
latent variables (t) and ∆v by avoiding over-fitting. Among these
LR is a linear model, which forms a linear relationship between
t and ∆v. Specifically, the prediction model from LR is created
as a weighted linear combination of the element of t. During
training LR mostly uses the method of least-squares to find an
optimal set of weights. Compare to other methods, LR is easy
to implement and has lower training time. However, it does not
handle the co-linearity between inputs and is only applicable to
the simple linear problem. As indicated by the name, DT builds
a surrogate model in the form of a tree structure by splitting the
training dataset into small subset while minimising the sum of
the squared residual error. This tree is composed of branches,
nodes and leaves. During training, DT tries to find the best splits
at the nodes, which minimises the error between ∆v and the mean
in each node. The training is terminated when the samples at a
node has all the same values of ∆v as the target ones obtained
from CFD analysis. The key advantages of DT are that it does
not require any data prepossessing as it does not set assumptions
on data distribution and can handle co-linearity. However, unlike
GPR and LR the chances of over-fitting during DT training is
high if the number of trees is set to be large for achieving higher
accuracy.

Unlike other approaches, SVR not just finds a function besting

fitting on the training sample points. Instead, during training, it
finds an ε-insensitive region around the function referred to as ε-
tube. This tube reformulates the optimisation problem to find the
tube that best approximates the nonlinear function while balanc-
ing the complexity of the model and error. Similar to GPR, SVR
can be used for both linear and non-linear problems and uses a
kernel function to map a nonlinear behaviour between t and ∆v.
Compare to LR and DT it can provide higher-accuracy, however,
requires a large training dataset thus has a high training time. NN
is a well-known method, which mimics the biological structure of
the human brain. A typical NN is composed of highly connected
neurons. These neurons process the information, operate in par-
allel and are connected in a network shape through their weights.
During training, NN optimises the weight values to capture the
essential features of the problem and minimise the error between
predicted and actual values of ∆v. A suitable architecture can ac-
curately map a highly nonlinear relationship, therefore, the final
accuracy of the surrogate model obtained from NN can be highly
affected by the choice of its architecture. Compare to GPR, the
selection of suitable NN for a specific problem can be tricky. Dur-
ing training, NN can have many local minima, which can result
in premature termination of the training process. In the current
comparison, we used a three-layered feed-forward NN, contain-
ing two hidden layers with 10 neurons in each and one output
layers.

To train these techniques, we used the same training strategy
as the one used to train the GPR model, which is explained in
Section 3.2.4. However, for feed-forward NN we used levenberg-
Marquardt optimisation instead of Bayesian. Moreover, as unlike
other tested approaches, NNs require both validation and testing
set there for at each iteration of proposed training strategy 15%
of the dataset is used for validation and 15% for testing, whereas
the remaining 70% is used for training. Furthermore, the Newton
optimisation method is used to find the optimal set of weights for
LR. The Bayesian optimisation is used for both SVR and GPR
with different kernel functions. Both linear and Gaussian ker-
nel versions of SVR are used for training. In the case of LR,
DT, linear SVM and NN the training is performed without the
last loop which tests different kernel functions. Similar to GPR,
training of these models initially started with N′ = 100 and in
each iteration N′′ = 20 and training is terminated when the total
number of designs reached 220, which is the same as the number
of designs used to train GPR. This helps to achieve the compare
objective that which surrogate modelling technique provides an
efficient model with the least number of samples. Table 6 shows
the cross-validation MSE and R2 values for all four techniques.
It can be observed that LR and Linear SVR have the lowest per-
formance compared to other techniques, as it gives high MSE
and low R2. The performance of DT and kernel SVR is similar as
they are both nonlinear techniques and better captures the nonlin-
ear behaviour of the problem. The performance of feed-forward
NN is better to compare to LR, DT and SVR, however, GPR out-
performs all these techniques as it has the lowest cross-validation
MSE and highest R2, which means that the GPR based prediction
model has higher accuracy.

18



Table 6: Error values obtained after training different machine learning models
with 220 samples.

Technique R2 Cross-validation MSE
Linear Regression 0.6200 0.0430
Decision Tree 0.7500 0.0281
Linear Support Vector Regression 0.6200 0.0425
Kernel Support Vector Regression 0.7700 0.0255
Feed-Forward Neural Network 0.8688 0.0277
Gaussian Process Regression 0.9068 0.0162

Furthermore, designs in Table 4 are also evaluated using these
machine learning techniques. Their predicted results and APE
are shown in Figure 19 (a) and (b), respectively. From these re-
sults it can be seen that APE evaluated between ∆v obtained from
the CFD analysis and one obtained for the GPR model are the
lowest for most of the designs, which demonstrate that surrogate
model trained with GPR using squared exponential kernel can be
used to pass-by the need of evaluating design in shape optimisa-
tion and sensitivity analysis. The APE with CFD ∆v and ones
obtained from the LR and Linear SVR based surrogate models is
the highest. Furthermore, it is interesting to note that even though
NN shows better performance compare to Kernel SVR in term of
training and cross-validation MSE and R2, however, APE of the
designs evaluated with NN (see Figure 19 (b)) is higher compare
to one obtained with Kernel SVR.
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Figure 19: (a) Plot showing the comparison of ∆v values of ten of the twenty
designs evaluated with surrogate models build using different machine learning
techniques and (b) shows the APE values for these designs.

To further analyse the accuracy of the trained model, the statis-
tics of the APE for all the model are calculated, which are given
in Table 7. It can be seen that GPR and LR have the highest
and lowest mean APE and median values, respectively, and the
mean and median values of DT and Kernel SVR are similar. The
standard deviation (std) of the error values of GPR has the low-
est value, meaning that most of the error values are close to the
mean. Moreover, from the mean and std values of APE of Ker-
nel SVR and NN, it can be seen that Kernel SVR performs well
compare to NN as it has a lower mean and std of APE of the test
designs.

Table 7: Statistics of APE values of designs obtained from tested machine learn-
ing techniques.

LR Linear SVR DT Kernel SVR NN GPR
µ 6.3294 4.1755 6.3421 3.9090 5.4913 2.5137
Median 6.4609 4.9067 6.0774 4.1274 5.4594 2.0926
std 3.8152 2.6912 3.4137 2.0862 3.4710 1.3952
Minimum 0.7878 0.0419 1.4568 0.3512 1.0878 0.5303
Maximum 12.7598 8.4744 12.6936 7.1172 12.5295 4.7987

6.7.2. Comparison of dimension-reduction approaches
To verify the proposed dimension-reduction technique, we

compared the performance of the proposed approach with two
different approaches, Active Subspace Method (ASM) and Auto-
encoder, which are based on different underline formulation.
Similar to the proposed approach, ASM performs reduction
based on the eigendecomposition of a covariance matrix, whereas
Auto-encoder is a machine learning-based approach and is struc-
turally similar to NNs. The objective of this comparison is to
judge which of these dimension-reduction techniques can pro-
vide a more effective subspace in term of better training of the
surrogate modelling and obtaining a more efficient design during
shape optimisation.

Active Subspace Method: We first compare the performance
of the proposed approach with ASM, which, similar to the pro-
posed, pipeline builds up a lower-dimensional subspace of the
original space, however, using the gradient information of QoI
(∆v). Instead of the geometry, ASM performs eigendecomposi-
tion of the dataset consisting of the gradients of the QoI to learn
the new basis in terms of eigenvectors. As the new basis is learnt
based on the gradients so the function is assumed to constant in
the direction defined by the eigenvector with the smallest eigen-
value. Therefore, this direction can be ignored to reduce the di-
mensionality of the original design space. The directions along
which function changes the most are called active directions and
the remaining are called in-active directions, forming active and
inactive subspaces, respectively. Afterwards, active variables are
used to build up a surrogate model with visible accuracy. For the
detailed theory behind the ASM interested readers should refer to
[24]. The main drawback of AMS is that for most complex engi-
neering the gradient information is either unavailable or difficult
to obtain. So, in the absence of true gradients, they are approx-
imated by different techniques such as finite differences or local
surrogate models. Moreover, the computational cost for imple-
menting ASM is very high as it is a supervised approach, thus,
requires evaluation of physics during dimensionality reduction
and also for training the surrogate model.

For comparison of ASM with our method, we implemented it
on the original 10D design space. Figure 20 shows the plot of
eigenvalues on the log scale. The large gap between the first and
last eigenvalue shows the potential for one-dimensional (1D) ac-
tive subspace. Afterwards, the GPR model is trained while taking
the active variable as the independent and ∆v as the dependent
variable. The cross-validation MSE and R2 for this model are
0.367 and 0.632, which indicates the lower performance of the
model compared to one trained using the proposed approach. For
a more structural comparison, instead of one active direction, we
took four and built a 4D surrogate model, whose cross-validation
MSE and R2 are 0.332 and 0.680, respectively. 4D surrogate
model shows a slight improvement but its accuracy is still far
lower than the one developed with the proposed approach.
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Figure 20: Plot showing eigenvalues for each design parameter on log scale.

Auto-encoders: Auto-encoders are unsupervised learning
method, which leverages typical NN for the task of latent feature
extraction to create a lower-dimensional subspace. It is unsuper-
vised as it does not need any performance labels during training.
Its construction is composed of three components; encoder, bot-
tleneck and decoder. The encoder is the first part of the network,
which takes input data and tries to reduce its dimensionality by
compressing it into a latent encoded representation. The bottle-
neck is the middle layer of the network, which contains the com-
pressed latent representation of the data. The number of reduced
dimensions that can be achieved depends on the number of neu-
rons in this layer. The decoder part of the auto-encoder tries to
reconstruct the data from the encoded representation back to its
original representation while miming the reconstruction error be-
tween the original input and the reconstruction from the decoded
part. During the training, the auto-encoder minimises this loss
function so the output of the decoder is as close to the original
input data. The reconstruction error is composed of the sum of
MSE and two different regularisation terms; sparsity regularisa-
tion and L2 regularisation, which generically speaking helps to
avoid over-fitting and local optima by enforcing lower weights to
the network during training. The number of neurons at the out-
put layer of the decoder and the input layer of the encoder are the
same. Both linear and non-linear dimensionality reduction can be
achieved with auto-encoders depending on the type of activation
function. The outcome of the auto-encoder can be similar to that
obtained from PCA if it is constructed with a linear activation
function.

In the present work, both the encoder and decoder part of
the used network is composed of four layers, including three
internal layers, one input layer of the encoder and one output
layer of the decoder. The bottleneck layer consists of four neu-
rons, which, similar to the output of PCA, results in a lower-
dimensional subspace with four dimensions. A logistic sigmoid
activation function is used at the neurons. The training is per-
formed with scaled conjugate gradient descent algorithm [68].
The NMSE between the original and the reconstructed designs
with four latent variables obtained from PCA and auto-encoders
is 5.2670% and 5.8801%, respectively. It can be seen that there
is no significant difference between PCA and auto-encoder re-
sults in term of NMSE. Afterwards, the surrogate model is de-
veloped using the GPR model with a dataset composed of the
output of the encoder as independent variables and ∆v as the de-

pendent variable. The cross-validation MSE and R2 of this model
are 0.0201 and 0.8342, respectively, which is higher than the
one obtained from ASM, however, its accuracy is less than the
surrogate model trained within the subspace obtained from the
proposed approach. Furthermore, the optimal designs obtained
from the 4D subspaces obtained from proposed approach, ASM
and auto-encoders have ∆v equal to 2.9341m/s, 2.3420m/s and
2.5847m/s, respectively. Table 8 summarises these comparative
results. This shows that the proposed approach performs well in
term of dimensionality reduction, the accuracy of the surrogate
model and the efficiency of the optimal design.

Table 8: Comparative results of active subspace and auto-encoder with proposed
approach.

Proposed Approach Active Subspace Auto-encoder
4D Subspace - NMSE 5.2670% 6.4700% 5.8801%
4D Surrogate Model - MSE 0.0162 0.3320 0.0201
4D Surrogate Model - R2 0.9068 0.6800 0.8342
∆v 2.9341m/s 2.3420m/s 2.5847m/s

7. Conclusions and Future Works

In this work, a machine learning-based simulation-driven op-
timisation pipeline is proposed for efficient exploration of high-
dimensional design space for optimal turbine design without run-
ning time-consuming CFD simulations. The proposed approach
is initially driven with a baseline design of the runner bald pro-
file, which is defined with a set of angles defined at the different
location along its leading and trailing edges. These parameters
are taken as design parameters, which defines a shape modifica-
tion function and form a 10D design space that needs to explore
for an optimal design. The proposed pipeline tackles the curse of
dimensionality with a feature extraction approach, which, with
the combination of design parameters, build a lower-dimensional
subspace. At the discrete level, the feature extraction is similar to
solving PCA for the eigendecomposition of a covariance matrix.
After feature extraction, the reconstruction accuracy of designs
from subspace to original high-dimensional design space is visu-
ally validated using Hausdorff distance.

Afterwards, the lower-dimensional subspace is utilised to build
a surrogate model using the GPR, which is used to infer the dif-
ference of relative-tangential velocities of Kaplan turbine at its
leading and trailing edges. Similar to optimisation, the com-
putational complexity for building a surrogate model increases
with the dimensionality of the problem mainly because the high-
dimensional problem requires a large training dataset, which, es-
pecially in engineering design, has to be synthesised by labelling
the data with time-consuming physics-based simulations. There-
fore, to keep the number of required training instances low we
used extracted features as independent parameters during model
training. As these features capture maximum geometric vari-
ability of designs in the original design space and form a lower-
dimensional subspace, therefore, the final trained model has im-
proved prediction accuracy even with few training instances. Fur-
thermore, we used a high-fidelity sampling approach to approx-
imate the design space with few samples, which are increased
gradually during the training. Moreover, different kernel func-
tions are tested for GPR and among which squared exponential
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showed better accuracy. The performance of the GPR is also
compared with different machine learning approaches.

For shape optimisation, the final trained surrogate model
is connected with a metaheuristic optimiser, which searched
the subspace for optimal design with increased efficiency from
56.9867% to 90.7378%. Furthermore, the significance of the
design parameters on the turbine’s relative-tangential velocity is
evaluated with variance-based sensitivity analysis performed on
the subspace, whose results showed that the first two latent vari-
ables are the most significant. Afterwards, the correlation be-
tween significant latent variables and original design parameters
is determined to identify the contribution of design parameters to-
wards relative-tangential velocity. Subsequently, to evaluate the
influence of significant latent variables, a 2D surrogate model is
developed, which interestingly shows better performance, how-
ever, the reconstruction accuracy of design from 2D subspace to
original 10D designs space is less than the reconstruction from
4D subspace.

Finally, the performance of the proposed approach is compared
with ASM, which follows the similar strategy of building the sur-
rogate model from a lower-dimensional subspace, but unlike the
proposed approach, ASM extracts the functional features based
on the gradients. The comparative study performed in this work
shows that the proposed approach outperforms AMS in terms of
the accuracy of the surrogate model.

In future, we will work on the development of a detailed para-
metric modeller like in [69] for overall hydro turbine assembly.
To further increase the prediction capability, experimental results
will be included in the training dataset along with the CFD sim-
ulations. Moreover, we are also interested in studying the effect
of biomimetic tubercles [70] on the profile of the optimal runner
blade with the aim to further increase the turbine’s overall effi-
ciency. Furthermore, for the present problem, the authors also
aim to carry out an uncertainty quantification study to identify
uncertain parameters and the extent of their effect on design per-
formance. In general, we are interested in working on the iden-
tification of uncertain parametric ranges and how one could best
allocate investments for a partial reduction in these uncertainties
under a limited computational budget and how different type of
parameterisation can affect the overall parametric uncertainty.
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