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Abstract
Violent pulsating bubbles behave diversely in different circumstances. It is a multi-
scale problem in both space and time. In 3-D problems, the numerical simulation
is usually too expensive to implement in practice with a fixed grid. In this paper,
a 3-D multi-fluid model is established based on the Eulerian finite element method
and the adaptive mesh refinement technique to investigate the bubble evolution and
its toroidal motion near a solid vertical wall. The mixture formula for compressible
multi-fluid flow is adopted to ensure conservativeness. By means of the block-based
adaptive mesh refinement, the accuracy and the efficiency of the simulation are well
balanced. The present model is validated by comparing the results with an under-
water explosion experiment and the existing numerical results. The results agree
well and a fast convergence is observed. Then, several cases with different buoyancy
parameters are simulated, and the toroidal bubble motion and their pressure load
on the solid wall are analyzed. The bubble’s motion exhibits complex physics, such
as the formation of the crescent-shaped bubble, the air cushion effect during the jet
penetration, and the nonlinear relationship between the jet impact pressure and the
angle between the jet and the opposite bubble surface.
Keywords: Bubble dynamics, adaptive mesh refinement, Eulerian finite-element
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1. Introduction

The bubble dynamics has always been a significant aspect in the research of the
fluid dynamics because of its various applications, such as in underwater explosion
[1, 12, 14, 20, 44, 46], sea resources exploration [10, 23, 52], biology [15], cavitation
erosion and surface cleaning [5, 6, 8]. It is a typical multi-scale, transient, and nonlin-
ear problem with the large deformation of the multi-fluid interface. The complexity
of the bubble motion will be further increased if a nearby structure is presented.
The boundary of the structure is usually assumed to be solid if it is rigid enough,
such as the copper propeller blade to a cavitation bubble or the concrete dam to an
underwater explosion bubble.

As one of the pioneers in the field of bubble dynamics research, Rayleigh [37]
proposed the first practical equation describing the collapse of a spherical cavitation
bubble in a free and perfect fluid field. Subsequently, a lot of past work [35, 36]
contributed to improving the equation by including the other factors, such as the
compressibility of the surrounding fluid, heat conduction, viscosity, and surface ten-
sion. However, researchers soon realized that the collapsing bubble did not maintain
spherical due to the surface instability. Kornfeld and Suvorov [22] suggested that the
non-spherical motion of a collapsing bubble might produce a much higher pressure
than a spherical one on a nearby solid boundary. Naude [32] theoretically and ex-
perimentally validated this suggestion and found that the solid wall would contract
the collapsing bubble to develop a high-speed jet. The bubble dynamics near a wall
with different geometric shapes and material properties have renewed interest in the
subject. Brujan et al. [7], Cui et al. [13]also implemented the experiments to study
the interaction between a pulsating bubble and two solid joint walls. Their results
show that the two walls compete to dominate the jet development, and complex
evolution features are observed. Chahine et al. [9] employed both experimental and
numerical fluid-structure interaction methods to investigate the cavitation bubble
collapse near a solid wall with polymetric coating and found that the material prop-
erty of the coating layer had a significant influence on the jet development and the
impact pressure.

Among the many numerical computational fluid dynamics methods, the Bound-
ary Element Method (BEM) [5, 20, 21, 44, 50] is one of the numerical methods that
are first successfully used in the non-spherical bubble dynamics simulation because
it reduces the spatial dimensions by 1. This was a significant advantage over the
other domain-mesh methods in the late 20th century when the computational re-
sources were minimal. It is the boundary that needs to be discretized instead of the
whole flow domain. Besides, the far-field condition is automatically satisfied such
that the truncation error of the computational domain is avoided. Many researchers
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contributed to this field and made significant progress in the non-spherical bubble
dynamics simulation. Blake et al. [5] established an axisymmetrical model based on
BEM to investigate a cavitation bubble collapsing nearby a solid wall. Wang et al.
[45] extended the simulation to the toroidal bubble generated by the jet penetration
by introducing a vortex ring inside the bubble. This approach resolves the conflict
between the potential theory used in BEM and the velocity circulation around the
toroidal bubble. When the solid wall’s normal does not align with the gravity, the
problem is no longer axisymmetrical. Thus, Wang [44] employed a 3-D numerical
model based on the BEM to investigate the jet development subject to the combined
effects of an inclined wall and the buoyancy. However, the toroidal stage of the bub-
ble is not included in this paper. Thus, Klaseboer et al. [20] combined the 3-D BEM
and the vortex ring model and simulated an underwater explosion bubble interacting
with a vertical wall. Their results of the impact pressure were compared and agreed
with the experimental results well. Furthermore, Zhang and Liu [50] improved the
3-D bubble dynamics model based on the BEM to capture more deformation details
of the toroidal bubble, and it was adopted in Liu et al. [28] where the influence of the
free surface was included in the interaction between a bubble and the nearby solid
wall. It was found that the toroidal bubble might further break into two toroidal
[51] or a crescent-shape [28] bubble. Because of the requirement of complex mesh
manipulations for bubble split and merge, introducing and removing vortex rings, it
is non-trivial to implement in the 3-D BEMs.

The domain-mesh methods for computational fluid dynamics have developed
rapidly along with the growth of computational power. However, the interface treat-
ments require special attention because the interface is usually not coincident with
the cell boundaries. In the cut-cell method [48], the interface cell cut by the mov-
ing interface and the irregular subcells are solved as normal cells. However, explicit
tracking of the interface is required, and special manipulations should be included to
avoid small and narrow subcells. With a proper implicit interface capture method,
e.g., the level-set method [16, 24, 42], the volume of fluid (VOF) method [17, 38, 49],
or the γ-based method [11], the complex topology change of the collapsing bubble re-
quires no special treatments and is no longer a difficulty. Besides, suppose the Euler
equation describes the fluid flow and discretized in the numerical model. In that case,
the fluid’s compressibility is naturally considered while it is non-trivial in the BEMs.
One significant challenge in these implicit interface capture methods is the conserva-
tiveness issue. The level-set method coupled with the ghost fluid method proposed by
Fedkiw et al. [16] solves two single-medium problems with properly defined ghost cell
states in which the conservativeness is not enforced. A lot of efforts have been made
to improve the conservativeness within the framework of the level-set method and

3



the ghost fluid method [27, 41]. By contrast, the conservation in the mixture formula
[31, 38] is trivial although a transition layer of several cells is required to represent
the interface. Johnsen and Colonius [19] employed the quasi-conservative interface
capturing formula to investigate the non-spherical bubble collapse beside a solid wall
induced by a strong shock. Tian et al. [40] established an axisymmetric model based
on the Eulerian finite element method(Eulerian FEM) [3] and investigated the jet
development of an underwater explosion bubble and its impact on a solid horizontal
wall. Another difficulty in the pulsating bubble simulation is that the computation
is expensive if the compressibility of the surrounding fluid is considered. A large
number of time increments are required due to the Courant–Friedrichs–Lewy(CFL)
condition.

When it comes to a fully 3-D simulation, the unknown degrees of freedom (DOF)
in the domain-mesh methods dramatically increases to an impractical level, especially
in the multi-scale bubble pulsating problem. Thus, an Adaptive Mesh Refinement
(AMR) technique is essential to reduce the DOFs by coarsening the local mesh where
the solution is not important and has little influence on the global solution. The
patch-based AMR first introduced by Berger and Colella [4] proposed have been
widely used in CFD codes, such as the BoxLib, AMROC, and Chombo. In 3-D
block-based AMR, a set of non-overlapping boxes is find to cover the region requiring
refinement. These boxes have meshed with higher resolution than the base mesh.
The results calculated with the coarser mesh is mapping to the finer one to provide
it a ghost boundary, while the results obtained in the finer mesh with this boundary
is projected back to the coarse one. Another approach to the AMR is the block-
based AMR [30, 34], in which each block is a box with the same data structure, and
they are refined based on the oct-tree algorithm. One or more layers of guardcells
are attached to each block’s outside boundary, and their data is copied from the
adjacent blocks for communication.

In the present paper, the Eulerian FEM is adopted to resolve the motion of a
pulsating bubble. We use the block-based AMR implemented with the open-source
package Paramesh [30, 34] such that the efficiency and accuracy can be balanced in
simulating the bubble pulsation and toroidal motion. The rest of the present paper
is organized as follows. In section 2, the underlying theory and numerical techniques
are presented relating to the Eulerian FEM and the AMR implementation. Then,
the numerical model is validated by comparing it with an underwater explosion
experiment in section 3. In section 4, several cases of a high-pressure bubble moving
beside a vertical wall are simulated and analyzed with the present model. The results
are also compared with the BEM to verify the accuracy. At last, some conclusions
are drawn in section 5.
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2. Theoretical and Numerical Models

2.1. Problem description and basic equations
In this paper, the bubble dynamics near a vertical wall is concerned. The bubble

is initially placed in the still water at a depth of h with a higher pressure of the
internal gas than that of the ambient water. A solid vertical wall is located with a
distance of d from the center of the initial bubble. This problem is abstracted from
the underwater explosion bubble near a submerged structure or a vertical dam and
has been studied both experimentally and numerically. The detonation process is
usually much shorter than the bubble motion. Thus, it is reasonable to assume that
the fluid flow is initially at rest. The internal gas and the surrounding liquid forms
a multi-fluid Riemann problem because of the pressure difference across the bubble
interface. Then, the bubble starts expanding, with the contact discontinuity moving
outwards. If the solid wall is absent, the bubble’s motion can be roughly described
by the Rayleigh-Plesset equation, and a multi-cycle pulsation will occur.

In the pulsating bubble problems, the multi-fluid interface usually experiences
great deformation. For example, the maximum radius of an underwater explosion
bubble can be as large as dozens of times of the initial one such that the conservative
error is amplified significantly. Thus, the mixture formula for the multi-fluid problem
is adopted for its natural advantages in conservativeness. Assuming that all the fluid
components share a single pressure within a cell, the Euler equations with the mixture
formula [38] for the multi-fluid system are

∂αi

∂t
+∇ · (αiu) = αi

κ̄
κi
∇ · u,

∂(αiρi)

∂t
+∇ · (αiρiu) = 0,

∂(ρ̄u)

∂t
+∇ · (ρ̄u⊗ u) +∇p = ρ̄g,

∂(αiρiei)

∂t
+∇ · (αiρieiu) + αi

κ̄
κi
p∇ · u = 0

(1)

where α is the volume fraction bounded by 0 and 1, ρ is the mass density, u =
(u1, u2, u3) is the material velocity, e represents the specific internal energy per unit
mass, κ = ρc2 is the bulk module of fluid with c representing the sound speed, and g
is gravity. The subscript i indicates a variable of the fluid i, ⊗ is the tensor product
operator, and the bar over a variable represents an average quantity of the mixture
fluid. The factor of αi

κ̄
κi

in the first and fourth equations is included to consider the
compressibility difference of the fluid components in the mixture. Note that only α1

is required to be solved and α2 is then recovered with the fact that α1 + α2 = 1.
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For the fluid mixed by fluid 1 and fluid 2, the average density and bulk module
are determined by

ρ̄ = α1ρ1 + α2ρ2, (2)
and

κ̄ =
κ1κ2

α1κ2 + α2κ1

(3)

with the assumption that the two fluids share the same pressure. Besides, the sound
speed of the mixture can be recovered by the relationship of

κ̄ = ρ̄c̄2, (4)

which can be used for any equation of state (EoS) with an explicitly written sound
speed.

For compressible fluids, the EoS of each fluid is required to close the Euler equa-
tions. In this paper, the Tammann EoS [18] is chosen to model the surrounding
water of the bubble in the following form:

p = ρe(γ − 1)− γPw, (5)

with the sound speed given by

c2 =
p+ Pw

ρ
γ, (6)

where γ and Pw are constants that taken as 7.15 and 330.9MPa. When Pw is 0,
Eq. (5) degrades to the ideal gas EoS:

p = ρe(γ − 1), (7)

which is used to model the internal gas of the bubble with γ = 1.25 [20, 50].

2.2. Eulerian FEM with operator split
The Eulerian FEM [25, 26, 40] is used to solve Eq. (1) to investigate the dynamics

of a bubble beside a vertical solid wall. Firstly, we rewrite Eq. (1) in the vector form
∂E

∂t
+ u · ∇E+ E∇ · u = S, (8)

where the vectors E and S are given by

E =


αi

αiρi
ρ̄u

αiρiei

 ,S =


αi

κ̄
κi
∇ · u
0

ρ̄g −∇p
−αi

κ̄
κi
p∇ · u

 .
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Then, the operator split technique is employed to split Eq. (8) into

dE

dt
+ E(∇ · u) = S, (9)

and
∂E

∂t
=

dE

dt
− u · (∇E). (10)

Eq. (9) is based on the Lagrangian perspective, and the material moves along
with the mesh. Thus, we can apply the traditional explicit FEM to Eq. (9) [47].
Then, Eq. (10) is solved by remapping the conservative vector E from the deformed
mesh to the original mesh. The solvings of these two equations are referred to as the
Lagrangian step and the Eulerian step, respectively. The operator split technique
makes the combined method stable and robust, especially for the violent bubble
motion with a great density ratio across the interface. Typically, it has the second
order of accuracy in space and the first order of accuracy in time.

In the following subsections, the detailed formulas and numerical techniques in
these two steps are explained.

2.2.1. Lagrangian step
In the Lagrangian step, the mesh is assumed to move with the fluid material. In

this paper, the momentum equation in the Lagrangian step is solved only once for
both of the two fluid components with the mixture fluid technique and the explicit
FEM [3, 47]. Pluging the conserving equation of mass into the conserving equation
of momentum in Eq. (9), we can obtain

ρ̄
du

dt
= ρ̄g −∇p. (11)

Let’s discretize the computational domain into cells, and denote ΦP as the shape
function for node P . Then we can express the solution by u = ΦQu

Q. Herein, the
superscript Q indicate the nodal variable at node Q, and the Einstein summation
convention is used. Multiply Eq. (11) by the shape function ΦP and integrate it over
the computational domain Ω, we can derive the semi–discretized form of Eq. (11) as∫

Ω

ΦPΦQρ̄ dV
duQ

dt
= −

∫
∂Ω

pn̂ΦP dS +

∫
Ω

(ρ̄gΦP + p∇ΦP ) dV, (12)

where ∂Ω is the boundary of Ω, and n̂ is its outward-pointing unit vector. We can
rewrite Eq. (12) in the matrix form:

MA = F, (13)

7



where M =
[∫

Ω
ΦPΦQρ̄ dv

]
is the mass matrix, A =

[
duQ

dt

]
is the nodal acceleration

matrix, F is the matrix of nodal force corresponding to the right-hand side of Eq. (12).
With the newly calculated acceleration, we advance the nodal velocity and dis-

placement explicitly. After that, the other conservative quantities are updated with
corresponding equations extracted from Eq. (9):

dαi

dt
= αi

(
κ̄

κi

− 1

)
∇ · u, (14)

dρi
dt

= −ρi
κ̄

κi

∇ · u, (15)

and
d(ρiei)

dt
= −(p+ ρiei)

κ̄

κi

∇ · u. (16)

The time increment in this paper is calculated with

∆t = CFL

[
min

(
Le

c̄+ |u|
, |∇ · u|−1

)]min

, (17)

where Le is the minimal length dimension of the element, CFL is a constant scale
factor which is taken as 0.5 in this paper, and the superscript “min” means the
minimum value over all the elements in the computational domain. The second part
in the min operator is used to prevent the negative volume during one step.

2.2.2. Eulerian step
In the operator split procedure, the fluid material and computational mesh are

advanced together in the Lagrangian step for a whole time increment, following which
an Eulerian step is implemented. In this step, the physical time is not advanced, and
only a conservative remapping procedure is performed by calculating the advection
between adjacent cells with the following steps:

(1) Reconstruct medium interface in multi-fluid cells using the PLIC(Piecewise Lin-
ear Interface Construction) algorithm [3, 49]:
By denoting the coordinate vector x = (x, y), the linear interface can be ex-
pressed by a plane equation

n · x+ b = 0. (18)
To obtain the normal vector n, a quadratic function f(x) = K ·R is constructed
by fitting the volume fraction α around the current cell with the least square
method [39]. Herein, R(x) = [x2, y2, xy, x, y, 1]T is a complete set of the basis
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Figure 1: Basic geometry configurations for a cell cutted by a planar interface.

vector in the 3-D quadratic space. K = [k1, k2, k3, k5, k6]
T is the coefficient vector

obtained by solving the following linear system:

K = A−1

27∑
j=1

R(xj)αj (19)

where the summation runs over the current cell and its immediate neighbors, i.e.,
the 3× 3× 3 mesh block around the current cell, xj is the cell center coordinate,
and A = R⊗R. If a uniform mesh is used in the simulation and a dimensionless
local coordinate system is established with its origin locating at the current
cell center, the inverse of the matrix A can be calculated once and stored for
the use thereafter to simplify the calculation. Then, the normal vector can be
approximated by n = ∇f

|∇f | , and the constant b in Eq. (18) can be obtained by an
iterative method with the fact that the volume of the cell cut by the interface is
α∆x3.

(2) Calculate advected volume geometrically based on the velocity obtained in the
Lagrangian step and the constructed interface. With proper rotating manipula-
tion, we may encounter with the five basic geometry configurations, as shown in
Fig. 1. This step is trivial, and the readers can refer to Benson [2];

(3) Advect cell-centered variables, i.e., mass and internal energy, using the MUSCL
(Monotonic Upwind Scheme for Conservation Law) [3];

(4) Convect the node-centered momentum using the HIS (Half Index Shift) algo-
rithm proposed by Benson [2]. In this paper, the MUSCL is used instead of the
first-order donor-acceptor scheme to advect the 8 auxiliary cell-centered variables
constructed for the 8 nodes such that the second-order accuracy is achieved.

(5) Based on the new density and internal energy, the cell pressure is calculated
with the EOS and the new time increment is calculated with the sound speed.
Note that a pressure equilibrium is required to eliminate the pressure difference
between the two fluid components within a cell. In this paper, the internal energy
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is exchanged between the two fluids with the following equations to achive the
pressure equilibrium

(ρe)1 = (ρe)∗1 −
1

α1

∆(ρe) (20)

(ρe)2 = (ρe)∗2 +
1

α2

∆(ρe), (21)

where
∆(ρe) =

α1α2∆p∗

α2∂p1
∂(ρe)1

+ α1∂p2
∂(ρe)2

.

Herein, the superscript * represents the values before the pressure equilibrium,
∆p∗ = p∗1 − p∗2 is the pressure difference and ∂p

∂(ρe)
can be calculated with EoS

easily.
(6) Go to the next time increment and start a new Lagrangian step.

2.3. Adaptive mesh refinement
For a fully 3-D simulation of an oscillating bubble, the AMR is essential to re-

duce the computational complexity to a reasonable scale. The open-source package
Paramesh [29, 33] is adopted and modified in the present paper to archive the AMR
because of its flexibility. The Paramesh package is a block-based AMR package
that manages the mesh refinement procedure and processor communications with
the Massage Passing Interface. Each block has the same data structure, allowing
the users to connect the Paramesh and an existing serial and non-AMR solver with
minor modifications. To simplify the demonstration, Fig.2 shows a 2-dimensional
block in the Paramesh. The cells in the yellow color are the real ones to be solved

a

b

o

[-1,-1] [1,-1]

[1,1][-1,1]

Real cell

Guard cell

Figure 2: Guardcell structure of a 2-dimensional unified block.

10



with the Eulerian finite element method, while the blue cells on each edge of the
block are the guardcells providing boundary conditions for the real ones. Paramesh
communicates between adjacent blocks and the conservative quantities of the guard-
cells are interpolated from the overlaped cells of the neighbor blocks at the beginning
of each time increment. In this paper, the block dimension is taken as 8×8×8 and 2
additional layers of guardcells are used. As shown in Fig.3, the real cells of 2 blocks
are adjacent to each other and the guardcells of one block overlap with the real cells
from the other one.

Block interface

Block A Block B

Figure 3: Sketch for the Guardcell filling procedure. The arrows indicate the direction in which the
information moves.

At the beginning of each time increment, the state variables of the real cells are
inherited from the previous increment. But those of the guardcells are taken from
the corresponding real cells of the adjacent block. If the two blocks are in the same
refinement level, the guardcell filling procedure is straightforward, as shown in Fig. 3.
Otherwise, conservative restriction and prolonging procedures are required.

As shown above, in the present numerical model, the fluid velocity is a nodal vec-
tor. However, the velocity at nodes shared by different blocks could be inconsistent,
which will lead to pressure fluctuation near the intersection of fine and coarse blocks.
Thus, a few modifications are made as follows to fill the guardcell’s nodal velocities
in the Paramesh:
(1) If a block’s neighbor is in the same refinement level, the velocities of the nodes

on the shared face are overridden as the algebraic average of the velocities from
both sides;

(2) If a block’s neighbor is a finer block, the nodal velocities on the shared face are
overridden as the velocities from the neighbor block;

(3) If a block’s neighbor is a coarse one, the nodal velocities on the shared face
remain unchanged.

With the modifications above, the nodal velocities on the shared block faces are
enforced to be consistent.

11



By choosing proper constant parameters for the refinement, i.e., the maximum
refinement level Lmax, the minimum refinement level Lmin, the pressure difference
thresholds su and sd, all the blocks are labeled based on the following criterion:

(1) If (αmax − αmin) in the current block is greater than a prescribed small constant
sc, it is labeled as an interface block and requires refinement. Herein, αmax and
αmin are the maximum and minimum values of the volume fractions among all
the fluid components in the current cell, and sc is taken as 10−9;

(2) If the maximum spatial difference of the pressure p is greater than su, then the
current block is labeled as a critical block which requires refinement;

(3) If the maximum spatial difference of p in the current block is smaller than sd
and it has no neighbor in a higher refinement level than itself, it is labeled as a
block that requires de-refinement.

After the labelling process, the refinement a nd d e-refinement ar e im plemented it-
eratively such that the new refinement l evel i s b ounded by L max and L min and the 
refinement level difference between 2 adjacent blocks does not exceed 1.

2.4. Non-dimensionalization and initial conditions
It is necessary to write all the physical variables in the non-dimensional form to ob-

tain a uniform numerical accuracy in different s imulations. Following the previously 
published papers [20, 50] in bubble dynamics, we chose the maximum radius of the 
bubble Rm, the fluid d ensity ρ f a nd t he s tatic p ressure a t a  d epth o f t he bubble 
center P = Patm + ρf gh as the variable scales for the non-dimensionalization of 
length, 

∞
density, and pressure. And the scales of the other variables can be calculated 

correspondingly. In Tab. 1, these quantity scales are listed together.

Table 1: Quantity scales for non-dimensionalization
Length Pressure Density Velocity Acceleration Time
Rm P∞ ρf

√
P∞
ρf

P∞
Rmρf

Rm

√
ρf
P∞

With these characteristic quantities, the initial conditions of the bubble can be
given non-dimensionally by the strength parameter ϵ = P0

P∞
, the distance parameter

γw = d
Rm

and the buoyancy parameter δ2 =
ρfgRm

P∞
. Herein, d is the distance of the

explosive charge to the solid wall.
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2.5. Computational domain setup
The computational domain is taken as a hexahedron of [0, 5Rm] × [0, 5Rm] ×

[−5Rm, 5Rm] as shown in Fig. 4. The initial bubble center is at [γwRm,0, 0]. The
six faces of the computational domain are denoted as Faces A to F. Faces C and F
are impenetrable, and all the other faces are the truncation boundaries of the com-
putational domain. To minimize the spurious reflection of the truncation boundary,
the non-reflecting boundary condition proposed by Liu et al. [25] is applied on Face
A, B, D, and E. The computational domain is sized by 5Rm × 5Rm × 10Rm and
consists of two base blocks. Typically, Face F represents the solid wall, and one half
of the computational domain is simulated with the symmetry plane y = 0. However,
if γw is set to 0, Face F turns to a symmetry plane, and the problem imitates the
one-fourth fluid field of a bubble moving in the free field.

10Rm

5Rm
5Rm

Bubble

Face A

y
z

o
x

Face B

Face C Face D

Face EFace F

Figure 4: Configuration of the bubble motion near a vertical wall

3. Model validation with underwater explosion experiment

To validate the present numerical model, an underwater explosion experiment is 
carried out in a water tank sized by 4m × 4m × 4m. A high-speed camera is used 
to capture the images of the underwater explosion process. Due to the strong shock 
load of the underwater explosion, it is non-trivial to set up a hard-enough 
boundary in an experiment when studying the interaction of an underwater 
explosion bubble and a nearby fixed solid wall. Thus, we use two identical 
explosives detonating at the same depth to mimic the situation of one underwater 
explosion near a solid wall. This can be justified with the mirror theory, which has been used 
by Wang [44] and Liu et al. [28] to investigate the bubble dynamics near a solid wall.
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The two charges of 10g Hexogen explosives are placed horizontally with a distance 

of 0.68m and a depth of 1.85m. The maximum radius of the bubble is 0.34m, which 
corresponds to a case of a bubble moves beside a solid vertical wall with a buoyancy 
parameter δ = 0.0277 and a distance parameter γw = 1.0. The nearest boundary is 
about 1.36m away from the bubble such that the boundary effect can be ignored. In 
the simulation, the initial conditions are taken as ϵ = 572 and δ = 0.0277 with the 
method proposed by Klaseboer et al. [20]. The lowest refinement level is set to 3, and 
the highest refinement level is set to 6. Thus, the finest cell size is 6.6mm and there are 
102 cells across the maximum perimeter of the bubble.

The comparison of the present results and the experiment are shown in Fig. 5. 
It can be seen that the two sets of results agree with each other well in the sense of 
bubble evolution. The two bubbles expand and collapse simultaneously, which offsets 
the induced velocity at the x direction on the plane x = 0. Thus, the bubble motion 
is identical to that besides a solid wall of x = 0. During the collapsing phase, the two 
bubbles are attracted by each other because of the Bjerknes force. A high-pressure 
region emerges near each bubble, which drives it to develop a liquid jet towards the 
other bubble, as shown in Fig. 3(c) and (d). When t = 66.3ms, the two bubbles are 
penetrated by the liquid jets and form two toroidal bubbles.

4. Results and discussion

4.1. General features of a bubble collapsing beside a solid wall
The non-dimensionalization of the bubble dynamics shows that the buoyancy 

effect depends on the buoyancy parameter. Thus, a greater maximum radius is 
required to increase the buoyancy effects in the bubble motion. However, it is non-
trivial to implement a large scale underwater explosion experiment and record the 
bubble’s evolution. Thus, in this section, the present numerical results are compared 
with the BEM results presented by Wang [44]. The case shown in Fig. 16 in Wang [44] 
is chosen of which the initial conditions are ϵ = 100, δ = 0.5 and γw = 1.0. It should be 
noted that a greater initial radius of the bubble is adopted in this paper than that used 
in the BEM. The reason is that the present model takes the compressibility of the 
surrounding fluid into account so that the energy dissipation through the pressure 
waves is included. To archive the same maximum radius of 1, the initial radius must 
be greater. It was obtained by backward integrating the Rayleigh-Plesset equation 
from the maximum radius [43]. However, because the Rayleigh-Plesset equation does
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(a) t = 7.0ms (b) t = 24.8ms

(c) t = 58.1ms (d) t = 63.0ms

(e) t = 66.3ms (f) t = 70.1ms

Figure 5: Comparison of the simulated results(right) and the experiment(left) for the underwater
explosion bubbles generated by 2 10g Hexogen charges at the depth of 1.85m and a distance of
0.84m away from each other. The color contour represents the pressure field with the unit of MPa.
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not consider the discontinuous shock at the beginning of the expansion, it can only
give a set of initial conditions that the bubble is initially expanding at a certain
velocity, which is not applicable in this paper. Thus, we take several simulations
with the 1-dimensional Eulerian FEM to obtain the proper initial radius iteratively,
and R0 = 0.2 is used in the following simulations. In this case, buoyancy plays
an important role in the evolution of the bubble because of the great buoyancy
parameter δ. It corresponds to an underwater explosion bubble with Rm = 20m
at h = 40m if the gravity acceleration is approximated by 10m/s2. Although it is
not quite practical for such a great bubble, we chose this case because the buoyancy
effect is comparable to that of the solid wall, which leads to a complex evolution
behavior of the bubble.

4.2. Comparison with BEM results and convergence test
As shown in Wang [44], the bubble will collapse after it reaches its maximum

volume, and a jet will develop under the combined effect of the solid wall and buoy-
ancy. In Fig.6, the fluid fields on the xoz plane at t = 0.976, 1.873, and 2.207 are
shown with the color contours represent the pressure field, and the solid black curves
indicate the bubble profiles. The maximum refinement level Lmax is taken as 6 here.
With the parallelization accomplished with the MPI(Massage Passing Interface), the
simulation takes 16 hours on a desktop with an Intel I7-9700 (4 threads are used
here) CPU and 32Gb RAM.

It can be seen that a high-pressure region forms beneath the bubble which drives it
to develop an inward jet. Because of the existence of the solid wall, the high-pressure
region deviates to the right side which deflects the jet towards the wall. The profiles
at the same time are extracted from Wang [44] and plotted as red crosses in Fig. 6
for comparison. The results agree well with each other, which validates the present
model.

To demonstrate the convergence of the present model, Fig. 7 compares the bubble
profiles at t = 2.207 on the xoz plane simulated with the maximum refinement level
Lmax = 6, 5, and 4, respectively. It shows that the result is poor with Lmax = 4, where
the finest cell size is about 0.078 and is relatively coarse compared with the initial
radius R0 = 0.2. With Lmax increased to 5, the results are improved significantly,
and the bubble profile is very close to that with Lmax = 6, which indicates that the
present model converges quickly with the increase of Lmax.

4.3. Crescent-shaped bubble after jet penetration
With the present model, we further simulate the bubble motion after the jet

penetration, as shown in Fig.8. We can see that after the bubble reaches its maximum
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Figure 6: Comparison of bubble profile on xoz plane from present model(black curves) and Wang
[44](red crosses) for a bubble collapsing besides a vertical wall(plane x = 0). The color contour
represents the pressure field. The thick grid lines show the boundaries of blocks and the thin grid
lines indicate the cells.
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Figure 7: Comparison of bubble profiles at t = 2.207 on the xoz plane with maximum refinement
level Lmax = 6, 5 and 4, respectively.
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Figure 8: Collapse of a bubble beside a solid wall(plane x = 0) with ϵ = 100, γw = 1.0. For the
first row t = 0.976, 1.873 and 2.207, respectively. For the second row, t = 2.386, 2.453 and 2.541,
respectively. For the third row, t = 2.698, 2.839 and 3.006, respectively.
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Figure 9: Bubble impact pressure curves on the solid wall at (0,0,0), (0,0,1.25) and (0,0,-1.25).

volume at t = 0.976, a wide jet develops from the bottom of the bubble due to the
combined effects of the buoyancy and Bjerkeness force caused by the solid wall. The
jet is wide in the y direction while thin in the x direction. At t = 2.386, the jet
penetrates the bubble at its inclined top close to the solid wall and turns the bubble
into toroidal shape. It should be noted that the lower part of the inclined toroidal
bubble is much thinner than the rest due to the bias of the jet. With the bubble
continue collapse, a new toroidal bubble develops upward from the vortex eye due to
the upward velocity of the water jet. These two toroidal bubbles connect, and the
internal gas is transported from the old (lower) one to the new (upper) one. Their
total volume reaches the minimum value at t = 2.541 and starts rebounding. Then,
both bubbles break at the thinnest parts and turn crescent-shaped, which has seldom
been investigated before. It is non-trivial to simulate the jet penetration, break into
two toroidal bubbles, and further break into two crescent-shaped bubbles with the
BEMs, requiring complex manipulations, such as the surface remesh, vortex ring
placement, and removal.

Fig.9 shows the pressure histories at three locations on the solid wall. At p1 =
(0, 0, 0) and p3 = (0,0,-1.25), the pressure curves are relatively smooth and no obvious
jet impact pressure is observed. By contrary, a sharp increase can be seen on the
pressure history curve at p2 = (0, 0, 1.25) when the jet penetrates the bubble as
shown in Fig.9(d). The reason is that the jet impact pressure mostly propagates in
the jet’s direction, and the points p1 and p3 are not in the impact region. Usually,
the abrupt change of flow domain topology would lead to impact pressure in the
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surrounding flow. However, only a weak fluctuation can be seen from the pressure
history of point p3. The reason can be attributed to the circular velocity. Based
on the vortex ring theory of a toroidal bubble [45], the velocity circulation around
every toroid section should be the same and keep constant as long as the topology
of the flow domain remains unchanged. Theoretically, it should be proportional to
the inverse of the cross-section perimeter. If the size of the cross-section varies along
the toroid circle, the circular velocity around the thinnest section can be as high as
infinity before it breaks, which leads to a great centrifugal force of the fluid slowing
the impact process so that the toroidal bubble breaks smoothly.

4.4. Evolution of inclined toroidal bubble with different buoyancy parameters
Based on the previous section, the buoyancy parameter δ is changed to 0.25

and 0.1, respectively, which are more practical for the corresponding engineering
cases. The other initial conditions and the computational setup remain the same.
In Fig. 10, the pressure field around the bubbles which drive them to develop the
liquid jets are shown by iso-pressure surfaces, and the bubble are shown with the
green surfaces. We can see that with the increase of the buoyancy parameter from

xy

z

(a) δ = 0.1, t = 2.351

xy

z

(b) δ = 0.25, t = 2.248

xy

z

(c) δ = 0.5, t = 2.142

Figure 10: Pressure fields surrounding the bubbles when developing jets near a solid wall(plane
x = 0) with ϵ = 100, γw = 1.0 and different buoyancy parameters. The green surfaces are the
bubbles and the others represent the iso-pressure surfaces.

0.1 to 0.5, the pressure peak decrease significantly from 6 to 1.5. As a result, the
jet speed also decreases from 5.8 to 2.3 while the width is getting greater. This
phenomenon is attributed to the effective developing time of the jet. With a higher
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buoyancy parameter, the jet develops earlier during the collapse of the bubble, which
also leads to an earlier penetration time. As a result, the jet is not well developed
and the speed is slower when it penetrates the bubble.

After the jet impact, the bubbles are penetrated and turn into toroidal. The
evolution of the toroidal bubbles with δ = 0.25 at t = 2.308, 2.370, 2.442 and 2.595
are shown in Fig. 11, respectively. It is found that the evolution process differs from

Figure 11: Toroidal bubble evolution beside a vertical solid wall(plane x = 0) with ϵ = 100, δ = 0.25
and γw = 1.0 at t = 2.308, 2.370, 2.442 and 2.595, respectively. The solid black curve represents the
bubble surface profile at the xoz plane.

the case with δ = 0.5 shown in the subsection.4.3 significantly. Compared with the
previous case, the diameter of the jet cross-section on the xoz plane is much smaller
such that the cross-section tends to be a circle rather than an ellipse-shape with
smaller buoyancy effects. Thus, the part of the toroidal bubble close to the wall has
the maximum cross-section along the toroid. It has been shown by Klaseboer et al.
[20] that the direction of the liquid jet tilted upwards initially will shift more and
more perpendicular to the solid wall, which was attributed to the growing attraction
effect from the solid wall as the center of the bubble rushes to the wall. From the
theoretical view, it can also be explained with the mirror theory. The effect of the
solid wall on the toroidal bubble can be imitated by an imaginary mirrored bubble on
the other side of the solid wall, as shown in Fig. 12. The velocity circulation caused by
the imaginary bubble leads to a downward induced velocity around the real bubble.
The induced velocity decays along with the distance from the imaginary bubble.
Thus, the fluid flow around the real bubble tends to be rotated anticlockwise. As a
result, the jet direction shifts to the solid wall, and the cross-section of the toroidal
bubble close to the solid wall diminishes while the cross-section away from the wall
is enlarged during the shift of the jet direction. This also explains why the toroidal
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Figure 12: Sketch of the mirror theory of the toroidal bubble beside a solid wall.

bubble hardly breaks into a crescent-shape from the part away from the wall. Fig. 13
shows the pressure field on the solid wall generated by the toroidal bubble at the
same times presented in Fig. 11. We can see that the pressure on the solid wall
before the jet penetration only varies from 2 to 2.6, because the jet develops on the
side of the bubble away from the solid wall. When the bubble is penetrated by the
jet, a high-pressure region emerges around [y, z] = [0, 0.8] where the jet is pointing.
Because of the angle between the directions of the jet and the normal of the solid wall
is quite large, the impact pressure is only 8 at this time and reaches 26 at t = 2.442
when the jet is fully developed. Then, the jet pressure drops to 5 as the bubble
rebounds.

(a) t = 2.308 (b) t = 2.370 (c) t = 2.442 (d) t = 2.595

Figure 13: Pressure field on the vertical solid wall (plane x = 0) generated by the impact of a
toroidal bubble with ϵ = 100, δ = 0.25 and γw = 1.0 at the same times shown in Fig. 11. The left
sides are the bubble surface while the right sides are the corresponding pressure contours.

When the buoyancy parameter δ decreases to 0.1, the evolution of the toroidal
bubble after the jet penetration is shown in Fig. 14. It can be seen that the attraction
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(a) t = 2.342 (b) t = 2.397 (c) t = 2.462 (d) t = 2.530

Figure 14: Toroidal bubble evolution beside a vertical solid wall (plane x = 0) with ϵ = 100, δ = 0.1
and γw = 1.0. The solid black curve represents the bubble surface profile at the xoz plane.

of the solid wall dominates the motion of the bubble while the buoyancy is so small
that the direction of the jet is almost perpendicular to the solid wall with a little
inclination upwards. Similar to the axisymmetrical problems presented by Tian et al.
[40] and Wang et al. [45], the necking effect and the bubble volume transportation
from the old toroidal bubble to the new one are observed. Fig. 15 shows the impact
pressure on the solid wall caused by the collapsing bubble at the same times shown
in Fig. 14. We can see that the impact pressure emerges even before the penetration
at t = 2.342, which means that the gas layer between the jet tip and the opposite
bubble surface can transmit great pressure when they are close enough to each other.
This phenomenon is similar to the air cushion effect in the high-speed water entry
problem. It violates the uniform pressure assumption of the internal gas used in the
BEMs and gives more reliable results. The jet impact pressure rises quickly after the
penetration and then decays with the rebound of the toroidal bubble.

To quantitatively compare the bubble loads caused by the jets with different
buoyancy parameters, the pressure histories at the jet impact points on the solid
wall are drawn together in Fig. 16. The bubble pulsating load decreases with the
increase of the buoyancy parameter. The reason is that with a greater buoyancy
parameter, the jet is better developed with a greater diameter and a higher speed at
the same time. Thus, more energy of the system transfers to the surrounding fluid’s
kinetic energy, such that the residual energy to suppress the bubble and generate the
pulsating load is less. This can be justified by comparing the minimum volumes of
the bubbles, as shown in Tab. 2. The minimum volume of the bubble with δ = 0.5
is the greatest among the 3 cases, and its pulsating pressure is the minimum. In the
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(a) t = 2.342 (b) t = 2.397 (c) t = 2.462 (d) t = 2.530

Figure 15: Pressure field on the vertical solid wall (plane x = 0) generated by the impact of a
toroidal bubble with ϵ = 100, δ = 0.1 and γw = 1.0 at the same times shown in Fig. 14. The left
sides are the bubble surface while the right sides are the corresponding pressure contours.
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Figure 16: Comparison of jet impact pressure histories on the solid wall generated by the bubbles
with δ = 0.1, 0.25 and 0.5, respectively.
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Table 2: Minimum volumes of the bubbles with different buoyancy parameters and the correspond-
ing times

δ = 0.1 δ = 0.25 δ = 0.5
vmin 0.177 0.192 0.298
time 2.449 2.475 0.256

Figure 17: Velocity field of the plane y = 0 at t = 2.308 near the bubble with δ = 0.25. The arrows
indicate the velocity direction and the color contour represents the magnitude.

case with δ = 0.25, the pressure history is relatively smooth, and no obvious sharp
increase is observed, which indicates that the jet penetrates the bubble moderately.
The velocity field at the moment of the jet penetration is shown in Fig. 17. It can
be seen that the direction of the jet velocity is almost parallel to the opposite bubble
surface at the first impact point. Thus, the relative velocity at the normal direction
is small such that the penetration is a mild process. As for the case with the smallest
buoyancy parameter δ = 0.1, the pressure peak of the bubble load is almost twice of
that with δ = 0.25, although they have similar minimum volumes. It is attributed
to the jet impact pressure on the solid wall. In this case, the jet has a higher speed
and its direction is almost perpendicular to the opposite bubble surface such that
the impact pressure is maximized.
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5. Conclusions

In this paper, a 3-D numerical model based on the Eulerian FEM is established
to investigate the bubble collapse near a solid wall. The block-based AMR technique
is adopted to reduce the computational cost while maintaining the accuracy near
the bubble. An experiment is carried out to validate the numerical model and the
convergence of the present model is demonstrated by comparing the results with
those obtained with the BEM. Through the simulation and the analysis of several
cases with different buoyancy parameters, the following conclusions are drawn:

(1) Both the evolution of the single-connect bubble before the jet penetration and
the multi-connect bubble are dominated by the joint effects of the buoyancy and
the solid wall. Their balance determines the dynamic feature of the bubble and
its hydrodynamic pressure on the solid wall;

(2) The direction of the tilted jet will shift towards the solid wall gradually during
the collapse of the toroidal bubble after the jet penetration, which can be ex-
plained with the mirror theory and attributed to the velocity circulation caused
by the imaginary toroidal bubble. The toroidal bubble may further break into a
crescent-shape if the buoyancy is strong enough. The cross-section of the toroidal
bubble is thinner at the part close to the solid wall due to the buoyancy such
that the toroidal bubble breaks from here when the jet shifts downwards;

(3) The air cushion effect is observed between the jet tip and the opposite bubble
surface before the jet impact, and it causes the solid wall to experience the impact
pressure in advance of the penetration;

(4) The penetration of the bubble by the jet may generate an impact pressure on the
nearby wall depending on the jet speed and direction. When the jet velocity is
perpendicular to the opposite bubble surface, the impact pressure is maximized.
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