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Abstract
We propose an antenna designed to generate monochromatic electromagnetic knots and other
‘unusual electromagnetic disturbances’ in the microwave domain. Our antenna is a spherical
array of radiating dipolar elements configured to approximate the desired electromagnetic field
near its centre. We show numerically that a specific embodiment of the antenna with a radius of
61.2 cm and only 20 element pairs driven at a frequency of 2.45GHz can yield linked and
torus-knotted electric and magnetic field lines approximating those of an ‘electromagnetic
tangle’: a monochromatic electromagnetic knot closely related to the well-known Rañada–Hopf
type electromagnetic knots but simpler in its construction. The antenna could be used to locally
excite plasmas.
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(Some figures may appear in colour only in the online journal)

1. Introduction

Electromagnetic knots were first described by Rañada and col-
laborators in a series of works [1–4] based on earlier studies by
Woltjer [5] and Moffatt [6], making use of the Bateman con-
struction [7]. Several properties of these Rañada–Hopf elec-
tromagnetic knots have been worked out in theory, includ-
ing their orbital angular momentum [8] and helicity [9–14],
and similar solutions of Maxwell’s equations have been found
more recently in the form of propagating light beams [15–
17]. Although analogous structures have been observed exper-
imentally in liquid crystals [18] and in fluid dynamics [19],
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no feasible proposal has been given to date for the realisa-
tion of a Rañada–Hopf type electromagnetic knot, the closest
work being a theoretical proposal involving plasma physics
and self-organisation [20, 21]. A key difficulty is that Rañada–
Hopf type electromagnetic knots are polychromatic; they have
a broad frequency spectrum, which is difficult to realise exper-
imentally.

One of us recently described a collection of ‘unusual elec-
tromagnetic disturbances’ [22], which are essentially electro-
magnetic standing waves [23] that appear to be well localised
in 3D, even in complete vacuum. Included among these are
various monochromatic electromagnetic knots, closely related
to the well-known Rañada–Hopf type electromagnetic knots
but simpler in their construction.

In this paper we propose an antenna designed to generate
monochromatic electromagnetic knots and other unusual elec-
tromagnetic disturbances in the microwave domain. We work
in an inertial frame of reference with time t and position vec-
tor r= xx̂+ yŷ+ zẑ= sŝ+ zẑ= rr̂, where x, y and z are right-
handed Cartesian coordinates with associated unit vectors x̂,

2040-8986/21/064006+7$33.00 1 © 2021 The Author(s). Published by IOP Publishing Ltd Printed in the UK

https://doi.org/10.1088/2040-8986/abfc33
mailto:robert.p.cameron@strath.ac.uk
http://crossmark.crossref.org/dialog/?doi=10.1088/2040-8986/abfc33&domain=pdf&date_stamp=2021-5-13
https://creativecommons.org/licenses/by/4.0/


J. Opt. 23 (2021) 064006 R P Cameron et al

ŷ and ẑ; s, ϕ and z are cylindrical coordinates with associ-
ated unit vectors ŝ= ŝ(ϕ), ϕ̂= ϕ̂(ϕ) and ẑ and r, θ and ϕ are
spherical coordinates with associated unit vectors r̂= r̂(θ,ϕ),
θ̂ = θ̂(θ,ϕ) and ϕ̂= ϕ̂(ϕ). SI units are employed throughout,
with ε0 being the electric constant, µ0 being the magnetic con-
stant and c= 1/

√
ϵ0µ0 being the speed of light.

2. Unusual electromagnetic disturbances

In this section we briefly summarise the unusual electromag-
netic disturbances described in [22]. We work in vacuum.

The simplest disturbances, referred to as ‘unusual electro-
magnetic disturbances of the first kind’, can each be thought
of as a continuous spherical superposition of plane electro-
magnetic waves with common amplitude, phase at the origin
(r= 0), polarisation state and frequency. The resulting electric
field E= E(r, t) and magnetic field B= B(r, t) are

E= ℜ

{
E0

[
Ã ′
0 (ŝg+ ẑh)+ iB̃ ′

0ϕ̂ϕϕf
]
e−iω0t

}
(1)

B= ℜ

{
E0

c

[
iÃ ′

0ϕ̂ϕϕf− B̃ ′
0 (ŝg+ ẑh)

]
e−iω0t

}
(2)

with

f=
ˆ π

0
J1(k0 sinϑs)cos(k0 cosϑz)sinϑdϑ, (3)

g=−
ˆ π

0
J1(k0 sinϑs)sin(k0 cosϑz)sinϑcosϑdϑ (4)

h=−
ˆ π

0
J0(k0 sinϑs)cos(k0 cosϑz)sin

2ϑdϑ, (5)

where E0 is an electric-field strength, Ã ′
0 and B̃ ′

0 are con-
stants that derive from the polarisation state of the waves and
ω0 = ck0 is the angular frequency of the disturbance, k0 being
the angular wavenumber. A particular unusual electromag-
netic disturbance of the first kind is determined by specify-
ing Ã ′

0 and B̃ ′
0. For example: taking Ã ′

0 = i and B̃ ′
0 = 0 corres-

ponds to each wave being linearly polarised along the polar
direction and gives an ‘electric globule’; taking Ã ′

0 = 0 and
B̃ ′
0 =−i corresponds to each wave being linearly polarised

along the azimuthal direction and gives an ‘electric ring’; tak-
ing Ã ′

0 = 1/
√
2 and B̃ ′

0 = iσ/
√
2 with σ=±1 corresponds to

each wave having left- or right-handed circular polarisation
and gives an ‘electromagnetic tangle’, which can be regarded
as a (monochromatic) electromagnetic knot in that it has linked
and torus-knotted electric and magnetic field lines.

Unusual electromagnetic disturbances of the first kind can
be superposed in various ways to create more exotic struc-
tures, referred to as ‘unusual electromagnetic disturbances of
the second kind’.

We consider the generation of an (approximate) electro-
magnetic tangle in section 4.

3. General antenna design

In this sectionwe describe our antenna design in general terms.
Our antenna is an array of 2N driven elements, each taking

the form of a centre-fed dipole of length L driven at angular fre-
quency ω0 = 2πf0 = 2π/T0 = ck0 = 2πc/λ0, where f 0 is the
frequency, T0 is the period, k0 is the angular wavenumber in
vacuum and λ0 is the wavelength in vacuum. The elements are
located in pairs at N points uniformly distributed on the sur-
face of a sphere [24] of radius R centred on the origin (r= 0).
One element of each pair, henceforth referred to as the ‘A-type’
element of the pair, is aligned with the polar unit vector θ̂ and
is so-named because it corresponds to the Ã ′

0 contributions in
(1) and (2). The other element of the pair, henceforth referred
to as the ‘B-type’ element of the pair, is aligned with the azi-
muthal unit vector ϕ̂ and is so-named because it corresponds
to the B̃ ′

0 contributions in (1) and (2). The antenna is embedded
in a medium of refractive index n= c

√
εµ= ck/ω0, where ε

is the permittivity, µ is the permeability and k is the angular
wavenumber in the medium.

Consider the X-type element of the nth pair (X ∈ {A,B},
n ∈ {1, . . . ,N}). The element is centred on position rn = xnx̂+
ynŷ+ znẑ (|rn|= R) and is aligned with the unit vector ûXn
(ûAn = θ̂(r̂n) and ûBn = ϕ̂(r̂n)). The electric current IXn =
IXn(l, t) in the element is

IXn = ℜ
[
I0Xnwe

−i(ω0t−φ0Xn)
]
, (6)

where I0Xn is the peak electric current, w=w(l) is a func-
tion that dictates the spatial distribution of the electric current
(0≤w≤ 1), l is a coordinate with origin at rn that increases
in the direction of ûXn (−L/2≤ l≤ L/2) and φ0Xn is a phase
constant. Assuming that the elements are half-wave dipoles
(L=λ0/2), we take

w= cos(k0l). (7)

Other types of element such as short dipoles can be described
using other forms for w. The electric field EXn = EXn(r, t) and
magnetic field BXn = BXn(r, t) generated by the element are
calculated by decomposing the element into a line of infinites-
imal dipolar elements and integrating their contributions [25],
giving

EXn = ℜ

{ˆ L/2

−L/2

iµω0I0Xnwei(k|r−rn−ûXnl|−ω0t+φ0Xn)

4π|r− rn− ûXnl|[
ûXn

(
1+

i
k|r− rn− ûXnl|

− 1
k2|r− rn− ûXnl|2

)

− (r− rn− ûXnl)
|r− rn− ûXnl|

ûXn · (r− rn− ûXnl)
|r− rn− ûXnl|(

1+
3i

k|r− rn− ûXnl|
− 3
k2|r− rn− ûXnl|2

)]
dl

}
(8)
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BXn = ℜ

[ˆ L/2

−L/2

iµnω0I0Xnwei(k|r−rn−ûXnl|−ω0t+φ0Xn)

4πc|r− rn− ûXnl|

(r− rn− ûXnl)× ûXn
|r− rn− ûXnl|

(
1+

i
k|r− rn− ûXnl|

)
dl

]
. (9)

The electric field E= E(r, t) and magnetic field B= B(r, t)
generated by the antenna as a whole are superpositions of the
fields generated by the individual elements:

E=
∑
X=A,B

N∑
n=1

EXn (10)

B=
∑
X=A,B

N∑
n=1

BXn. (11)

The integrals in (8) and (9) can be calculated numerically.
We will now elucidate the conditions under which our

antenna functions in the desired manner, specialising to
vacuum (µ=µ0 and k= k0) for a direct comparison with
the results presented in [22] and summarised in section 2.
The antenna is designed to generate an approximation to an
unusual electromagnetic disturbance internally, near the ori-
gin (r= 0). Let us focus, therefore, on a spherical region of
radius rmax inside the antenna (0< rmax < R), centred on the
origin (0≤ |r|≲ rmax). Assuming that the antenna is many
wavelengths in radius (k0R≫ 1) and that we are in the far-field
regime with respect to each of the elements (k0(R− rmax)≫
1), we neglect near-field terms and thus see (8)–(11) reduce to

E≈ℜ

{ ∑
X=A,B

N∑
n=1

ˆ L/2

−L/2

iµ0ω0I0Xnwei(k0|r−rn−ûXnl|−ω0t+φ0Xn)

4π|r− rn− ûXnl|[
ûXn−

(r− rn− ûXnl)
|r− rn− ûXnl|

ûXn · (r− rn− ûXnl)
|r− rn− ûXnl|

]
dl

}
(12)

B≈ℜ

[ ∑
X=A,B

N∑
n=1

ˆ L/2

−L/2

iµ0ω0I0Xnwei(k0|r−rn−ûXnl|−ω0t+φ0Xn)

4πc|r− rn− ûXnl|

(r− rn− ûXnl)× ûXn
|r− rn− ûXnl|

dl

]
. (13)

Assuming that the spherical region lies sufficiently well within
the antenna (rmax ≪ R) that the electromagnetic wave pro-
duced by each element appears planar, we take

1
|r− rn− ûXnl|

≈ 1
R
, (14)

eik0|r−rn−ûXnl| ≈ eik0(R−r·̂rn), (15)

ûXn−
(r− rn− ûXnl)
|r− rn− ûXnl|

ûXn · (r− rn− ûXnl)
|r− rn− ûXnl|

≈ ûXn (16)

(r− rn− ûXnl)× ûXn
|r− rn− ûXnl|

≈ ûXn× r̂n (17)

and thus see (12) and (13) reduce further still to

E≈ℜ

{ ∑
X=A,B

N∑
n=1

iµ0ω0I0XnWei[k0(R−r·̂rn)−ω0t+φ0Xn]

4πR
ûXn

}
(18)

B≈ℜ

{ ∑
X=A,B

N∑
n=1

iµ0ω0I0XnWei[k0(R−r·̂rn)−ω0t+φ0Xn]

4πcR
ûXn× r̂n

}
(19)

with

W=

ˆ L/2

−L/2
wdl, (20)

where we have used L= λ0/2≪ R. Assuming that there are
a large number of element pairs (N≳ 16πr2max/λ

2
0) and that

these are indeed uniformly distributed, we replace the discrete
summation over N with a continuous integral over 4π sr and
thus see (18) and (19) reduce finally to

E≈ℜ

{ˆ 2π

0

ˆ π

0

iµ0ω0NWei{k0[R−r·̂r(ϑ,φ)]−ω0t}

16π2R[
I0A(ϑ,φ)e

iφ0A(ϑ,φ)θ̂(ϑ,φ)

+ I0B(ϑ,φ)e
iφ0B(ϑ,φ)ϕ̂(φ)

]
sinϑdϑdφ

}
(21)

B≈ℜ

{ˆ 2π

0

ˆ π

0

iµ0ω0NWei{k0[R−r·̂r(ϑ,φ)]−ω0t}

16π2cR[
I0A(ϑ,φ)e

iφ0A(ϑ,φ)ϕ̂(φ)

− I0B(ϑ,φ)e
iφ0B(ϑ,φ)θ̂(ϑ,φ)

]
sinϑdϑdφ

}
, (22)

where we have introduced continuous peak electric current
functions I0X = I0X(θ,ϕ) as well as continuous phase constant
functions φ0X = φ0X(θ,ϕ) defined such that I0Xn = I0X(r̂n) and
φ0Xn = φ0X(r̂n) (X ∈ {A,B}, n ∈ {1, . . . ,N}). To generate an
(approximate) unusual electromagnetic disturbance of the first
kind we take the I0X and theφ0X to be constants, corresponding
to each A-type element having the same (possibly zero) peak
electric current and phase constant and similarly for each B-
type element; (21) and (22) become

E≈ℜ

{
E0

[
Ã ′
0 (ŝg+ ẑh)+ iB̃ ′

0ϕ̂f
]
e−iω0t

}
(23)

B≈ℜ

{
E0

c

[
iÃ ′

0ϕ̂ϕϕf− B̃ ′
0 (ŝg+ ẑh)

]
e−iω0t

}
(24)
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Table 1. Cartesian coordinates of the element pairs for the specific embodiment of our antenna considered in section 4, where
g= (1+

√
5)/2 is the golden ratio.

n
√
3xn/R

√
3yn/R

√
3zn/R n

√
3xn/R

√
3yn/R

√
3zn/R

1 1 1 1 11 0 −1/g −g
2 −1 1 1 12 0 1/g −g
3 −1 −1 1 13 g 0 1/g
4 1 −1 1 14 g 0 −1/g
5 1 1 −1 15 −g 0 −1/g
6 −1 1 −1 16 −g 0 1/g
7 −1 −1 −1 17 1/g g 0
8 1 −1 −1 18 −1/g g 0
9 0 1/g g 19 −1/g −g 0
10 0 −1/g g 20 1/g −g 0

with

E0Ã
′
0 =

iµ0ω0NW
8πR

I0Ae
i(k0R+φ0A) (25)

E0B̃
′
0 =− iµ0ω0NW

8πR
I0Be

i(k0R+φ0B). (26)

Comparing (23) and (24) with (1) and (2) we see that the
antenna can indeed generate an (approximate) unusual elec-
tromagnetic disturbance of the first kind, as desired. A rotated
and/or translated version of this disturbance can be generated
using suitably modified forms for the I0X and/or the φ0X. To
generate an (approximate) unusual electromagnetic disturb-
ance of the second kind we need only superpose the electric
current distributions associated with each of its constituent
unusual electromagnetic disturbances of the first kind.

In summary, our antenna is a spherical array of radiating
dipolar elements configured to approximate the desired elec-
tromagnetic field near its centre. This design is arguably the
simplest possible, given the reciprocal-space interpretation of
the unusual electromagnetic disturbances (‘... a continuous
spherical superposition of plane electromagnetic waves...’).

4. A specific embodiment

In this section we consider a specific embodiment of our
antenna configured to generate an approximation of an elec-
tromagnetic tangle with Ã ′

0 = 1/
√
2 and B̃ ′

0 = i/
√
2 at a fre-

quency of f 0 = 2.45GHz. We work in vacuum and focus on
the electric field.

Our embodiment consists of 2N= 40 elements in the form
of half-wave dipoles (L= λ0/2= 6.12cm), arranged in pairs
on the vertices of a dodecahedron [26] with circumradius equal
to five wavelengths (R= 5λ0 = 61.2 cm) as indicated in table 1
and shown in figure 1. We take

I0Ae
iφ0A = I0e

i(−k0R−π/2) (27)

I0Be
iφ0A = I0e

i(−k0R+π), (28)

where I0 is a peak electric current. This corresponds to Ã ′
0 ∝

1/
√
2 and B̃ ′

0 ∝ i/
√
2, as can be seen by comparing (27) and

(28) with (25) and (26).

Figure 1. The specific embodiment of our antenna considered in
section 4. Included is a 5× magnified view of the n= 1 element
pair.

We only expect our antenna to generate a good approxim-
ation of the exact electromagnetic tangle within a spherical
region of radius

rmax = λ0

√
N

16π
= 0.63λ0, (29)

centred on the origin (r= 0). This conclusion can be reached
by considering the surface area of the sphere to be divisible
into N patches of area equal to a half wavelength squared
(λ2

0/4); within the spherical region the (discrete) array of ele-
ments that comprise the antenna is essentially indistinguish-
able from the continuous distribution required in the exact
case. Outwith the spherical region the discrete nature of the
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Figure 2. A 3D composite of 2D density plots of the
root-mean-square Erms of the electric field in the x= 0, y= 0 and
z= 0 planes inside the specific embodiment of our antenna
considered in section 4 (0≤ |r| ≤ R). Included is a 2.5× magnified
view centred on the origin (r= 0). Regions where
4πErms/0.71µ0ω0I0 > 1 are coloured red; these coincide with the
positions of element pairs. The density plots were calculated
numerically.

array becomes apparent and we expect the approximation to
break down accordingly.

To quantify the degree of localisation of our (approximate)
electromagnetic tangle we numerically calculated the root-
mean-square Erms = Erms(r) of the electric field, given by

Erms =

√
1
T0

ˆ t0+T0

t0

|E|2dt, (30)

where t0 is an arbitrary initial time. The variation of Erms is
shown in figure 2, where it can be seen that Erms takes on a
local maximum value of 0.71µ0ω0I0/4π at the origin (r= 0);
the (approximate) electromagnetic tangle is reasonably well
localised, as desired.

To quantify the structure of the electric field lines of our
(approximate) electromagnetic tangle at time t, we numeric-
ally integrated the streamline equation

de(τ)
dτ

=
E[e(τ), t]
|E[e(τ), t]|

, (31)

giving the trajectory e= e(τ) of an electric field line as

e(τ) = e(0)+
ˆ τ

0

E[e(τ ′), t]
|E[e(τ ′), t]|

dτ ′, (32)

where e(0) is the seed position, τ is the integration
length and we have assumed that the electric field is non-
zero (E[e(τ ′), t] ̸= 0, 0≤ τ ′ ≤ τ ). The exact electromagnetic
tangle is an electromagnetic standing wave with cylindrical
symmetry about the z axis and an electric field that vanishes
everywhere at time t= (1/2+ q)T0/2, where q ∈ {0,±1, . . .}
is an integer; the structure of the electric field lines at other
times (t ̸= (1/2+ q)T0/2) is static and each electric field line
passes through the positive x axis. For the sake of brevity and
without significant loss of generality we focus, therefore, on
the structure of the electric field lines of our (approximate)
electromagnetic tangle at t= 2πq with seed positions on the
positive x axis (e(0) = ex(0)x̂ with 0< ex(0)< rmax). A col-
lection of electric field lines with different seed positions are
shown in figure 3 for integration lengths of τ = 10λ0, τ = 20λ0

and τ = 30λ0, where a dichotomy can be seen: electric field
lines seeded close to the z axis quickly exit the spherical region
0≤ |r|≲ rmax and go on to trace out chaotic paths quite dis-
tinct from those seen in the exact electromagnetic tangle, in
accordwith the discussion surrounding (29); electric field lines
that remain within the spherical region 0≤ |r|≲ rmax, how-
ever, are torus knots (including the trivial ‘knot’) qualitatively
similar to those found in the exact electromagnetic tangle, as
desired. A selection of the latter electric field lines are plotted
individually in figure 4 for τ = 30λ0, where their torus-knotted
forms can be seen clearly. Note that these electric field lines
co-exist and are linked with each other.

We note for completeness that our antenna also generates
linked and torus-knotted magnetic field lines with an overall
structure similar to that of the electric field lines only shifted
in time by a quarter cycle, as is the case for the exact electro-
magnetic tangle.

In summary, a specific embodiment of our antenna with a
radius of R= 5λ0 = 61.2 cm and only N= 20 element pairs
driven at a frequency of f 0 = 2.45GHz can yield linked and
torus-knotted electric and magnetic field lines approximating
those of an exact electromagnetic tangle, as desired.

5. Outlook

There is much still to be done, most notably the experimental
realisation of our antenna.

We have taken our antenna to be embedded in a simple
medium; a transparent, isotropic, homogeneous, linear dielec-
tric. It might prove fruitful to consider other, more exotic
media such as microwave metamaterials, for example. We
thank an anonymous referee for this suggestion.

Our antenna could be used to locally excite plasma. One
motivation for doing so is the possible connection hypothes-
ised in [27] between unusual electromagnetic disturbances and
the as-yet unexplained natural phenomenon of ball lightning
[28]; a modern take, perhaps, on some old ideas [4, 29].

Although our focus in this paper has been on the microwave
domain, we recognise that analogous ideasmight be pursued in
other frequency domains. For example: amonochromatic elec-
tromagnetic knot might be generated in the visible domain by
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Figure 3. Streamline plots of electric field lines inside the specific embodiment of our antenna considered in section 4. A total of 11 electric
field lines have been seeded at 11 positions equally spaced along the positive x axis in the range (0,λ0/2]. Segments of electric field lines
that lie outwith a spherical region of radius rmax = 0.63λ0 centred on the origin (r= 0) are coloured red; these segments are not expected to
behave in the desired manner. The streamlines were calculated numerically using the fourth-order Runge–Kutta method with a step size
equal to λ0/100.

Figure 4. Streamline plots of 5 individual torus-knotted electric field lines and a trivially ‘knotted’ electric field line inside the specific
embodiment of our antenna considered in section 4. The seed position e(0) of each field line has been chosen carefully such that the line
closes on itself within the integration length. The streamlines were calculated numerically using the fourth-order Runge–Kutta method with
a step size equal to λ0/100.

6
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superposing multiple laser beams or perhaps more elegantly
by exciting the appropriate modes in an optical cavity.
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