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Abstract
In this paper a practical procedure for the wind load reconstruction inversely from the response measurements
is presented. According to a previous study of the authors, the augmented impulse response matrix (IRM)
of the structure can be generated for different response types i.e. displacement and acceleration. In this way,
just the modal parameters of a system namely eigenfrequencies and -vectors as well as the damping ratios
should be known. For the sake of higher accuracy and computational efficiency, the load identification is
performed in the modal subspace by Tikhonov regularization, which demands to decompose the measured
responses by means of the modal parameters into the modal responses. Through the numerical simulation
of the problem based on a full-scale finite element model of an instrumented guyed mast, the acceleration
and displacement responses are used to identify the applied wind load. The results show that displacement
response is the more consistent response type for this wind load reconstruction procedure.

1 Introduction

There are many cases in structural dynamics and vibrations, in which the applied loads, e.g. wind excitation,
cannot be measured directly. The knowledge on the dynamic loads properties can be considerably useful in
different ways including in the pre- or post-analysis, for instance in structural health monitoring or failure
analysis [9]. Hence the recovery of the dynamic loads or the so-called “load identification” inversely from
the response measurement (an inverse problem) becomes important. If it is to reconstruct the applied load in
time domain where usually an impulse response matrix (IRM), as the discrete form of convolution integral,
is used then the deconvolution problem is usually ill-posed due to the ill-conditioning of the IRM and noise
presence in measured responses. There are several techniques for solving the force reconstruction problem,
thus the reader is referred to the literature e.g. [12] for more information. However it is well-known that
regularization methods, especially Tikhonov regularization [5, 14], are the techniques, which generally aim
at providing a stable solution, no matter how much the IRM is ill-conditioned [8], but indeed the optimal
regularization parameter must be properly determined. In this regard there exists two methods of generalized
cross validation (GCV) [15] and L-curve [11, 6] for finding the optimal regularization parameter, while no
additional information about the measurement noise is required.
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The introduced procedure has been examined for both displacement and acceleration responses as the two
common types of responses in the experimental and field measurement purposes. The procedure is verified
through the numerical analysis for a 9.1 m (30 f t) meter tall instrumented guyed mast, which serves as a
weather station tower in the Hydrological Open Air Laboratory Petzenkirchen [1]. The wind load along
the mast has been generated numerically by simulation of the linear fluctuating part of the wind speed.
The measured responses were obtained from the finite element model of the mast structure under wind
excitations. The results represent the capability of the developed procedure for wind load identification of
the real structures with significant number of degrees of freedoms.

2 Development of the modal wind load identification

2.1 Basic equations

The aim is to set up an augmented version of the impulse response matrix for dynamic response analysis of
the systems in an input-output scheme. For this purpose, the classically damped equation of motion for a
multiple degrees of freedom linear system is considered [16].

mü+ cu̇+ku = p(t) (1)

In the above relation u, m, c, k denote the displacement, mass, damping and stiffness matrices of the system
as well as the dynamic force p, which acts on the system’s degrees of freedom. An uncoupled set of single
degree of freedom systems can be obtained in modal coordinates through these substitutions u(t) = ΦΦΦq(t)
and P = ΦΦΦ

T p:

q̈+2 diag[ζiωi] q̇+diag[ω2
i ] q = P(t) (2)

where ζi, ωi stand for the damping ratio and natural circular frequency at ith mode respectively.
Each single equation in the system of Eq. (2) may be solved by means of convolution (Duhamel’s integral)
and the response in all modal coordinates in a compact form is q1 (t)

...
qn (t)

=
∫ t

0

 h1(τ) 0
. . .

0 hn(τ)




P1(t− τ)
...

Pn(t− τ)

dτ =
∫ t

0
h(τ)ΦΦΦT p(t− τ)dτ (3)

where n denotes the number of degrees of freedom. The impulse response function h(τ) can be derived
mathematically by solving the SDOF equation of motion.

In order to obtain the modal responses, the preceding integral can be numerically evaluated for each mode
independently. For the sake of a higher accuracy, the modal response is approximated by the trapezoidal rule,
which produces the input-output relation in terms of matrix multiplication through a so-called augmented
impulse response matrix for different response types (acceleration and displacements) [10]:

{qi}=
[
h̄di

]
{Pi} (4a)

{q̈i}=
[
h̄ai

]
{Pi} (4b)

While l is equal to the total number of time steps, then {
[
h̄di

]
,
[
h̄ai

]
} ∈ Rl∗l stand for the augmented modal

displacement and acceleration impulse response matrices (IRM) at the ith mode, whose corresponding im-
pulse response functions can be computed from the following equations.

hi(t) =
e−ζi ωi t

Mi ωdi

sinωdi t (5a)

ḧi(t) =
1

Mi

[
δ (t)− e−ζiωi t

ωdi

(2ζiωiωdi cosωdi t +ω
2
i sinωdi t)

]
(5b)
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In the above relations δ (t) and ωdi are Dirac delta f unction and the damped natural circular frequency,
respectively. Note that the modal shapes are usually scaled so that the modal masses become equal to unity
(Mi = 1). For more details on the calculation of augmented response matrices, the readers are referred to
[10].

One needs to decompose the measured response in order to solve the Eqs. 4 for the applied modal loads.
For the case of fully measured degrees of freedom q(t) = ΦΦΦ

−1u(t) gives the modal responses. However
in reality just a limited number of measurement points on the structure are available. Hence one needs to
exploit another available approximate solution like the least square by means of ΦΦΦ

† =
[
ΦΦΦ

T
r ΦΦΦr

]−1
ΦΦΦ

T
r , which

is the pseudo inverse of the incomplete mode shapes matrix. Consequently:

q̃(t) = ΦΦΦ
†
r ur(t) (6)

where q̃(t), ΦΦΦr and ur(t) denote respectively the approximated modal response, reduced identified mode
shapes and measured response vector at sensor locations, all for a number of identified modes. The study on
the optimal number/configuration of the sensor stays out of the scope of this contribution. But in order to
make q̃(t) closer to its exact value there should exist more sensors than the desired number of the decomposed
modal responses. Moreover all the modal responses in a certain frequency range of measurement must be
decomposed. As a result a numerical simulation before the sensor installation can be useful to get an insight
into the smallest possible number of sensors and their configuration.

Having created the modal IRMs and calculated the modal responses, P̃i i.e. the estimated applied wind load
at each vibration mode of the structure can be identified by means of different regularization methods. Here
Tikhonov regularization method, which has received much attention and investigations in the literature has
been used:

min
{∣∣∣∣q̃i− h̄i P̃i

∣∣∣∣2 +λ
2
i

∣∣∣∣P̃i
∣∣∣∣2} (7)

wherein ||.|| represents the Euclidean norm. In order to solve the above problem for the applied modal wind
load, the regularization parameter, namely λi, must be determined in advance. The methods of L-curve and
GCV were both utilized for finding the optimal regularization parameter. In this way, there is an advantage
that the Tikhonov solutions corresponding to each method can be cross-checked too.

If the identified load is to be used for further analyses on a modified version of the initial structure for
generating its totally unknown response field under the same wind loading, then it is necessary to be able to
transfer the identified modal wind loads of the primary structure P̃St1 to the modal subspace of the modified
one to determine the modal wind loads of the modified structure P̃St2 . Therefore it is looked for a transfer
matrix T, so that the modal subspaces can be exchanged. Consider P = ΦΦΦ

T p and the fact that the wind load
p in the physical subspace is identical for both structures, therefore:

TP̃St1 = P̃St2 ⇒ TΦΦΦ
T
St1 = ΦΦΦ

T
St2 (8)

Right multiplication by mSt1ΦΦΦSt1 , while ΦΦΦ
T
St1mSt1ΦΦΦSt1 = I, then it renders:

T = ΦΦΦ
T
St2mSt1ΦΦΦSt1 (9)

2.2 Modal wind load identification procedure steps

Herein the steps of the wind load identification procedure is presented, as follows:

1. Identify the modal characteristics of the structural system through a system identification method in
conjunction with the modal anlysis.

2. Establish the impulse response matrix of the system for a number of first modes of vibration (seeEq. (4)),
dependent to the number of modes that can be identified well.
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3. Decompose the measured responses acquired from different sensor channels mounted on the structure
with respect to those modes by means of Eq. (6).

4. Check the validity of the decomposed modal responses by means of its power spectrum or simply its
Fourier transform, in which there should exist just one significant peak corresponding to the associated
natural frequency of the structure .

5. Find the optimal regularization parameter for each mode by L-curve or GCV method and then solve
Eq. (7) for modal wind loads.

6. Transfer the identified modal wind load to another structure’s modal subspace if required, through
Eqs. (8).

3 Evaluation of the wind load identification procedure

The introduced procedure will be numerically evaluated through simulation of the wind load identification
problem for a guyed mast, serving as a weather station tower. The structural details of the mast side view
are represented in Fig. 1a. The mast structure consists of three parts, each of which is made up of three main
legs with the horizontal and diagonal braces. The guys connected to the third part of the mast, also provide
lateral support for the structure from three sides. The full-scale finite element model of the structure that was
created in slangTNG [2] is schematically depicted in Fig. 1b. The structural damping was set up according
to Rayleigh damping, such that the damping ratio of the first two modes was set equal to 1%. The first eight
eigenfrequencies of the structure together with the damping ratios are given in Table 1.
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Figure 1: The representation of the mast structure and the sensor configuration details

3.1 Calculation of the noisy measured response

The displacement and acceleration responses of the mast to the wind excitations has been calculated by means
of Newmark method. The wind loads were generated from digital simulation of the linear fluctuating part of
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Mode 1 2 3 4 5 6 7 8
Eigenfrequency (Hz) 3.031 3.227 3.337 5.5240 5.685 6.065 8.246 8.816
Damping ratio (%) 1.00 1.00 1.00 1.16 1.18 1.22 1.51 1.63

Table 1: The first eight natural frequencies and damping ratios of the structure

the wind pressure and applied in two in-plane perpendicular directions along the mast. In order to generate
the fluctuating wind pressure, the fluctuating wind speed along the mast was simulated as belonging to an 18-
variate single dimensional stationary random process based on Solari’s wind power spectrum, independently
in each direction. By this, the attack angle can also randomly change, since just the fluctuating part of wind
load is going to be identified.

According to Davenport concept [4], the quadratic fluctuating part of wind load was neglected. The fluctu-
ating wind pressure components due to the wind speed acts on the projected exposed areas of the mast ele-
ments, which renders the exerted wind load. The fluctuating wind load at different heights, zp {p = 1, ...,18},
was computed in combination with the power law, Eq. 10 [13, 7]:

fw(t,z)x,y = ρ A(z)Cd V̄10

( z
10

)α

V (t)x,y (10)

where ρ , A(z), Cd and V̄10 denote respectively the air density, the mast element exposed area, drag coefficient
and the mean wind speed at 10 m height as well as the fluctuating wind speed, V (t)x,y, which is simulated
digitally as described above.

The resulted wind load is applied as tributary nodal forces along the structure, which correspond to the
elements area of each mast panel. The 10 m height mean wind speed was taken equal to 10 ms−1 and
frequency upper-bound of the wind speed spectrum was set to 7 Hz that covers the first six vibration modes,
thus the sampling rate for fluctuating wind speed simulation was taken equal to 14 s−1. The displacement and
acceleration responses were obtained from an almost evenly distributed configuration of the virtual sensors
along the mast at seven sensor locations as marked by [S1 : S7] in Fig 1a. While at locations [S1 S3 S5 S7] the
response in two horizontal directions was measured, at the rest of the locations the response was additionally
obtained just in one direction.
The noise-polluted response is then computed according the following definition at location i:

USinoisy = USi +nlev ∗σi ∗Wn (11)

where USi denotes the measured response, whose standard deviation is σi. The artificial noise, Wn, is gen-
erated by means of white noise Gaussian signal rescaled to have values between [−1 : 1], while the noise
magnitude is controlled by the noise level nlev.

3.2 Decomposed modal responses

The modal responses were derived according to the mode shape data and the responses at the sensor locations.
For this purpose the measured responses were decomposed by Eq. 6 for the first six modes, which are
contained in the excitation frequency range.

The validity of the decomposed modal responses can be examined by the modal response spectrum plot, in
which there must exist only one dominant vibration frequency pertaining to the natural frequency of system
in that mode. As such the Welch spectra of the decomposed modal responses of excited modes were plotted
to check this criterion. In Figs. 2 the power spectrum of the displacement and acceleration response is
represented respectively.
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Figure 2: The decomposed modal responses corresponding to the first vibration mode

3.3 Results of the reconstructed modal wind loads

In order to evaluate the introduced method’s capability, the wind load identification was performed based
on the decomposed measured displacement and acceleration responses. The results pertaining to the first
three modes were provided in terms of the comparison between the time histories of the identified and actual
modal wind loads as well as their corresponding power spectrums.

In Figs. 3 and 4 respectively the reconstructed wind load time history from displacement and acceleration re-
sponse with nlev = {5%,15%} for the first vibration mode were plotted together with their power spectrums.

Mode
nlev = 5% nlev = 10% nlev = 15%

L-curve GCV L-curve GCV L-curve GCV

1st
ρc 0.9999 0.9990 0.9973 0.9974 0.9945 0.9949
Re 4.5 4.4 7.0 6.9 9.8 9.4

2nd
ρc 0.9993 0.9993 0.9988 0.9986 0.9976 0.9977
Re 3.6 3.6 4.8 4.8 6.8 6.8

3rd
ρc 0.9996 0.9997 0.9994 0.994 0.9988 0.9986
Re 2.5 2.5 3.1 61 4.4 4.4

* GCV failure in finding the optimal regularizion parameter

Table 2: Result analysis associated with the reconstructed modal wind loads from displacement response
ρc: Coefficient of correlation and Re: Relative error (%)

The detailed results analysis pertaining to the measured displacement and acceleration responses are pre-
sented in Tables 2 and 3. For observing the effect of the noise magnitude on the reconstructed loads, the
modal wind loads were reconstructed from responses with different noise levels, nlev. In those tables the
coefficient of the correlation, 0 ≤ ρc ≤ 1, represents the degree of trend similarity between the identified
and actual wind loads at each mode, where the closer values of ρc to one yields the more linear correlation
between the actual and identification results and vice versa [3]. On the other hand by means of the relative
error index i.e. Re defined in Eq. 12, it is possible to find out that the identified load of which measured
response type, i.e. displacement or acceleration, is more sensitive to the rise in noise magnitude contained in
the measurement data.

Re(%) =
∣∣∣∣P̃i−Pi

∣∣∣∣/ ||Pi|| ∗100 (12)

In Eq. 12, P̃i and Pi stand for identified and actual modal wind loads. As illustrated in Figs. 3 and 4,
first of all the displacement-based reconstructed modal wind loads have higher accuracy at the same noise
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Figure 3: Time history and power spectrum of the reconstructed first mode wind load from displacement
response
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Figure 4: Time history and power spectrum of the reconstructed first mode wind load from acceleration
response
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level compared to their acceleration-based counterparts. However the increase of the noise level reduces the
quality of the load identification of both of them, which can be also perceived from the Re values in Tables 2
and 3. Furthermore the GCV method is indeed likely to fail in providing a proper Tikhonov parameter
for solving the inverse problem especially based on the acceleration response. Several runs of the load
identification procedure confirm this statement, that is also observable as an example in Fig. 4 with nlev =
15%. Consequently those results were not given in Table 3. The same occurred in some cases when the
displacement response was utilized, which are marked by (∗) in Table 2. Contrarily, L-curve usually located
the the Tikhonov parameter correctly although the quality of its corresponding solution, depending on the
measured response type or noise level, can vary.

Mode
nlev = 5% nlev = 10% nlev = 15%
L-curve L-curve L-curve

1st
ρc 0.94 0.91 0.79
Re 31 47 58

2nd
ρc 0.97 0.95 0.87
Re 23 35 53

3rd
ρc 0.99 0.97 0.93
Re 16 26 35

Table 3: Result analysis associated with the reconstructed modal wind loads from acceleration response
ρc: Coefficient of correlation and Re: Relative error (%)

In Fig. 5 the singular values of the displacement and acceleration augmented IRMs for the first vibration
mode were demonstrated, which represent a gradual decay of the singular values due to the ill-conditioning
of IRM. The smallest singular value of displacement and acceleration IRM is approximately zero due to
the zero initial conditions assumption. This figure demonstrate that acceleration IRM has more significant
decay of singular values compared to those of the displacement IRM, which yields to larger ill-conditionig.
Consequently the quality of displacement-based identified modal wind loads is less sensitive to the noise
levels magnitude at different modes, that makes it more attractive and superior over acceleration-based wind
load reconstruction.

The displacement-based reconstructed modal wind loads have sufficient accuracy even for relatively high
noise levels. In the frequency domain this good quality remains intact up until the corresponding mode’s
vibration frequency and afterwards deviates with an intensity depending on the noise level. Thus, unlike the
acceleration-based case, this give rise to the identified loads with the correct background signals, composed
of the lower frequency components at each mode (see power spectrums in Fig. 3), what is indeed of high
interest in wind induced vibration application.

4 Conclusion

In this contribution a procedure for the inverse wind load reconstruction from measured structural responses
of the large degrees of freedom structures was introduced. It was tried to keep the procedure practically
applicable and solely based on the data that can be obtained via vibration response measurements, so that
extra assumptions for unmeasured degrees of freedom responses or mass and stiffness matrix setup are not
required. But instead just the modal properties of the structural system, which can be obtained directly from
the vibration measurements are demanded, in order to generate the augmented impulse response matrix of
the system and decompose the measured responses into the modal contributions.

It was found out that the measured displacement response is more appropriate for load identification purpose,
due to the higher power of displacement signal in lower frequencies and less ill-conditioning of the modal
displacement impulse response matrix compared to those of the modal acceleration. The background signal
of wind load is correctly reconstructed from displacement response whereas the noise-related discrepancy
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Figure 5: Singular values of impulse responses matrices for the first mode

emerges in the high frequency components of the identified load signal above the natural frequency of the
corresponding mode.

Consequently according to the introduced procedure in this study, the modal wind loads can be recovered
from the measured displacement response properly, without bearing substantial accuracy drop even in the
presence of relatively high amount of noise in the measured signal for relatively long time-lengths.
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