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(3) 

where the symbols have the same meaning for the sPTT as above but now the FENE
p function is fF = 1 + 3/(L2 

- 3) + (}i,/77pL
2)Tr(tp), a= L2 /(L2 

- 3) and L2 is 
now called the extensionalibilty parameter. DfF/Dt represents the substantial or 
material derivative ( = a fF I at + u. a fF I ax + v. a fF I ay + w. a fF I az ). Note the 

underlined term can also be expressed equivalently as -[A"Cp + a17p l]fF 
D(l/fp)

_
Dt 

For any homogeneous steady flow at a constant deformation rate, such as steady
state simple shear flow or extension planar/uniaxial, D fF /Dt = 0 and thus, the 
underlined term on the right-hand side ofEq. (2) will vanish with the FENE-P model 
obtaining a similar expression to Eq. (1) of the sPTT model. For values of L2 

» 3,
a tends to one and the function fF therefore simplifies to: 

(3) 

where now the FENE-P and sPTT models can be seen to be identical under the 
transformation E = 1/L2 

• Thus, in the limit thatL2 
» 3, the FENE-P and sPTT 

material properties (using E = 1/L2) should be identical. We show this in Figure 1 
for L2 = 5000 (E = 0.0002) and including a solvent viscosity contribution of /3 = 

7] /7]0 = 1/9 where 1]
5 

is the solvent viscosity contribution and 770 = 1]
5 

+ 7]p is the 
5

total viscosity (although as this is a linear addition, this precise value of solvent 
contribution is insignificant in demonstrating this equivalence). 

In Figure 2 we also show that this equivalence holds in planar extensional flow under 
the same conditions. 

In fact, closer examination of the reduced equations for both models in pure-shear 
flow shows (not shown here for conciseness but the interested reader is welcome to 
confirm for themselves) that the analogy between the models can be pushed further. 
Doing so, demonstrates that the equivalence E = 1/a2L2 provides shear viscosity 
expressions which are identical between the two models for all values of the 
respective extensionability parameters (E, L2). Unfortunately, this exact equivalence 

is observed only for the shear viscosity whilst, for the other material properties, E = 

1/L2 remains a better approximation for all values of the extensionability 
parameters. 

Once a model's shear viscosity response is known, this information is then sufficient 
[2] to obtain analytical ( or semi analytical) solutions to any steady fully-developed 
-shear flow such as Couette, pipe, channel or annuli. To test our hypothesis that
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Figure 1. Comparison of rheological properties in steady shear flow between sPTT 
(E = 0.0002) and FENE-P (L2 = 5000) models with f3 = 1/9: normalized shear 
viscosity (1J) and the normalized first normal stress difference (N1 = rxx - T
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Figure 2. Comparison of the normalized extensional viscosity ( 1Je ) in planar 
extensional flow between sPTT (E = 0.0002) and FENE-P (L2 = 5000) models 
with/3 = 1/9. 
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Figure 3. Channel flow velocity profiles along the transverse direction at Wi =100, 
obtained from analytical solutions for the sPTT [7] and FENE-P [8] models for E = 
0.001, L2 

= 1000 (a2 L2 ~1000) and also E = 0.1 and L2 
= 9.32 such that a2 L2 

= 

10. 

the sPTT and FENE-P models are identical in such flows we thus compare in Figure 
3 the independent analytical solutions derived for channel flow for the sPTT model 
[7] and the FENE-P model [8] for E = 0.001, L2 

= 1000 (a2L2 ~1000) and also 
E = 0.1 andL2 

= 9.32 such thata2L2 
= 10 at Weissenberg =100 (Wi = Ar). As 

can be seen, a perfect agreement is obtained. 

Thus, solutions obtained for the sPTT model in such flows, but not yet independently 
for the FENE-P, do not now need to be derived. Examples for the sPTT include 
annular flow solutions due to cylinder rotation in a concentric annulus [9], or channel 
flows with slip [10], electro-osmotic Poiseuille flows [11] or thin-film flows [12]. 
For the FENE-P there is a nice solution for capillary thinning in uniaxial extension 
[ 13] and a boundary layer approximation [ 14] which should be equally valid for the 
sPTT.

Others have previously discussed similarities between the PTT model and the 
extended porn porn (XPP) model [ 15] and also between a modified FENE-P equation 
and the sPTT [6] but the rather general connection we discuss here does not seem to 
have been explicitly stated in the literature before and was, indeed, unknown to one 
of the originators of the PTT model [16]. 

 



Although the response of the two models in steady viscometric flows is essentially 
identical for E = l / L 

2 when L 
2 

» 3, this does not mean the results in more complex 
flows - where the underlined term in Eqn. 3 is not identically zero - will necessarily 
be the same. In such flows, the effects of non-homogenous flow/Lagrangian 
unsteadiness may result in differences between the models and indeed cause the 
functions fs and fF to differ for example if complexity in the flow/flow history 
causes Tr(Tp) to differ between the two models. We have investigated some 
complex flows and observed that in the cross-slot flow for example the differences 
between the two models - for a case of high L 

2 and low E - is small and the same 
critical Weissenberg number for bifurcation to a steady asymmetric solution is 
observed [ 17]. In contrast for flow through a hyperbolic contraction-expansion 
geometry [18] (the "eVROC" geometry) the differences between the models can be 
more substantial with the FENE-P model even predicting a small enhanced pressure
drop compared to the sPTT model's well-known inability to do so [5]. 

In this short paper we have identified some situations in which the sPTT model, 
derived from network theory, and the FENE-P model, derived from kinetic theory, 
are identical. Although in complex, Lagrangian unsteady flows this equivalence 
between the two models no longer formally holds, the differences - at least in 
Eulerian steady flows we have examined - are not large. Thus, for practical 
purposes, we posit that quantities of interest from complex flows such as the steady 
drag on a sphere or cylinder in a confined flow for one model may be reasonably 
approximated, at a given Deborah or Weissenberg number, from the other and vice 
versa. In the limit of small Deborah number, as this is a measure of Lagrangian 
unsteadiness, they should converge. 

Finally, we should end on a cautionary note. As the results shown here attest, simply 
matching the steady material properties of a model to measured values for a 
viscoelastic liquid- even if the matching includes both shear and extensional (in all 
modes) and the normal-stress differences - is no guarantee that the model will then 
be "accurate" (in the sense of predicting the experimental response) in complex 
steady or time-dependent flows. 
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