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Abstract 

In liquid–solid adsorption fluid film diffusion is typically faster than intraparticle diffusion, 

especially for microporous adsorbents. However, fluid film diffusion might play a significant role in the 

process overall rate for mesoporous-macroporous and non-porous solids. In most adsorption modeling 

studies, the fluid film diffusion step is typically ignored, which is not always justified. This paper 

critically discusses the theory behind the liquid–solid mass transfer coefficient in batch systems, and 

presents the dissolution and adsorption methods adopted for estimating its value. Then, starting from the 

definition of the Biot number, an original analysis is developed with reference to selected studies. Surface 

vs. pore diffusion of the adsorbate in the sorbent is taken into account, and external vs. internal mass 

transfer resistance is considered so to put the fluid film resistance back in the picture when needed. Iso-

Biot charts where the operating points can be visualized are presented as well. 
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Nomenclature 

 

Bi  Biot number        [–] 

𝐶0
̅̅ ̅  average initial value of the adsorbate concentration in the fluid   [M/L3] 

𝐶𝑒  adsorbate concentration in the fluid under equilibrium conditions  [M/L3] 

𝐶�̅�  average adsorbate concentration in the fluid at time t   [M/L3] 

𝐶𝑡,𝑟=𝑟𝑝
  adsorbate local concentration (at time t) in the fluid in correspondence  [M/L3] 

of the solid external surface  

𝔇𝑝  diffusion coefficient of adsorbate in the sorbent pores    [L2/t] 

𝔇𝑠  diffusion coefficient of adsorbate in the solid phase    [L2/t] 

𝐾𝐿  equilibrium constant       [L3/M] 

𝑘𝑓  mass transfer coefficient in the fluid film    [L/t] 

𝑘𝑓,𝑚𝑖𝑛  minimum value for mass transfer coefficient in the fluid film  [L/t] 

𝑚𝑠  ratio between solid mass and liquid volume    [M/L3] 

𝑁/𝑁𝑠  ratio between agitation speed and its critical value   [–] 

𝑞  local adsorbate concentration in the solid    [M/M] 

𝑞0̅̅ ̅  adsorbate concentration in the solid, in equilibrium with 𝐶0
̅̅ ̅     [M/M] 

𝑞𝑒  adsorbate concentration in the solid under equilibrium conditions  [M/M] 

𝑞�̅�  average adsorbate concentration in the solid at time t   [M/M] 

𝑞𝑡,𝑟=𝑟𝑝
  adsorbate local concentration (at time t) in the solid at the sorbent [M/M] 

                          external surface 

𝑟  particle radial coordinate      [L]  

𝑟𝑝   solid particle radius       [L]  

𝑡  time         [t] 

 

Greek symbols: 

𝜀𝑝  particle porosity         [–] 

𝜌𝑓  fluid density         [M/L3] 

𝜌𝑝  particle density         [M/L3] 

𝜌𝑠  solid density         [M/L3] 

𝜌𝑤  wet solid density        [M/L3]  

  

Dimensions: 

[L]  length 

[M]  quantity 

[t]  time 
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1. Introduction 

Liquid–solid adsorption processes are of paramount importance in science and engineering. 

Nevertheless, Tran et al.1 argue that the number of publications in this field is so high that the risk of 

either reiterating previously discussed mistakes (or incorrect approaches) or creating new ones is not 

negligible. As discussed in Inglezakis et al.2, the misuse of simplified sorption kinetics models is 

notorious. Oversimplified models are used in a large number of papers published in the most prominent 

journals3. Similar is the situation in the cases of equilibrium models, sorption capacity, heat of adsorption, 

adsorption energy, activation energy and other thermodynamic properties.1,4–6 Incorrect or oversimplified 

approaches can contribute to the misunderstanding of the actual adsorption mechanism occurring for a 

given adsorbent-adsorbate pair, thus negatively affecting the design of a large-scale adsorption units.      

A fluid–solid sorption process consists of, essentially, three steps: (1) mass transfer of the species 

to be adsorbed (the adsorbate) by diffusion from the bulk fluid phase to the solid’s external surface (film 

diffusion), (2) mass transfer of the adsorbate by diffusion into both the adsorbed phase and adsorbent 

pores (intraparticle diffusion) and (3) adsorption of the species (following physical or chemical 

mechanisms) on the solid’s active sites. These steps are common in adsorption and ion exchange, the 

difference being the stoichiometric character of the latter.7 Nevertheless, in practical applications both 

processes are modeled by using the same equilibrium and kinetics equations. A comprehensive review on 

the mechanisms and models used in adsorption and ion exchange is provided by Inglezakis et al.2 

Adsorption in microporous solids is typically controlled by the intraparticle diffusion step as film 

diffusion and adsorption steps are generally much faster.8 Liquid phase mass transfer depends on several 

factors and, under a combination of inadequate liquid phase flow/mixing conditions and fast intraparticle 

diffusion, the film diffusion can represent a significant resistance to the overall rate of the process. Thus, 

the a priori elimination of fluid film diffusion in adsorption modeling (often routinely done in literature) 

is not always justified. A detailed literature review on liquid–solid mass transfer coefficients and the 

effects of operational variables on them, with correlations for stirred tanks (ST), is provided by Pangarkar 

et al..9 However, their paper concerns data derived by dissolution methods and not adsorption diffusion 

models. There are literature experimental studies, for instance those of Guiza et al.10 and Girish and 

Murty11, comparing alternative adsorption diffusion models for the estimation of liquid–solid mass 

transfer coefficients but, to the best of our knowledge, there are no papers dealing with a comparative 

review of liquid–solid mass transfer coefficients focusing on adsorption diffusion models. To this end, the 

present paper discusses the theory behind the liquid–solid mass transfer coefficient in batch systems, and 

presents the dissolution and adsorption modeling methods adopted for estimating its value. Then, starting 

from the definition of the Biot number, an original analysis is developed with reference to selected 
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published studies so to highlight cases where the external mass transfer resistance should not have been 

ignored.  

 

2. Background: theory and equations  

The main assumptions of the homogeneous surface diffusion model (HSDM), which is the 

standard model used in literature, are2: dilute solutions (trace systems), isothermal process, perfect 

mixing, spherical particles, transfer of a single component (adsorption) or binary system (ion exchange), 

and instantaneous local equilibrium at the fluid–solid interface. The mass balance in a batch ST reads12: 

 
d𝑞𝑡̅̅ ̅

d𝑡
= −

1

𝑚𝑠
∙

d𝐶𝑡̅̅ ̅

d𝑡
  (1) 

The reader is referred to the nomenclature for the meaning of the symbols, when needed. The 

initial conditions are: 𝐶𝑡=0
̅̅ ̅̅ ̅̅ = 𝐶0

̅̅ ̅ and 𝑞𝑡=0̅̅ ̅̅ ̅̅ = 0, where 𝐶0
̅̅ ̅ is the average initial value of the adsorbate 

concentration in fluid. It is recalled that the expression “concentration of adsorbate in solid” is used for 

the adsorbed (immobilized) species, thus it should not be confused with the free species concentration 

inside the pores of the solid phase. By integrating Eq. (1) from t=0 to t:  

 𝑞�̅� =
1

𝑚𝑠
∙ (𝐶0

̅̅ ̅ − 𝐶�̅�)  (2)  

The mass transfer rate in the fluid film is: 

 
∂𝑞𝑡̅̅ ̅

∂𝑡
=

3∙𝑘𝑓

𝑟𝑝∙𝜌𝑝
∙ (𝐶�̅� − 𝐶𝑡,𝑟=𝑟𝑝

)  (3)  

The adsorbate local concentration (at time t) in the fluid phase at the surface of the solid 𝐶𝑡,𝑟=𝑟𝑝
 is 

related to the adsorbate local concentration (at time t) in the solid phase at the adsorbent surface (𝑞𝑡,𝑟=𝑟𝑝
) 

by an equilibrium relationship: 

 𝑞𝑡,𝑟=𝑟𝑝
= f(𝐶𝑡,𝑟=𝑟𝑝

)  (4)  

Equation (3) can be expressed in terms of the liquid phase concentration by using Eq. (1): 

∂𝐶𝑡̅̅ ̅

∂𝑡
= −

3∙𝑘𝑓

𝑟𝑝∙𝜌𝑝
∙ 𝑚𝑠 (𝐶�̅� − 𝐶𝑡,𝑟=𝑟𝑝

)             (5)  

For linear adsorption isotherm and absence of intraparticle diffusion resistance, the HSDM results 

in the Furusawa–Smith equation12,13, which in dimensionless form reads: 

1

1+
1

𝑚𝑠∙𝐾𝐿

∙ ln [
𝐶𝑡̅̅ ̅

𝐶0̅̅ ̅
−

1

𝑚𝑠∙𝐾𝐿
∙ (1 −

𝐶𝑡̅̅ ̅

𝐶0̅̅ ̅
)] = −

3∙𝑘𝑓∙𝑚𝑠

𝑟𝑝∙𝜌𝑝
∙ 𝑡           (6) 

where KL is the constant of the equilibrium relationship between the liquid (Ce) and solid phase (qe) 

adsorbate concentrations: 

𝑞𝑒 = 𝐾𝐿 ∙ 𝐶𝑒                (7) 

Note that, in case of linear isotherm:  
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𝐾𝐿 =
𝑞0̅̅̅̅

𝐶0̅̅ ̅
                   (8) 

According to Furusawa and Smith14 and Choy et al.13, the same equation can be used in the case 

of Langmuir isotherm at the beginning of the adsorption (t→0), as the intraparticle diffusion is negligible 

and the isotherm becomes linear. Then, KL comes from the Langmuir equilibrium model (the Langmuir 

isotherm becomes linear for dilute solutions). For large values of ms, it can be assumed:  

1

𝑚𝑠∙𝐾𝐿
= 0              (9) 

Then, the Furusawa–Smith Eq. (6) simplifies into the Mathews–Weber equation: 

ln (
𝐶𝑡̅̅ ̅

𝐶0̅̅ ̅
) = −

3∙𝑘𝑓∙𝑚𝑠

𝑟𝑝∙𝜌𝑝
∙ 𝑡            (10) 

This equation can be also derived by integrating the external mass transfer Eq. (5) at t→0 when 

𝐶𝑡,𝑟=𝑟𝑝
→0.  

When the intraparticle resistance becomes important, the two-phase HSDM is required.2 The 

solid phase mass transfer rate is an unsteady state diffusion process expressed by the Fick’s second law, 

which in radial coordinates (r) and under constant surface diffusivity reads: 

 
∂𝑞

∂𝑡
=

𝔇𝑠

𝑟2 ∙
∂

∂𝑟
(𝑟2 ∙

∂𝑞

∂𝑟
)  (11)  

The relationship between average and local solid phase concentrations is15: 

 𝑞�̅� =
3

𝑟𝑝
3 ∙ ∫ 𝑞 ∙ 𝑟2d𝑟

𝑟𝑝

0
  (12)  

The solid phase Eqs. (11) and (12) can be combined to express the solid phase mass transfer rate 

in terms of the average solid concentration, which can then be used in the material balance. By 

differentiating Eq. (12) and using Eq. (11), it is: 

 
∂𝑞𝑡̅̅ ̅

∂𝑡
=

3∙𝔇𝑠

𝑟𝑝
∙ (

∂𝑞

∂𝑟
)

𝑟=𝑟𝑝

  (13)  

The boundary condition at the center of the particle (r=0), according to symmetry, is: 

 (
∂𝑞

∂𝑟
)

𝑟=0
= 0  (14)  

The boundary condition at r=rp depends on the mass transfer controlling steps. For combined 

resistances, i.e., solid and fluid phase mass transfer resistances, the two mass transfer rates at r=rp become 

equal (no accumulation at the solid surface) and, from Eqs. (3) and (13)2 it is: 

 
3∙𝔇𝑠

𝑟𝑝
∙ (

∂𝑞

∂𝑟
)

𝑟=𝑟𝑝

=
3∙𝑘𝑓

𝑟𝑝∙𝜌𝑝
∙ (𝐶�̅� − 𝐶𝑡,𝑟=𝑟𝑝

)  (15)  

Concluding this section, Biot (Bi) number is presented, which is a measure of the relative 

importance of internal vs. external mass transfer resistance. For liquid–solid adsorption where 

intraparticle transport accounts for both surface and pore diffusion steps, it reads12:  
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                                                                     Bi =
𝑘𝑓∙𝑟𝑝∙𝐶0̅̅ ̅

𝔇𝑠∙𝜌𝑝∙𝑞0̅̅̅̅ +𝔇𝑝∙𝐶0̅̅ ̅
                                                                (16) 

If 𝔇𝑠𝜌𝑝𝑞0̅̅ ̅ is much lower than 𝔇𝑝𝐶0
̅̅ ̅ (ratio with order <10–1, i.e. negligible surface diffusion), this 

expression simplifies to the following, often found in scientific literature:  

             Bi =
𝑘𝑓∙𝑟𝑝

𝔇𝑝
                         (17) 

On the other hand, when 𝔇𝑠𝜌𝑝𝑞0̅̅ ̅ is much greater than 𝔇𝑝𝐶0
̅̅ ̅ (ratio with order >10, i.e. negligible 

pore diffusion), the expression for Bi reduces to: 

                                                                          Bi =
𝑘𝑓∙𝑟𝑝∙𝐶0̅̅ ̅

𝔇𝑠∙𝜌𝑝∙𝑞0̅̅̅̅
            (18) 

 

3. Methods for the estimation of liquid–solid mass transfer coefficients 

Liquid–solid mass transfer coefficients can be obtained by two experimental methods. In the first 

method, the dissolution of soluble particles in a liquid is measured and the mass balance equation is used 

to derive the mass transfer coefficient, which is equivalent to the external mass transfer Eq. (1).9,16–18 An 

extended literature review on liquid–solid mass transfer coefficients in ST is provided by Pangarkar et 

al..9 According to these authors, the dissolution method is by far the most commonly used experimental 

procedure for the measurement of the liquid–solid mass transfer coefficients and, according to our 

opinion, the most reliable. Several kinds of solids have been used in dissolution studies, such as benzoic 

acid, barium chloride, naphthalene and sodium chloride.16,19,20 The dissolution method is based on the 

external mass transfer Eq. (5).17 This equation is valid for slow dissolution, which allows the particle size 

to be assumed as constant.17 Moreover, intraparticle diffusion or equilibrium at the solid–liquid interface 

is not relevant as the solids used are not porous and the dissolution takes place directly from the surface of 

the solid to the liquid. In the second method, the adsorption of a solute from the liquid phase on a solid is 

studied and a diffusion model is applied according to the equations previously presented.10,11  

Despite being potentially more accurate, it is highlighted that the dissolution method would be 

time and resources consuming for lab-scale tests, since reagents and analytical methods are required to 

quantitatively assess the process; vice versa, the adoption of rigorous models for the analysis of kinetic 

adsorption data can be considered more convenient to enucleate the effects of intraparticle and fluid film 

diffusion steps and evaluate their relative importance on the overall adsorption dynamics. Hence, the use 

of the dissolution method can be particularly recommended for the design of industrial-scale stirred 

adsorbers, since optimal fluid dynamic conditions (different from those of lab-scale tests and in function 

of, e.g., type of impeller, adsorbent particle size and slurry concentration) can be identified in order to 

guarantee a good compromise between high liquid–solid mass transfer rate and low power consumption 

of the stirred tank. 
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4. Discussion 

4.1 Dissolution method  

Based on the proposed correlations by Pangarkar et al.9 and the available experimental data from 

this and other more recent dissolution studies20,21, the mass transfer coefficients under complete 

suspension of solids in water range from approximately 2.7×10–3 to 1.5×10–2 cm/s. These values are in the 

range of those presented in the classic paper of Harriot16 for baffled and unbaffled tanks as well as for 

vessels with no impeller (mixing by recirculating liquid) or intermittent stirring. Harriot compares the 

mass transfer coefficient to its minimum value (kf,min) for spheres falling in water, calculated by a 

correlation involving the solid’s terminal velocity (Figure 1). The minimum mass transfer coefficient is 

approximately 1.5×10–3 cm/s and the experimental mass transfer coefficients (kf) were found to be 1.5 to 8 

times higher than their minimum value depending on several factors, such as particle size and density. For 

particles of 200–1000 μm and liquid phase diffusion coefficient of 10–5 cm2/s, the kf/kf,min ratio is between 

1.5 and 2.  

 

 

Figure 1. Minimum mass transfer coefficients (kf,min) for spheres falling in water. Reprinted with 

permission from Harriott.16 Copyright (1962) American Institute of Chemical Engineers. 

 

Solids suspension in stirred tanks is an important area of research22 and incomplete suspension 

affects the estimated liquid phase mass transfer coefficients. For instance, experimental values for kf in the 
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order of magnitude of 10–4 cm/s have been reported and can be explained by incomplete suspension.16 

The proportionality between the mass transfer coefficient and impeller speed is a well-established 

relationship.23 For instance, Conti and Sicardi24 studied systems operated above and below the minimum 

impeller speed for complete suspension of the solids. The results show that the mass transfer coefficient is 

proportional to the impeller speed above as well as below the minimum impeller speed. Thus, the mass 

transfer coefficients can be considerably lower under incomplete suspension regime; for instance, for 

benzoic acid particles dissolving in water in unbaffled tanks and disc turbines the difference of mass 

transfer coefficient values between no agitation and 100 rpm could be approximately one order of 

magnitude.23  

An important but overlooked aspect is the effect of liquid–solid density difference on the mixing 

conditions, and hence on the liquid–solid mass transfer coefficient. Ignoring these effects can result into 

an inadequately designed (and inefficient) ST, a fact of particular importance in large-scale ST typically 

operating with much lower stirring speeds than lab-scale experimental units.25 The liquid–solid mass 

transfer coefficient in two-phase and three-phase ST depends on the degree of suspension of the particles, 

which is in turn influenced by the solids density.9 The relevant correlations are expressed in terms of the 

critical agitation speed (Ns) representing the agitation speed at which none of the particles rest on the 

vessel bottom for more than 1 s.26 A summary of experimental results and a correlation are shown in 

Figure 2.  
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Figure 2. Mass transfer coefficients for different agitation speeds (N). Reprinted with permission from 

Jadhav and Pangarkar.26 Copyright (1991) American Chemical Society. 

 

The liquid–solid mass transfer below Ns has not been studied to the same extent.18 The vast 

majority of mixing studies in ST is on solids denser than the liquid27, in which the fluid–solid mass 

transfer coefficient depends on the degree of suspension of the particles.9 The effect for solids denser than 

liquid was presented by Harriot16, where it is shown that the minimum mass transfer coefficient for solid 

particles coarser than 200–300 μm depends solely on the liquid–solid density difference, being close to 

1.5×10–3 cm/s for a density difference of 0.01 g/cm3 and around 9×10–3 cm/s for a density difference of 3 

g/cm3 (Figure 1). Fishwick et al.25 corroborated these results showing that denser particles can achieve 

higher mass transfer rates, and also found that the influence of particle density is largely independent of 

gassing in three-phase reactors (Figure 3).  
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Figure 3. Effect of solid density on liquid–solid mass transfer coefficient at 1% (v/v) solid concentration. 

Reprinted with permission from Fishwick et al..25 Copyright (2003) Elsevier Science B.V.. 

 

Although there are several applications where solids less dense than the liquid are used, as for 

instance in adsorption, mineral processing and polymerization reactions, the relevant studies are rare and 

are focused on mixing patterns rather than mass transfer coefficient.27–29 Several common solids such as 

activated carbons are porous and have particle densities close or lower than water and, although the wet 

density may be eventually higher than that of water, it certainly takes some time for the pores to be filled 

with water. Wet or hydraulic density is defined as follows30: 

𝜌𝑤 = 𝜀𝑝 ∙ 𝜌𝑓 + 𝜌𝑝 = 𝜀𝑝 ∙ 𝜌𝑓 + (1 − 𝜀𝑝) ∙ 𝜌𝑠          (19) 

Shiba et al.31 conducted a study by using perlite with particle density of 0.1 g/cm3 and 

hydrochloric acid solution as liquid phase. The mixing pattern area is inverse to heavy solids as 

suspension is replaced by flotation, and by increasing agitation a complete mixing condition can be 

achieved.27 The study concluded that for incomplete mixing the mass transfer coefficient is around 

0.5×10–3, and gradually rises to around 1.5×10–3 cm/s under complete mixing conditions. These values are 

in agreement with the conclusions of Harriot16 on the minimum mass transfer coefficient and the effects 

of density difference and incomplete suspension. Okuno et al.32 used perlite with density of 0.1 g/cm3 and 

the particles were blown into water to study the effect of penetration depth on the liquid–solid mass 

transfer rate. The calculated mass transfer coefficients are higher, in the range of 7–18×10–3 cm/s, 

increasing with the penetration depth. These values are higher than those reported by Shiba et al.31, 

however the blowing apparatus used by Okuno et al.32 certainly increased the mass transfer rates. In 
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general, it is known that floating particles tend to aggregate covering the liquid surface with layers which 

inhibit other particles to come into contact with the liquid29, a phenomenon that may result to low mass 

transfer coefficients. Concluding, the experimental values of mass transfer coefficients lower than 10–3 

cm/s can be generally explained by incomplete mixing.  

 

4.2 Adsorption method  

The main experimental papers on liquid phase adsorption in batch reactors with determination of 

the liquid phase mass transfer coefficient are summarized in Table 1. In its most frequent form, the 

adsorption method uses an approximation of the diffusion model by the external mass transfer equation 

under the assumption that the uptake rate for a certain period at the beginning of the adsorption process is 

solely controlled by external mass transfer. Two methods make use of the initial slope of the uptake 

curve, namely the Furusawa–Smith and Mathews–Weber methods, Eqs. (6) and (10) respectively.13 As 

shown in Table 1, values in the order of magnitude of 10–4 cm/s and below are frequently reported, which 

are generally lower than those expected according to the dissolution method. Many of these mass transfer 

coefficients were estimated by the Mathews–Weber method, which suffers from the arbitrary selection of 

the time where the initial slope is taken; theoretically at t=0, but practically calculated for times up to 1–5 

min.33 In fact, in the classic paper of Furusawa and Smith14 the authors highlighted the uncertainty 

associated with the Mathews–Weber method and proposed a more general one based on the assumptions 

of linear isotherm and absence of intraparticle diffusion at the beginning of the adsorption process. The 

Furusawa–Smith method was applied on experimental data and resulted in mass transfer coefficients 

between 4 and 8×10–3 cm/s, within the limits found by Harriot.16 The difficulties encountered when trying 

to isolate and determine the liquid mass transfer coefficient by using Furusawa–Smith and Mathews–

Weber methods are highlighted by Choy et al.13 as well. They applied the Mathews–Weber and 

Furusawa–Smith methods on experimental adsorption data and concluded that the liquid–solid mass 

transfer coefficients are approximately 3 times lower that those predicted by Harriot16, in the order of 

magnitude of 10–4 cm/s. The authors use bone char, a light material with density close or lower than that 

of water, and thus it is possible that incomplete mixing conditions prevailed so resulting in lower than 

expected mass transfer coefficients. In the case of adsorption method, the most accurate procedure is the 

application of a two-phase diffusion model where the external mass transfer coefficient and the solid 

phase diffusion coefficient are fitting variables. For instance, Allen et al.34 used both the HSDM and the 

Furusawa–Smith method, and the magnitudes of the mass transfer coefficients were 10−3 cm/s and 10−4 

cm/s, respectively; the authors then selected the best-fit external mass transfer coefficient obtained by the  

HSDM method. On the other hand, Guiza et al.10 compared the Mathews–Weber and Furusawa–Smith 
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equations and found that the mass transfer coefficients were in the order of 10–2–10–3 cm/s, generally 

lower but within the limits predicted by the dimensional analysis of Harriot. 
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Table 1. Selection of experimental studies on liquid phase adsorption in batch reactors with determination of the liquid phase mass transfer 

coefficient. 

Solid 

(particle density)a Adsorbate Isotherm 
Method 

(time limit)c Batch mode 

Liquid mass 

transfer coefficient kf 

[cm/s] 

Reference 

Activated clay 

(n/a) 
Fluoride Langmuir 

FS 

(n/a) 

Stirring 

(150–300 rpm) 
(1.2–9.5)×10–3 10 

Forest waste 

(0.21–0.23 g/cm3) 
Phenol N/A 

FS 

(n/a) 

Shaking 

(140 rpm) 
(4.7–9.3)×10–7 11 

Bone char 

(n/a) 
Cd, Cu, Zn Langmuir 

FS 

(n/a) 
Stirring 4.4×10–4–1.1×10–3 13 

Activated carbon 

(1.03 g/cm3) 
Pyridine 

Prausnitz–

Radke 

MW 

(1 min) 

Rotating basket 

batch adsorber 

(100–200 rpm) 

3.4×10–3–2.1×10–2 35 

Bentonite 

(1.44 g/cm3) 
Dyes 

Redlich–

Peterson 

MW 

(5 min) 

Shaking 

(150 rpm) 
(2.0–2.9)×10–3 36 

Activated carbons 

(1.03 g/cm3) 
Metronidazole 

Prausnitz–

Radke 

MW 

(5 min) 

Rotating basket 

batch adsorber 
4.9×10–3–3.4×10–2 37 

Activated carbons 

(1.13–1.28 g/cm3) 
Ibuprofen 

Redlich–

Peterson 

MW 

(5 min) 

Shaking 

(125 rpm) 
9.1×10–3–1.8×10–2 38 

Sediments 

(2.66–2.84 g/cm3) 
Phenol Langmuir 

FS 

(200–1200 min) 
Stirring 4.5×10–7–7.3×10–6 39 

Activated carbons 

(0.27 g/cm3) 
Dyes 

Brunauer–

Emmett–

Teller 

MOD Stirring 6.0×10–3–2.7×10–2 40 

Activated carbons 

(0.48 g/cm3) 
Pb, Cd, Ni Langmuir MOD 

Stirring 

(150–330 rpm) 
9×10–4–2.0×10–3 41 

Polymeric adsorbents 

(1.09–1.13 g/cm3)b 
Levulinic acid Sips 

MW/COR 

(20 min) 

Stirring 

(300–800 rpm) 
4.3×10–3–1.1×10–2 42 

Xerogels 

(0.4–0.6 g/cm3) 

Cytochrome c 

(protein) 

Redlich–

Peterson 
MOD 

Shaking 

(75–200 rpm) 
5.4×10–4 43 

Activated carbons 

(n/a) 

R6G (dye) 

p-Nitrophenol 
Freundlich 

MOD 

 
Stirring (1–6.6)×10–3 44 

Activated carbons 

(0.79 g/cm3) 
Basic dyes Freundlich 

MOD 

 

Stirring 

(50–600 rpm) 
(5.8–8.3)×10–3 45 
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Narural zeolite 

(1.43 g/cm3) 

 

Activated carbons 

(n/a) 

Wastewater from 

titanium dioxide 

manufacturing 

plant 

Langmuir 
FS 

(n/a) 

Stirring 

 
(1–8.9)×10–6 46 

Activated carbons 

(n/a) 
Acid dyes Langmuir MOD Stirring (2.5–5)×10–4 47 

Bone char 

(n/a) 
Cd, Cu, Zn Sips MOD 

Stirring 

(400 rpm) 
(1.3–2.1)×10–3 48 

Organobentonite 

(2.6 g/cm3) 
Phenol Langmuir 

MW 

(1 min) 

Stirring 

(300–500 rpm) 
5.7×10–3–2.4×10–2 49 

Activated carbons 

(n/a) 

Landfill leachate 

micropollutants 

Prausnitz–

Radke 

MW 

(15 min) 

Stirring 

(135 rpm) 
7×10–5–9.3×10–3 50 

Chitosan films 

(1.33 g/cm3) 
Food dyes 

Redlich–

Peterson 

MW 

(5 min) 

Stirring 

(80–200 rpm) 
(1.3–2.2)×10–2 51 

Activated carbons 

(n/a) 
Tetracyclines Langmuir 

MW 

(n/a) 
Stirring (1.9–3.2)×10–7 52 

Activated carbons 

pellets 

(n/a) 

Acetaminophen Langmuir 
MW 

(1 min) 

Rotating basket 

batch adsorber 

(200 rpm) 

9×10–4–2.3×10–3 53 

Activated carbons 

(n/a) 
Dyes Freundlich COR 

Stirring 

(400 rpm) 
8.2×10–3 54 

Activated carbon fabric 

(0.76 g/cm3) 
Ibuprofen 

Langmuir-

Freundlich 
MOD 

Shaking 

(250 rpm) 
7.9×10–4–2.9×10–2 55 

Activated carbons 

(0.74 g/cm3) 
Toluene 

Fritz–

Schlunder 
COR/MOD 

Stirring 

(300–900 rpm) 

7.2×10–3–1.2×10–2 

 
56 

Activated carbons 

(n/a) 
Pentachlorophenol 

Prausnitz–

Radke 

MW 

(n/a) 

Shaking 

(200 rpm) 

2.9×10–3 

 
57 

Activated carbons 

(n/a) 
Dyes 

Fritz–

Schlunder 
MOD 

Stirring 

(400 rpm) 
(1.1–4.9)×10–4 58 

Activated carbons 

(n/a) 
Dyes Langmuir MOD 

Shaking 

(150 rpm) 
4.6×10–5 59 

Tannery solid wastes 

(1.2 g/cm3) 
Dyes 

Langmuir 

Brunauer–

Emmett–

MOD 
Shaking 

(150 rpm) 
(2.1–4.2)×10–2 60 
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Teller 

 
an/a: not available. 
bApparent wet particle density. 
cMW: Mathews–Weber equation, FS: Furusawa–Smith equation, COR: film mass transfer correlation (dimensional approach), MOD: diffusion 

model application. Time limit refers to the time interval used in the initial slope methods (MW and FS). 
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With reference to the literature review presented in Table 1, an analysis on Biot number follows. 

The discussion starts with examples of studies where the two terms appearing at the denominator in Eq. 

(16) (𝔇𝑠𝜌𝑝𝑞0̅̅ ̅ and 𝔇𝑝𝐶0
̅̅ ̅) have comparable order of magnitude to each other (i.e. the ratio between the 

two is in the range of order 𝒪(10–1–10)). This is the case where adsorbate diffusivity in solid phase and 

sorbent pores are both relevant, termed “case a)” in Table 2, which lists the information of interest for the 

present discussion as elaborated from the original articles. In the studies presented by Ocampo-Perez et 

al.35, Souza et al.36, Díaz-Blancas et al.37 and Fröhlich et al.38, Bi results with order 𝒪(10) meaning that 

both external and internal resistances are important in driving the mass flux, with the internal one 

characterized by comparatively higher relevance. When the value of 𝑘𝑓 is significantly lower as in the 

work by Yakub et al.39 (about 10–6 cm/s vs. 10–2–10–3 cm/s reported in the other papers), the two 

resistances have the same order of magnitude as witnessed by Bi 𝒪(1). Examples of cases for which Eq. 

(17) can be applied, i.e. 𝔇𝑠𝜌𝑝𝑞0̅̅ ̅ much lower than 𝔇𝑝𝐶0
̅̅ ̅ (ratio with order <10–1), are the articles by Leitão 

et al.40 and Kavand et al.41, i.e. “case b)” – negligible surface diffusion in Table 2. The result is Bi 𝒪(102) 

for both cases, i.e. negligible external resistance. With reference to the work by Liu et al.42, Eq. (18) can 

be used, valid when 𝔇𝑠𝜌𝑝𝑞0̅̅ ̅ is much greater than 𝔇𝑝𝐶0
̅̅ ̅ (ratio with order >10), i.e. “case c)” – negligible 

pore diffusion in Table 2. Here Bi turns out to be well lower than 1 indicating that the internal mass 

transfer resistance, rather than the external one, could be safely neglected, due to the remarkably high 

value for the adsorbate concentration immobilized in solid and in equilibrium with the initial 

concentration of adsorbate in fluid phase. As a matter of fact, for Bi=1 Eq. (18) results into: 

       
𝑞0̅̅̅̅

𝐶0̅̅ ̅
=

𝑘𝑓

𝔇𝑠

𝑟𝑝

𝜌𝑝
              (20) 

If we plot the ratio 
𝑞0̅̅̅̅

𝐶0̅̅ ̅
 (that, in case of linear isotherm, corresponds to the adsorption equilibrium 

constant; in general, this ratio is related to the equilibrium conditions of the system) against the ratio 
𝑟𝑝

𝜌𝑝
 

(characteristic of the sorbent), the iso-Biot line for which Bi=1 has slope equal to 
𝑘𝑓

𝔇𝑠
. Points falling above 

this line will represent conditions of Bi<1 (external resistance controls) and vice versa. In the work by Liu 

et al.42, it is 
𝑘𝑓

𝔇𝑠
 𝒪(105 1/cm) and, Figure 4, the position of the operating point confirms that Bi<1.  

Besides the roles of 𝑘𝑓 and 𝑞0̅̅ ̅, there are indeed cases where the value of the initial concentration 

of adsorbate in fluid phase can regulate the relative importance of external vs. internal resistances. Let us  

consider the work by Marbán et al.43, where cytochrome c was adsorbed onto xerogels (Table 1). The case 

of the sorbent named CX-55 (a carbon xerogel) is examined. The authors assume a surface diffusion 

model, for which the expression given for Bi in Eq. (18) holds. It is 𝑘𝑓=5.40×10–4 cm/s, 𝑟𝑝=5×10–2 cm, 

𝔇𝑠=4.1×10–8 cm2/s (average value) and 𝜌𝑝=0.43 g/cm3. When the initial concentration of cytochrome c in 



 
 

 17 

fluid phase is 𝐶0
̅̅ ̅=10–3 g/cm3, from the equilibrium relationship given in the article it is 𝑞0̅̅ ̅=1.47×10–1 g/g 

and Bi has 𝒪(10). But when the authors switch to 𝐶0
̅̅ ̅=10–4 g/cm3 (i.e. one order of magnitude lower; 

correspondingly, it is 𝑞0̅̅ ̅=1.38×10–1 g/g), the external mass flux decreases and Bi has 𝒪(1). Again, this 

can be visualized on the iso-Biot (Bi=1) graph (Figure 5). In the present work it is 
𝑘𝑓

𝔇𝑠
 𝒪(104 1/cm); at 

fixed abscissa, when 𝐶0
̅̅ ̅=10–3 g/cm3 the operating point falls below the line (point “A”; Bi>1) but, 

decreasing 𝐶0
̅̅ ̅, the operating point trespasses the line and external resistance now controls (point “B”). 

Similar charts can be drawn for typical values of the ratio 
𝑘𝑓

𝔇𝑠
 , as shown in Figure 6 (as seen, the ratio can 

range from 𝒪(10 1/cm) to 𝒪(109 1/cm)) where, generally speaking and as demonstrated in this analysis, 

operating points characterizing conditions where the liquid–solid external mass transfer resistance 

controls should not be overlooked.  
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Table 2. Case-studies for the analysis of internal vs. external mass transfer resistance developed in the present work. 

aActivated carbon. 
bMalachite green. 
cPolymeric adsorbent. 

 

 

 

Adsorbate/sorbent Ref. 
𝑘𝑓 

[cm/s] 

𝑟𝑝 

[cm] 

𝐶0
̅̅ ̅ 

[g/cm3] 

𝔇𝑠 

[cm2/s] 

𝜌𝑝 

[g/cm3] 

𝑞0̅̅ ̅ 

[g/g] 

𝔇𝑝 

[cm2/s] 

𝔇𝑠𝜌𝑝𝑞0̅̅ ̅

𝔇𝑝𝐶0
̅̅ ̅

 Bi 

a) Cases with adsorbate diffusivity in solid phase and sorbent pores both relevant 

Pyridine/ACa 35 1.47×10–2 10–1 5×10–4 1.9×10–7 1 9.99×10–2 1.2×10–6 𝒪(10) 𝒪(10) 

MGb dye/bentonite 36 2.44×10–3 4.74×10–3 2.5×10–4 7.6×10–10 1.44 2.14×10–1 6.1×10–7 𝒪(1) 𝒪(10) 

Metronidazole/AC 37 2.21×10–2 5.6×10–2 1.02×10–4 1.7×10–8 1.03 2.09×10–1 1.3×10–6 𝒪(10) 𝒪(10) 

Ibuprofen/AC 38 10–2 3.26×10–2 10–4 1.5×10–8 1.28 8.24×10–2 5.3×10–7 𝒪(10) 𝒪(10) 

Phenol/sand 39 2.97×10–6 2.5×10–1 4×10–4 3.2×10–8 2.70 10–3 5.3×10–7 𝒪(10–1) 𝒪(1) 

b) Cases with negligible surface diffusion 

Cobalt dye/AC 40 5.95×10–3 7.7×10–2 3×10–5 2.5×10–11 0.27 2.30×10–1 1.7×10–6 𝒪(10–2) 𝒪(102) 

Pb/AC 41 1.99×10–3 6×10–2 10–4 7.0×10–11 0.48 9.09×10–2 8.0×10–7 𝒪(10–2) 𝒪(102) 

c) Case with negligible pore diffusion 

Levulinic acid/D315c 42 7.21×10–3 8.2×10–2 9.9×10–5 2.6×10–8 1.10 6.90×10 2.1×10–6 𝒪(104) 𝒪(10–2) 
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Figure 4. Iso-Biot (Bi=1) chart and operating point for values experienced by Liu et al.42, cf. Table 2. 

 

 

Figure 5. Iso-Biot (Bi=1) chart and operating points for values experienced by Marbán et al.43, cf. 

Table 1. 
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Figure 6. Iso-Biot (Bi=1) general chart for different values of the ratio between fluid film mass transfer 

coefficient and diffusion coefficient of adsorbate in solid phase. When the operating point is above the 

line, Bi<1 and external resistance controls (and vice versa). 

 

5. Conclusions 

The liquid phase mass transfer step in adsorption systems is very frequently an overlooked 

resistance in the literature, which requires more attention to adequately interpret the process dynamics. 

Literature review shows that the range of mass transfer coefficient values is wide (10–7–10–2 cm/s), there 

is discrepancy between values obtained by different methods (dissolution and adsorption), modeling 

approaches are commonly rough and used outside the appropriate conditions and eventually the 

contribution of the liquid phase mass transfer is unclear and adsorption modeling problematic. An 

analysis of the available data shows that mass transfer coefficient values below 10–3 cm/s can be 

attributed to incomplete suspension or mixing (flotation) of the solid phase and must be used with 

caution. Dissolution method offers a more reliable approach than adsorption method in particular for the 

scale-up of stirred adsorbers, and the use of the respective correlations is recommended. Another 

approach is the use of the two-phase HSDM model with fitting experimental data by varying the liquid 

mass transfer coefficient and solid phase diffusion coefficient. Moreover, the mass transfer coefficient 

under adequate solids suspension is large enough (10–3–10–2 cm/s) to justify the predominance of the solid 

phase diffusion step, at least for microporous materials. The analysis of Biot number by using iso-Biot 
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charts on selected case studies allowed to highlight cases where the external mass transfer resistance 

should be not ignored. 
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