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Abstract: In this paper, the distinction between material ratchetting and structural ratchetting is 

clarified, and the concept of constant life diagram is extended to depict low cycle fatigue life boundary 

in structural design. To provide a novel one-stop solution for structural fatigue and ratchetting 

problems, a Unified Procedure for Fatigue and Ratchet Analysis (UPFRA) has been proposed. The 

UPFRA has been successfully applied to two different engineering structures considering complex 

geometry and temperature-dependent material properties. By comparing the results with ABAQUS 

step-by-step inelastic analysis, the UPFRA has been verified to be a robust engineering tool with great 

accuracy, usability, and efficiency.  
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Nomenclature 

𝑅  Load ratio 

𝑉  Body volume  

𝑆  Body surface  

𝜃  Thermal load 

𝑃  Surface load  
 

*Corresponding author: Haofeng Chen  
Email: haofeng.chen@strath.ac.uk, Tel: +44(0)1415482036 
 



 

2 
 

𝐹  Total load  

𝑥  Location in body  

𝑡  Time 

𝑡!  Time instants 

Δ𝑡  Cycle time 

�̇�  Displacement rate 

𝜎-"#$   Linear thermal stress solution 

𝜎-"#%  Linear mechanical stress solution 

𝜎-"#  Total linear stress solution 

𝜎"#  Steady-state stress  

𝜎-"#&
'   Constant part of stress 

𝜎-"#(  Cyclic part of stress 

�̅�"#  Constant residual stress field 

𝜌"#)   Varying residual stress field 

𝜎"#*   Stress at yield  

𝜀"̇#*   Strain rate 

Δ𝜀"#*   Associated compatible strain increment 

𝜎+  Yield stress 

𝜇  Shear modulus 

Δ𝜀"#%   Plastic strain amplitude 

Δ𝜀%  Platic strain range 
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Δ𝜀 ̅ Total strain range 

𝑁  Number of cycles to failure 

𝜀,  Effective ratchet strain 

𝜆  Load multiplier 

𝑇  Temperature 

Δ𝑇  Temperature difference 

𝑖  Iteration number 

LB Lower bound 

UB Upper bound 

FEA Finite Element Analysis 

HCF High cycle fatigue 

LCF Low cycle fatigue 

EPP Elastic Perfectly Plastic 

SBS Step-by-Step 

CONV Convergence parameter 

LMM Linear Matching Method 

DSCA Direct Steady Cycle Analysis 

UPFRA Unified Procedure for Fatigue and Ratchet Analysis 

PEEQ Equivalent plastic strain 

PEMAG Plastic strain magnitude 
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1. Introduction 

With the development of economy and technology, pressure vessels are becoming more 

complicated and large-scale than ever. They are widely used in heavy industries including 

petrochemical, non-ferrous metal and nuclear industries, and structural integrity assessment has 

become increasingly important due to the requirement of structural life assessment and life extension 

[1-3]. As part of the structural integrity assessment, fatigue and ratchetting have become traditional 

topics studied by many researchers [4-9]. Fatigue and ratchetting are both induced by cyclic loading.  

Fatigue leads to local crack initiation and propagation, but ratchetting induces global incremental 

collapse due to the accumulation of plastic deformation.  

Ratchetting is often observed from material experiments with tension bars subjected to cyclic 

stresses where the stress range exceeds twice the yield stress [10]. However, for structural 

components, ratchetting can be found in any geometries when the cyclic load exceeds the structural 

ratchet limit. There are several other differences between material ratchetting and structural 

ratchetting. For material ratchetting, a homogeneous cyclic stress field is considered with no residual 

stress involved. It is typically activated by non-zero mean stress or zero mean stress with tension-

compression asymmetry [11]. A variable accumulation rate can be detected with the increasing 

number of cycles, so material ratchetting is commonly described by sophisticated constitutive models 

[12]. While for structural ratchetting, an inhomogeneous cyclic stress field is often considered with 

residual stress involved. A constant accumulation rate is presumed after a number of cycles. Structural 

ratchetting can be demonstrated by an Elastic Perfectly Plastic (EPP) model for conservatism and 

simplification during the safety check in engineering designs [13]. The structural ratchetting has been 

explained by a two-bar structure experiment [14, 15]. 

To evaluate structural ratchetting behaviour, Bree [16] have proposed the Bree diagram, which 

formed the basis of NB-3222.5 in ASME III [17]. The Bree problem is a simplified representation of 

a thin cylindrical vessel subjected to inner pressure and cyclic temperature gradient across the 

thickness direction. The Bree diagram has also been proposed, which indicates the structural 
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behaviour and failure mechanism given any combination of the scaled thermal-mechanical loads. 

However, the Bree problem only considers constant membrane stress and cyclic bending stress. Thus 

the modified Bree problem [18, 19] has been introduced for arbitrary thermo-mechanical load 

histories. Many approaches have been proposed to solve the Bree-like problems for engineering 

structures, including the analytical approach [16, 18], incremental Finite Element Analysis (FEA), 

the Direct Cycle Analysis (DCA) [20-22], the Noncyclic Method [23, 24], and the direct methods 

[25-34]. Based on FEA simulation, the direct methods consider the static theorem by Melan [35] or 

the kinematic theorem by Koiter [36] and features high computational efficiency. The direct methods 

mainly contain mathematical programming methods [25-29] and several modified elastic modulus 

methods [30-34], including the Reduced Modulus Method [30], the Generalised Local Stress-Strain 

(GLOSS) Method [31, 37], the Elastic Compensation Method [32, 38], the stress compensation 

method (SCM) [39, 40], and the Linear Matching Method [19, 29, 33, 34, 41-43].  

As another traditional topic in the field of industrial engineering, fatigue behaviour can be divided 

into two forms: high cycle fatigue (HCF) and low cycle fatigue (LCF) [44, 45]. The high cycle fatigue 

occurs when the material remains in the elastic region; while the low cycle fatigue is often observed 

when plasticity is present, and the number of cycles to failure is lower than 5 × 104 [46]. The HCF 

life is evaluated using the stress-life (S-N) curves [47] of the material; while the LCF life can be 

calculated using the Coffin and Manson Law [48, 49] and the strain-life (E-N) curves. While 

performing fatigue designs, the constant life diagrams are often considered, which represent the safety 

region of constant amplitude cyclic loading for a specific fatigue life [50]. The constant life diagram 

is often depicted by plotting the alternating stress versus the mean stress [51]. From the material level, 

the concept can be further extended to depict LCF life boundary in structural design. In this work, a 

series of constant fatigue life curves have been derived for industrial components. The LCF life 

boundaries are plotted for different loading conditions with arbitrary thermal and mechanical loads, 

so the number of cycles to failure can be readily determined for given load combinations.  
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The classical method for plastic strain range estimation is the Neuber's rule [52-54], which requires 

conducting a linear elastic analysis before a correction is made to predict the local plastic strain range 

at stress concentration regions. The Neuber's rule is widely employed in industries with advantages 

of safety and high efficiency. However, it heavily depends on local geometries and is only applicable 

to blunt notches [55]. It is often considered to be over-conservative for sharp notches [56]. Another 

approach for low cycle fatigue evaluation is the elastic-plastic method in ASME VIII-2 [57]. Based 

on the requirement of the nonlinear cycle-by-cycle FE analysis, the elastic-plastic method is highly 

precise but also computational consuming. Featuring great accuracy and time efficiency, the Direct 

Steady Cycle Analysis (DSCA) method [34, 58] has been proposed as part of the Linear Matching 

Method (LMM) framework. Based on a series of linear elastic equations, the DSCA subroutine can 

calculate the varying residual stress iteratively and compute the plastic strain range for any integration 

points in the FE model. The saturated hysteresis loop can then be plotted, and the structural low cycle 

fatigue damage can be evaluated.  

This work aims to cover a few existing literature gaps. Firstly, the constant life diagrams have been 

mainly used for specific materials, but they have been rarely considered to describe structural 

behaviours and aid component design. Secondly, the evaluation of ratchet limit for modified Bree 

problems has been discussed in [19, 59], but few researchers have considered the computation of an 

LCF life boundary for multiple cyclic loads using direct methods, let alone a unified methodology 

for both ratchet and fatigue analyses. To provide a novel one-stop solution for structural fatigue and 

ratchetting problems, a Unified Procedure for Fatigue and Ratchet Analysis (UPFRA) has been 

developed for structures subjected to arbitrary thermo-mechanical load histories. By performing a 

series of DSCA analyses, the UPFRA can evaluate both the constant fatigue life curves and the ratchet 

limit using an iterative bisection scheme. The interaction diagram between two different cyclic loads 

can then be plotted by combining the shakedown boundary, the ratchet boundary and the LCF life 

boundary. Given a specific load combination, the minimum number of cycles to failure in the 
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component can be directly determined from the LCF life boundary. The temperature-dependent 

material properties have also been considered for enhanced accuracy and viability.  

The paper is structured as follows: a systemic introduction to the proposed numerical procedures 

for ratchet and fatigue analysis is first presented in Section 2, followed by two numerical examples 

to illustrate the proposed methodology in Section 3. Finally, some conclusions are given in Section 

4. 

2. Numerical procedures for ratchet and fatigue analysis 

For typical Bree-like problems, the considered loading history is normally decomposed into cyclic 

and constant components. The Direct Steady Cycle Analysis (DSCA) [43, 60] algorithm and the 

Koiter's shakedown theorem [36] have been combined for the ratchet boundary evaluation. A data 

point on the ratchet boundary is calculated by fixing the cyclic load amplitude first and scaling the 

constant mechanical load to the ratchet limit. The cyclic load amplitude is then adjusted manually to 

plot a complete structural ratchet boundary. 

For structural integrity assessment on components subjected to arbitrary thermal-mechanical load 

histories, the UPFRA has been recently developed to evaluate both the ratchet boundary and the LCF 

life boundary by iteratively performing a series of DSCA analysis. To plot the desired 2-D diagrams 

considering two cyclic loads, a load ratio R between two loads is firstly chosen, before both loads are 

scaled proportionately until the ratchet limit or a specific structural lifetime is reached. By adjusting 

the load ratio R, several scale paths can be considered to plot a smooth curve. 

2.1. The Direct Steady Cycle Analysis (DSCA) algorithm 

Considering a body with volume 𝑉 and surface 𝑆 is subjected to cyclic temperatures 𝜃(𝑥, 𝑡) in 𝑉 

and varying surface loads 𝑃(𝑥, 𝑡) on a section of the body surface 𝑆-. At the remaining portion of the 

body surface 𝑆., the displacement rate �̇� = 0. A typical time cycle 0 ≤ 𝑡 ≤ Δ𝑡 is considered here. 

The load history can then be disassembled into a cyclic thermal load and a cyclic surface load as 

follows: 



 

8 
 

𝐹(𝑥, 𝑡) = 𝜃(𝑥, 𝑡) + 𝑃(𝑥, 𝑡)                                                    (1) 

where 𝜃(𝑥, 𝑡) and 𝑃(𝑥, 𝑡) denote the thermal and mechanical load histories within the time cycle Δ𝑡. 

The corresponding stress history is given by, 

𝜎-"#(𝑥, 𝑡) = 𝜎-"#$(𝑥, 𝑡) + 𝜎-"#%(𝑥, 𝑡)                                                 (2) 

where 𝜎-"#$(𝑥, 𝑡) and 𝜎-"#%(𝑥, 𝑡) are the linear stress solution calculated with applied cyclic loads 𝜃(𝑥, 𝑡) 

and 𝑃(𝑥, 𝑡), respectively. The stress and strain rates of the predefined cyclic problem can reach a 

cyclic state after a few cycles: 

𝜎"#(𝑥, 𝑡) = 𝜎"#(𝑥, 𝑡 + Δ𝑡) and 𝜀"̇#(𝑥, 𝑡) = 𝜀"̇#(𝑥, 𝑡 + Δ𝑡)                            (3) 

The steady-state cyclic solution can then be decomposed into three parts: 

𝜎"#(𝑥, 𝑡) = 𝜎-"#(𝑥, 𝑡) + �̅�"#(𝑥) + 𝜌"#) (𝑥, 𝑡)                                         (4) 

where 𝜎-"#(𝑥, 𝑡) is the linear elastic solution. �̅�"#(𝑥) is a constant residual stress field which satisfies 

zero surface traction on 𝑆-. 𝜌"#) (𝑥, 𝑡) denotes a varying residual stress field which satisfies 𝜌"#) (𝑥, 0) =

𝜌"#) (𝑥, Δ𝑡) = 0. For a convex yield condition, 𝑓>𝜎"#? ≤ 0. According to flow rule: 

𝜀"̇#
/ = �̇� 01

02!"
,   𝑓 = 0                                                             (5) 

where �̇� is a scalar plastic multiplier. According to maximum work principle: 

>𝜎"#* − 𝜎"#∗ ?𝜀"̇#* ≥ 0                                                              (6) 

where 𝑓>𝜎"#* ? = 0 and 𝑓>𝜎"#∗ ? ≤ 0. 𝜎"#*  is the stress at yield and 𝜎"#∗  represents any stress state that 

satisfies the yield condition. Defining a function 𝐼: 

𝐼>𝜀"̇#* ? = ∫ ∫ {𝜎"#* 𝜀"̇#* − (𝜎-"#(𝑥, 𝑡) + 𝜌"#(𝑡))𝜀"̇#* }𝑑𝑡𝑑𝑉
(4
56                                  (7) 

where 𝜀"̇#*  is kinematically admissible and 𝜌"#(𝑡) = �̅�"# + 𝜌"#) . In DSCA, the integration of time is 

discretized into 𝑁 time instants, 𝑡7, 𝑡8, 𝑡9, … , 𝑡: , where 𝑡!  denotes a series of time instants in the 

cyclic history and the plastic strains are postulated to appear only at the vertices of the stress history 

𝜎-"#(𝑡!). The function 𝐼 can be discretized into individual functions 𝐼!: 

𝐼>𝜀"̇#* ? = ∑ 𝐼!:
!;7                                                               (8) 
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where 

Δ𝜀"#* = ∑ Δ𝜀"#!:
!;7                                                               (9) 

𝐼!>Δ𝜀"#! , 𝜌"#(𝑡!)? = ∫ {𝜎"#!Δ𝜀"#! − J𝜎-"#(𝑡!) + 𝜌"#(𝑡!)K Δ𝜀"#! }𝑑𝑉6                        (10) 

𝜌"#(𝑡!) = �̅�"# + ∑ Δ𝜌"#<!
<;7                                                      (11) 

Δ𝜀"#-! = 𝐶Δ𝜌"#! + Δ𝜀"#!                                                         (12) 

where Δ𝜌"#!  satisfies equilibrium and Δ𝜀"#-! is compatible. A minimization process of functions 𝐼! is 

then considered to achieve the minimization of function 𝐼. Assume Δ𝜀"#! = Δ𝜀"#!", the shear modulus 

is defined as follows: 

𝜎+ = 2�̅�="𝜀>̅Δ𝜀"#!"?                                                          (13) 

where 𝜎+ denotes the temperature-dependent or constant yield stress. A linear problem is given by, 

Δ𝜀"#
-1# = 7

8>
Δ𝜌"#

!1# + Δ𝜀"#
!1#                                                    (14) 

Δ𝜀??
-1 = 7

9@
Δ𝜌??

!1                                                              (15) 

Δ𝜀"#
!1# = 7

8>A$!
N𝜎-"#(𝑡!) + 𝜌"#(𝑡!B7) + Δ𝜌"#

!1O
C
                                       (16) 

where 

𝜌"#(𝑡!B7) = 𝜌"#(𝑡5) + Δ𝜌"#7 + Δ𝜌"#8 + Δ𝜌"#9 +⋯+ Δ𝜌"#!B7, 𝜌"#(𝑡5) = �̅�"#                    (17) 

The linear problem is solved through a number of cycles with 𝑛 iterations in each cycle. The 

varying residual stress Δ𝜌"#%
!  is first calculated for the 𝑛th load instance at the 𝑚th iteration cycle, 

where 𝑛 = 1,2,3, … , 𝑁 and 𝑚 = 1,2,3, … ,𝑀. The convergence condition ∑ Δ𝜌"#&
!:

!;7 = 0 should be 

satisfied at the 𝑀th iteration cycle, where the constant residual stress can be calculated by, 

�̅�"# = ∑ Δ𝜌"#'
!:

!;7 + ∑ Δ𝜌"#(
!:

!;7 + ∑ Δ𝜌"#)
!:

!;7 +⋯+ ∑ Δ𝜌"#&
!:

!;7                     (18) 

The plastic strain amplitude at time 𝑡! is then determined by, 

Δ𝜀"#%(𝑡!) =
7
8>A*

J𝜎-"#C (𝑡!) + 𝜌"#C (𝑡!)K                                             (19) 

The equivalent ratchet strain indicating a net plastic strain increment over the cycle is given by, 
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𝜀,̅ = 𝜀̅ J∑ Δ:
!;7 𝜀"#%(𝑡!)K                                                        (20) 

The total strain range Δ𝜀 ̅can also be evaluated by finding the maximum strain difference among 

all the time instants: 

Δ𝜀̅ = max>𝜀(̅𝑡D) − 𝜀(̅𝑡E)?,			∀𝑎 ∈ [1, 𝑁], ∀𝑏 ∈ [1, 𝑁]                             (21) 

2.2. The evaluation of ratchet boundary for Bree-like problems 

A two-stage procedure has been proposed to calculate the ratchet boundary for Bree-like problems: 

• Stage 1: evaluation of the varying residual stress field induced by a determined cyclic load 

using the DSCA algorithm. 

• Stage 2: evaluation of the constant residual stress field and the ratchet limit multiplier using 

the Koiter's shakedown algorithm. The superposition of the linear elastic solution and the 

varying residual stress field from Stage 1 is used as the input.  

The Koiter's upper bound theorem [36] is given by, 

∫ ∫ 𝜎-"#𝜀"#* 𝑑𝑡𝑑𝑉6
(4
5 = ∫ ∫ 𝜎"#* 𝜀"#* 𝑑𝑡𝑑𝑉6

(4
5                                           (22) 

where 

𝜎-"# = 𝜆𝜎-"#&
' + 𝜎-"#((𝑥, 𝑡) + 𝜌"#(𝑥, 𝑡)                                              (23) 

where 𝜆 is a load multiplier, 𝜎-"#&
'  is the constant stress, 𝜎-"#((𝑥, 𝑡) is the cyclic stress, and 𝜌"#(𝑥, 𝑡) is 

calculated from Eq. (11). Considering the discretization of time and the flow rule: 

∫ ∫ 𝜎"#* 𝜀"#* 𝑑𝑡𝑑𝑉6
(4
5 = ∫ ∑ 𝜎"#*

*Δ𝜀"#!𝑑𝑉:
!;76 = ∫ ∑ 𝜎+:

!;7 𝜀(̅Δ𝜀"#!)𝑑𝑉6                     (24) 

where 

𝜀>̅Δ𝜀"#!? = `8
9
Δ𝜀"#!Δ𝜀"#!                                                         (25) 

The upper bound ratchet limit multiplier can then be evaluated by, 

𝜆 =
∫ ∑ 2+,

*-' H'I(H!"
* JK6. B∫ ∑ L2M/0

1(4*)PQ!"(4*)R(H!"
*K6,

*-'.

∫ 2M/0
23(∑ (H!"

*,
*-'. )K6

                                   (26) 
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A series of linear problems are solved using the technique of modifying the elastic modulus, as 

described in [33]. Temperature-dependent yield stress can also be considered by replacing 𝜎+ with 

𝜎+(𝑇).  

2.3. The Unified Procedure for Fatigue and Ratchet Analysis (UPFRA) 

It is acknowledged the ratchet boundary and the constant fatigue life curves always lie in the region 

between the shakedown boundary and the limit load, so a three-stage procedure has been proposed 

for standardized and efficient fatigue or ratchet analyses: 

• Stage 1: evaluation of the shakedown limit for a specific load ratio R. 

• Stage 2: evaluation of the limit load of the structure. 

• Stage 3: evaluation of the ratchet limit multiplier or the load multiplier required to reach a 

target low cycle fatigue life for a given load ratio R.  

A simplified flowchart of the UPFRA has been presented in Fig. 1. The numerical procedures are 

written in the form of Python script and operate together with the DSCA subroutine. In the UPFRA, 

the inputs of load ratio R, convergence parameters CONV1, CONV2, 𝜆7ST and 𝜆7.T are required, where 

𝜆7ST denotes the lower bound and 𝜆7.T denotes the upper bound multiplier. For the first iteration 𝑖 =

1, 𝜆7ST is the shakedown limit multiplier calculated in Stage 1, and 𝜆7.T is the limit load multiplier 

computed in Stage 2.  

For fatigue analysis, a target number of cycles to failure 𝑁- is demanded. A bisection scheme is 

adopted to compute the load multipliers for better computational efficiency. At the first iteration, the 

trial load multiplier 𝜆7 = (𝜆7ST7 + 𝜆7.T7)/2. At the 𝑖th iteration, the load multiplier for fatigue analysis 

𝜆"& is calculated by, 

𝜆"ST7 = b
𝜆"B8, 𝑁"B8 > 𝑁-
𝜆"B7ST7, 𝑁"B8 ≤ 𝑁-

                                                      (27) 

𝜆".T7 = b𝜆"B7
.T7, 𝑁"B8 > 𝑁-
𝜆"B8, 𝑁"B8 ≤ 𝑁-

                                                      (28) 
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𝜆"& = d
U!4'PU!

56'

8
, 𝑁"B7 > 𝑁-

U!4'PU!
76'

8
, 𝑁"B7 ≤ 𝑁-

                                                    (29) 

where 𝜆"ST7 is the lower bound load multiplier and 𝜆".T7 is the upper bound load multiplier for fatigue 

analysis at the 𝑖th iteration. Then the structural loads are scaled by 𝜆"&  before calling the DSCA 

subroutine. Upon completion, the minimum number of cycles to failure 𝑁"  in the structure is 

evaluated and compared with 𝑁- to check whether the convergence criterion is satisfied. If not, the 

scale factor is adjusted to repeat the process until the converged load multiplier is derived for a target 

fatigue lifetime.  

For ratchet analysis, a target equivalent ratchet strain 𝜀-, is required. Due to possible numerical 

errors in FE analyses, the value of 𝜀-, is usually taken as 0.02%/cycle [19]. At the first iteration, the 

trial load multiplier 𝜆7 = (𝜆7ST8 + 𝜆7.T8)/2. At the 𝑖th iteration, the load multiplier for ratchet analysis 

𝜆", is calculated by, 

𝜆"ST8 = e
𝜆"B8, 𝜀"B8, < 𝜀-,

𝜆"B7ST8, 𝜀"B8, ≥ 𝜀-,
                                                        (30) 

𝜆".T8 = e
𝜆"B7.T8, 𝜀"B8, < 𝜀-,

𝜆"B8, 𝜀"B8, ≥ 𝜀-,
                                                        (31) 

𝜆"& = d
U!4'PU!

56(

8
, 𝜀"B7, < 𝜀-,

U!4'PU!
76(

8
, 𝜀"B7, ≥ 𝜀-,

                                                      (32) 

where 𝜆"ST8 is the lower bound load multiplier and 𝜆".T8 is the upper bound load multiplier for ratchet 

analysis at the 𝑖th iteration. The other procedures are similar to the fatigue analysis, except that for 

ratchet analysis, the maximum equivalent ratchet strain 𝜀", in the structure evaluated and compared 

to the target ratchet strain 𝜀-, for convergence checking. It is worth mentioning that the UPFRA script 

allows inputs of multiple load ratios 𝑅 so that they can be calculated successively to derive multiple 

data points on a ratchet boundary or an LCF life boundary.  
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Fig. 1. Simplified flowchart of the Unified Procedure for Fatigue and Ratchet Analysis 

(UPFRA). 

3. Numerical examples 

3.1. A heat exchanger in aero-engine 

In the field of aerospace engineering, a typical aero-engine is consists of a group of turbines to 

generate power for the aircraft. To ensure the normal function of the turbine system, it is essential to 

apply lubricating turbine oil to reduce friction between moving components. However, during the 

normal operating process, the turbine oil can be heated up due to friction and environment temperature. 

In this case, the viscosity and oxidation stability of the lubricating oil decreases with the increasing 

temperature, which significantly affects the performance of the lubricating oil [61]. Therefore, a shell-

and-tube heat exchanger is adopted in aero-engine to cool down the turbine oil, as shown in Fig. 2. 
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Unlike typical thick, walled tubesheet design in [57], a thin, flexible tubesheet is welded to the head 

and shell parts of the heat exchanger.  

 

 

Fig. 2. The geometry of an assembled shell-and-tube heat exchanger (length in millimetres). 

 

Fig. 3. The FE mesh, material designation and a typical operating condition. 

To improve calculation efficiency, the heat exchanger has been simplified to a 1/8 FE model, as 

shown in Fig. 3. It is worth mentioning that the traverse baffles in the heat exchanger shell have been 

neglected because they are not directly welded to the shell and have little effect on the structural load-

bearing capacity. The model is then meshed into 245534 linear hexahedral elements of type C3D8 

and 1968 linear wedge elements of type C3D6 in ABAQUS/CAE [62]. A refined mesh is applied to 

the tubesheet due to potential stress concentration. For a typical operating condition, the high-

temperature turbine oil with pressure 𝑃4 and temperature 𝑇4 from the engine is transferred through the 
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tubes of the heat exchanger, while coolant water is circulated inside the shell with pressure 𝑃V and 

temperature 𝑇V . An equivalent pressure 𝑃W!K  caused by the inner pressure is subjected to the end 

surface of the inlet. Symmetric boundary conditions have been applied on planes of symmetry to 

simulate the whole body and prevent rigid body movement. In addition, it can be found in Fig. 3 that 

the heat exchanger is built with three different materials, which are all aluminium but with varying 

grades of metal. The detailed material properties for each metal grade of aluminium is listed in Table 

1. It should be mentioned that the material parameters used in this case are temperature-independent 

and material parameters at the highest temperature of the inlet turbine oil (150 ºC) are chosen here 

due to the complexity of geometry and the consideration of conservatism. Using isothermal properties, 

in this case, leads to better convergence and less computation time considering the complicated 

geometry. The comparisons and justifications of using temperature-independent and temperature-

dependent material parameters can be found in [43, 63]. 

 

Table 1 Material parameters for specified metal grades of aluminium at 150 ºC. 

Metal grade 5A02-H112 5A02 5A03 

Conductivity, k [W/(m∙ºC)] 168 168 175 

Density, ρ [g/cm3] 2.68 2.68 2.77 

Young’s modulus, E [GPa] 70 70 65 

Poisson’s ratio, v 0.3 0.3 0.3 

Thermal expansion coefficient, α [10-5/ºC] 2.57 2.57 4 

Specific heat capacity, c [J/(kg∙ºC)] 825 825 875 

Yield stress, σs [MPa] 186 78 202 

 

Two simplified load cases have been considered and given in Fig. 4. Any creep effect and 

insignificant fluctuation during the operating process have been ignored. For ordinary working 
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condition, the highest temperature of turbine oil 𝑇4 = 150	℃; the pressure of turbine oil in the tube 

𝑃4 = 3	MPa; the pressure of coolant water in the shell 𝑃V = 1	MPa. In Fig. 4(a), the heat exchanger 

is subjected to constant tube/shell pressure and cyclic temperature; in Fig. 4(a), the heat exchanger is 

subjected to cyclic tube/shell pressure and cyclic temperature. 

 

Fig. 4. Two simplified load cases: (a) constant inner pressure and cyclic temperature; (b) cyclic 

inner pressure and cyclic temperature. 

The temperature field is generated based on a steady-state thermal analysis, as shown in Fig. 5(a). 

The inlet oil temperature is 150 ºC, and the coolant temperature in the shell is 55 ºC. A large 

temperature gradient can be observed in the tubesheet and the top end of tubes, which means a 

considerable thermal load would appear in this region. After applying the temperature field and the 

symmetric boundary conditions, an elastic analysis with pure thermal load is conducted. The most 

substantial temperature gradient is found on the tubesheet, so the equivalent von Mises stress at the 

tubesheet is presented in Fig. 5(c). For typical thick, walled tubesheet design, the thermal stress 

usually concentrates at the weldment between the tubesheet and shell. In this case, due to the nature 

of the flexible tubesheet, the thermal stress concentration can be observed at the transition corner of 

the tubesheet. By applying the inner pressure and boundary conditions, an elastic analysis with pure 

mechanical loads can be conducted, and the result is given in Fig. 5(b). The highest mechanical stress 

is found at the end of the head where the diameter is the largest and the wall is the thinnest in the 

whole heat exchanger.  
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Fig. 5. Contours during loading stage: (a) the temperature distribution; (b) the mechanical von 

Mises stress; (c) thermal von Mises stress at the tubesheet. 

Only the ratchet analysis has been performed for this example due to the structural design 

requirement. The shakedown, ratchet boundaries and the limit load of the heat exchanger subjected 

to constant mechanical load and cyclic thermal load has been presented in Fig. 6(a). For a typical 

Bree-like problem, the diagram is composed of a horizontal reverse plasticity limit on which the 

structural highest stress range equals twice the yield stress and an inclined ratchet limit that 

approaches the Y-axis. Hence the diagram is divided into several parts by the shakedown and ratchet 

boundaries: the structural response would be elastic/shakedown for all the load points within the 

shakedown limit; the structural response would be alternating plasticity leading to low cycle fatigue 

damage if the load points are outside the shakedown limit but within the ratchet limit; the structure 

would experience ratchetting and incremental collapse if the load points are outside the ratchet limit 

but lower than the limit load; for loads larger than the limit load, the structure would instantaneously 

collapse. It should be mentioned that both the inner pressure 𝑃  and temperature Δ𝑇  have been 

normalised by the limit load 𝑃5 = 2.939	MPa  and the reverse plasticity limit Δ𝑇5 = 229.2	°C , 

respectively.  

As mentioned in Section 2.2, the two-stage procedure is used for ratchet limit calculation. A load 

point on the ratchet boundary (0.657, 2.356) in Fig. 6(a) has been chosen for illustration. For this load 

point, the loading and unloading steady-state stress state contours by the end of stage Ⅰ have been 

given in Fig. 7(a) and Fig. 7(b), respectively. Meanwhile the failure mechanism in the form of the 
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equivalent strain increment Δ𝜀WX*  by the end of stage Ⅱ has been presented in Fig. 7(c). It can be 

observed that the critical location in the heat exchanger has shifted from the tubesheet during stage Ⅰ 

to the head during stage Ⅱ. The reason is that in stage Ⅰ, only cyclic thermal load is considered, and 

the failure mechanism of alternating plasticity is dominated by the pure thermal load. While in stage 

Ⅱ, the failure mechanism of ratchetting is dominated by the additional constant mechanical load. 

 

 

Fig. 6. Shakedown and ratchet limit of the aero-engine heat exchanger subjected to (a) constant 

mechanical load and cyclic thermal load; (b) cyclic mechanical load and cyclic thermal load. 

 

Fig. 7. Contours from the two-stage ratchet analysis: (a) von Mises steady-state stress for stage Ⅰ 

during loading process; (b) von Mises steady-state stress for stage Ⅰ during unloading process; (c) 

the failure mechanism for stage Ⅱ. 
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The structure behaviour and shakedown/ratchet boundaries would change significantly if the heat 

exchanger is subjected to cyclic mechanical load and cyclic thermal load, as shown in Fig. 6(b). Both 

the inner pressure P and temperature ΔT have been normalised by the limit load P0 and reverse 

plasticity limit ΔT0, respectively. Compared to the typical Bree-like diagram in Fig. 6(a), the limit 

loads are identical, as well as the reverse plasticity limit. However, the shakedown boundary intersects 

with X-axis at 0.679, instead of 1 in Fig. 6(a). The reason is that the stress state induced by the inner 

pressure is complex, containing both membrane and bending stress. The bending stress would cause 

the shrink of the shakedown boundary near the X-axis when the inner pressure becomes cyclic. 

Otherwise, if the mechanical load yields pure membrane stress in the structure, both the constant and 

cyclic mechanical load would result in the same shakedown limit. It can also be observed in Fig. 6(b) 

that with increasing ratio of Δ𝑇/𝑃, the shakedown multiplier becomes larger, forming a sharp angle 

in the shakedown boundary. The reason is that the thermal and mechanical load interact with each 

other by counteracting stress in some regions of the structure. Thus, the shakedown boundary is 

maximised when the temperature and inner pressure level are comparable at load point (0.838, 0.940). 

In terms of the ratchet boundary, it is obtained using the UPFRA by setting the target maximum 𝜀, =

0.02%. The ratchet boundary is located between the shakedown boundary and the limit load, dividing 

the diagram into a reverse plasticity region and a ratchet region. The lower part of the ratchet boundary 

shares a similar trend as the shakedown boundary. Then a vertical part can be found in the ratchet 

boundary, which is parallel to the limit load. After that, the ratchet boundary rapidly shrinks and 

approaches the Y-axis gradually.  

To determine the ratchet boundary, a series of scale paths with different ratio of Δ𝑇/𝑃 have been 

considered, and both Δ𝑇 and 𝑃 have been scaled proportionally to reach the structural ratchet limit. 

An example scale path has been given in Fig. 6(b), showing the calculated ratchet limit at each sub-

cycle along the specific scale path. A detailed convergence history of the load multiplier λ has been 

shown in Fig. 8(a). For the first sub-cycle, using a typical bisection scheme, the middle point between 

the shakedown limit 𝜆V = 0.151 and the limit load 𝜆S = 0.979 is first found. It can be observed that 
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the maximum ratchet strain yielded by the first sub-cycle 𝜆7 = 0.565 is smaller than the target ratchet 

strain, the middle point between the first sub-cycle and the limit load is thus chosen for the calculation 

of the second sub-cycle 𝜆8 = 0.772 . By performing the bisection scheme repeatedly, the load 

multiplier λ finally converged at the fifth sub-cycle where 𝜆Y = 0.798 and maximum structural 𝜀,8 =

0.02%. 

 

 

Fig. 8. (a) Convergence history of the load multiplier λ for a specific scale path; (b) evolution of 

the maximum plastic strain magnitude of the aero-engine heat exchanger obtained with ABAQUS 

step-by-step analysis. 

To verify the results, a series of ABAQUS step-by-step (SBS) has been conducted. A Python script 

has been developed to create a number of static steps in ABAQUS/CAE. The cyclic loading 

conditions are simulated by applying loads in turns for each step. For example, for load case (a), 

constant pressure and high temperature during the loading stage are applied at step number 1, 3, 5, 

etc. While constant pressure and low temperature during the unloading stage are applied at step 

number 2, 4, 6, etc. An EPP model is also specified in ABAQUS for inelastic calculation. The 

contours of the last few steps are checked when the calculation is completed to make sure steady-

state behaviour is found in the structure. Many steps are usually required to reach saturated hysteresis 

loops and each step may take several increments to converge. Therefore SBS analyses are highly 
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accurate but time-consuming. The technique of SBS verification has been widely used in some 

previous works [64, 65].  

Four load points in Fig. 6(b) have been chosen for SBS verification. Both load point (A) and load 

point (B) are in the reverse plasticity region but with different Δ𝑇/𝑃 ratio. A total of 100 recurring 

steps have been created for step-by-step (SBS) analysis, and an equivalent plastic strain range	Δ𝜀% is 

obtained by subtracting the equivalent plastic strain PEEQ at the step before the last step from the 

PEEQ at the last step. The evolution of the maximum plastic strain magnitude PEMAG of the aero-

engine heat exchanger obtained with the SBS analysis for both load points has been given in Fig. 8(b). 

It can be seen that the maximum plastic strain magnitude gradually increases at the first few time 

increments before a steady-state level is reached. Thus, the structural behaviours for both load points 

are reverse plasticity, which proves the accuracy of the ratchet boundary calculated by the UPFRA. 

As shown in Fig. 9, the Δ𝜀% obtained with the DSCA and the SBS analysis are highly comparable 

and similar. Dominated by the thermal load, the Δ𝜀% at load point (A) concentrates at the tubesheet; 

dominated by the mechanical load, the maximum Δ𝜀% at load point (B) occurs at the head of the heat 

exchanger. Therefore, different load points inside the ratchet boundary may have various critical 

locations for low cycle fatigue failure, depending on the dominance of thermal or mechanical loads. 

The comparisons between the DSCA and SBS have proven the precision and robustness of the DSCA. 

Also, as a direct method, the DSCA offers significantly better computational efficiency compared to 

the SBS without any difficulties in convergence.  
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Fig. 9. Contours of the equivalent plastic strain range	Δ𝜀% for (a) load point (A) obtained with 

DSCA; (b) load point (A) obtained with ABAQUS step-by-step analysis; (c) load point (B) obtained 

with DSCA; (d) load point (B) obtained with ABAQUS step-by-step analysis.
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Fig. 10. Contours of the equivalent ratchet strain 𝜀, for (a) load point (C) obtained with DSCA; 

(b) load point (C) obtained with ABAQUS step-by-step analysis; (c) load point (D) obtained with 

DSCA; (d) load point (D) obtained with ABAQUS step-by-step analysis. 

Load points (C) and (D) have been further chosen in Fig. 6(b) for ABAQUS step-by-step (SBS) 

verification. Contours of the equivalent ratchet strain 𝜀, obtained with DSCA and SBS have been 

plotted and compared in Fig. 10. The target 𝜀, for this case is set to be 0.02%. For load points located 

on the ratchet boundary, the largest 𝜀, obtained with the DSCA is found to be nearly identical to the 

target value in Fig. 10(a) and Fig. 10(c). As shown in Fig. 10(b) and Fig. 10(d), the distribution and 

values of 𝜀, obtained with SBS are highly similar compared to the ones obtained with DSCA. The 

minor difference is mainly caused by different procedures used during post-processing. For SBS, the 

𝜀, is calculated by subtracting the equivalent plastic strain accumulated during loading stage from 

the one accrued during unloading stage using the PEEQ values, while the 𝜀, in DSCA is calculated 

by subtracting the plastic strain component during loading and unloading stage before computing the 

equivalent plastic strain. Despite the minor numerical variance, the high accuracy of the proposed 

approach has been proven for this case.  

In terms of the efficiency of the proposed methodology, the comparisons of total CPU time for the 

computation of each load point using both DSCA and SBS have been given in Table 2. It can be 

observed that the overall CPU time using the DSCA is significantly less than the SBS, with a speed 

increase of up to 73.1%. The reason is that the SBS analysis may require several increments in each 

step to converge when considering inelastic behaviour of the material, while the DSCA uses a series 

of linear elastic equations and aims for the steady-state structural behaviour at each iteration. To 

determine a load point on the ratchet boundary, a number of DSCA analyses are performed iteratively 

in the UPFRA, using the SBS for this objective would be much more time-consuming. Therefore, the 

high efficiency of the DSCA and UPFRA has been successfully proven. 
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Table 2 Comparisons of total CPU time using the DSCA and SBS. 

 Load point 
(A) 

Load point 
(B) 

Load point 
(C) 

Load point 
(D) 

CPU time (SBS) [sec]  45711 40672 62136 76529 

CPU time (DSCA) [sec]  20426 20358 20404 20602 

Speed improvement 55.3% 49.9% 67.2% 73.1% 
 

3.2. A holed plate 

As a classical geometry for shakedown and ratchet analysis, the holed plate is often considered as 

a simplified model to simulate a complete tubesheet in a typical heat exchanger [40]. As shown in 

Fig. 11(a), the holed plate is subjected to an axial pressure 𝜎%  and a thermal load caused by 

temperature difference Δ𝑇 = 𝑇 − 𝑇5. The geometry sizes of the hold plate are identical to [19], with 

𝐷/𝐿 = 0.2 and 𝑑/𝐿 = 0.05. To further simplify the problem, a quarter model is adopted in ABAQUS 

using symmetry boundary conditions. Then model is then meshed into 642 quadratic hexahedral 

elements of type C3D20R, as shown in Fig. 11(b). After that a steady-state thermal analysis has been 

conducted to calculate the temperature distribution in the model.  

 

 

Fig. 11. (a) The geometry of a holed plate [19]; (b) the temperature distribution and FE mesh. 
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Based on a previous work [19], the shakedown and ratchet analysis has been done for the same 

structure undergoing arbitrary thermo-mechanical load histories, with further consideration of 

temperature-dependent material properties. The material used in this case is X2CrNiMo17-12-2 steel, 

and its material parameters have been given in Table 3. It should be mentioned that linear 

interpolation and extrapolation techniques have been adopted to calculate the material properties for 

the scaled local temperature on each integration point. No hardening effect has been considered in 

this example for the sake of simplicity. All the temperature-dependent material properties are 

obtained from [43]. 

For the fatigue analysis, the fatigue life curves of X2CrNiMo17-12-2 steel at various temperatures 

have been shown in Fig. 12. The low-cycle fatigue life is calculated using a bilinear interpolation 

technique considering both the total strain range Δ𝜀4 and temperature T on each integration points as 

input variables. The lowest fatigue life in the whole structure can then be derived as an output variable. 

 

Table 3 Temperature-dependent material parameters of X2CrNiMo17-12-2 steel [43]. 

Temperature, 
T [ºC] 

Heat capacity, 
Cp(T) 

[J/(kg∙ºC)] 

Conductivity, 
𝜆(𝑇) 

[W/(m∙ºC)] 

Thermal 
expansion, 

α(T) [10-5/ºC] 

𝑅/5.8(𝑇) 
[MPa] 

𝐸v 
[MPa] 

20 472 14.28 1.53 258 

2.17×105 
100 501 15.48 1.59 252 
200 522 16.98 1.66 248 
300 538 18.49 1.72 240 
400 556 19.99 1.78 240 
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Fig. 12. Fatigue curves of X2CrNiMo17-12-2 steel at various temperatures [66]. 

Two simplified load cases have been studied in this work, as shown in Fig. 13. Load case Ι 

represents a cyclic axial load and a cyclic thermal load. The corresponding loading domain Ι is 

comprised of two load vertices: (𝑃, Δ𝑇) and (0, 0). While for load case ΙΙ, the component is subjected 

to a constant axial load and a cyclic thermal load. The corresponding loading domain ΙΙ consists of 

two load vertices: (𝑃, Δ𝑇) and (𝑃, 0).  

A limit load analysis and a reverse plasticity limit analysis have been conducted using the LMM 

shakedown module. As a result, the limit load 𝑃5 = 225.5	MPa and the reverse plasticity limit Δ𝑇5 =

200	°C. 𝑃5  and Δ𝑇5  are then used as the reference loads for future analyses. The elastic analysis 

contours of the component subjected to pure mechanical load 𝑃5  and pure thermal load Δ𝑇5  are 

presented in Fig. 14, respectively. It can be observed that both thermal and mechanical loads induce 

stress concentration around the inner hole of the square plate.  
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Fig. 13. (a) Two simplified load cases; (b) the corresponding loading domains. 

 

Fig. 14. Elastic analysis contours of (a) the mechanical von Mises stress; (b) the thermal von 

Mises stress during the loading stage. 

The shakedown limit, ratchet limit and constant fatigue life curves of the holed plate subjected to 

load case Ι have been computed and presented in Fig. 15(a). Both the axial load 𝑃 and the temperature 

difference Δ𝑇 have been normalised by the reference loads 𝑃5 and Δ𝑇5, respectively. For load points 

located between the shakedown and ratchet limit, a closed hysteresis loop would form, and the 

structure would experience reverse plasticity leading to low cycle fatigue damage. A series of LCF 

life boundaries have been plotted, on which the low cycle fatigue life is constant for every load point 

on each constant fatigue life curve. It can be beneficial for designers to determine the fatigue life 

quickly for a structure subjected to arbitrary load combinations using the LCF life boundary. It can 
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be observed that the constant fatigue life curves are nearly parallel to the reverse plasticity limit, 

which is part of the shakedown boundary. The constant fatigue life curves closer to the shakedown 

boundary represents a longer low cycle fatigue life. The shakedown boundary is comprised of the 

reverse plasticity limit and a part of the ratchet limit. The ratchet boundary shares its lower part with 

the shakedown boundary and approaches Y-axis with increasing temperature difference Δ𝑇. It is 

worth noting that the lower part of the ratchet boundary is not vertical, like the one in [19]. The reason 

is that the temperature-dependent yield stress becomes lower with increasing temperature, leading to 

a slight shrink of ratchet boundary.  

The shakedown limit, ratchet limit and constant fatigue life curves of the holed plate subjected to 

load case ΙΙ has also been calculated and presented in Fig. 15(b). As a typical Bree-like problem with 

a constant mechanical load and a cyclic thermal load, the shakedown boundary consists of a horizontal 

reverse plasticity limit and part of the ratchet limit. The constant fatigue life curves are also horizontal 

and parallel to the reverse plasticity limit. It should be mentioned that all the shakedown limit, ratchet 

limit and constant fatigue life curves for both load cases are based on temperature-dependent material 

properties, making them more accurate and viable for use in industries.  

 

 

Fig. 15. Shakedown limit, ratchet limit and constant fatigue life curves of the holed plate 

subjected to (a) load case Ι; (b) load case ΙΙ. 



 

29 
 

Like the previous example, three scale paths for the evaluation of fatigue and ratchet diagram of 

the holed plate subjected to load case Ι have been shown in Fig. 16(a). In the UPFRA, a scale path 

specifies a certain ratio between the thermal and mechanical load and converges to a certain load 

point when the target parameter is reached. For ratchet analysis, the target equivalent ratchet strain 

𝜀, = 0.04%, as provided in [59]; for fatigue analysis, the target number of cycles to failure 𝑁 =

1000. By selecting several scale paths with different ratio between 𝑃 and Δ𝑇, a number of data points 

can be derived and plotted into a smooth curve. The convergence histories of the maximum equivalent 

ratchet strain and the minimum number of cycles to failure in the structure for three scale paths have 

been plotted in Fig. 16. Using the bisection scheme, the 𝜀, and 𝑁 would converge rapidly in around 

5 sub-cycles. For the same problem of determining the ratchet boundary for the holed plate subjected 

to load case Ι, another generalised method proposed in [19] takes about 10-15 sub-cycles before 

convergence criterion is met. Therefore, the bisection scheme used in this work is more 

computationally efficient and versatile for structural fatigue and ratchet analysis. 

 

 

Fig. 16. (a) Three scale paths used to plot ratchet limit and constant fatigue life curves; (b) 

convergence histories of the maximum equivalent ratchet strain and the minimum number of cycles 

to failure for three scale paths. 

The shakedown and ratchet boundaries for both load cases have been compared in Fig. 17(a). It 

can be observed that the shakedown boundaries intersect with both axes at the same point. However, 
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the reverse plasticity limits are different due to the variation in the cyclic stress range. Compared to 

load case ΙΙ, load case Ι results in a more augmented and less conservative ratchet limit because of 

the absence of the constant mechanical load. To verify the accuracy of the shakedown and ratchet 

limit for load case Ι, several load points have been selected for ABAQUS step-by-step analyses, as 

shown in Fig. 17(a). The evolution of the maximum plastic strain magnitude PEMAG of the holed 

plate for load points (3), (7) and (8) have been plotted in Fig. 17(b). The load point (3) is in the reverse 

plasticity region, and after a few cycles, the plastic strain ceases from increasing and begin fluctuating 

around a specific value. The load point (7) is in the shakedown region, and the structural behaviour 

is elastic after a few cycles with a constant plastic strain. The load point (8) is in the ratchet region, 

and the ratchet strain continuously grows larger for each cycle. Therefore, the evolution of plastic 

strain agrees well with the shakedown and ratchet boundaries, proving the accuracy of the UPFRA.  

 

 

Fig. 17. (a) Comparison of boundaries of the holed plate subjected to two load cases, and load 

points considered for ABAQUS step-by-step analysis; (b) evolution of the maximum plastic strain 

magnitude of the holed plate obtained with ABAQUS step-by-step analysis. 

Load point (3) is chosen from the constant fatigue life curve when the number of cycles to failure 

𝑁 = 1000. Some DSCA contours have been extracted and shown in Fig. 18. The equivalent ratchet 

strain	𝜀, in Fig. 18(a) predicts the failure mechanism of the holed plate: the structural would first fail 

at the inner hole and the upper-left edge, then the plastic zone would merge and expend until the holed 
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plate is broken through in the vertical direction. The maximum 𝜀, = 0.01013% < 0.04%, so load 

point (3) has been proved to be located inside the ratchet boundary. The equivalent total strain 

range	Δ𝜀4  in Fig. 18(b) shows the location of low cycle fatigue damage when the holed plate is 

subjected to load point (3). Large Δ𝜀% can be found at the corner of the inner hole and at the upper-

left edge. Using the bilinear interpolation technique and the fatigue curves of X2CrNiMo17-12-2 steel, 

the number of cycles to failure 𝑁  can then be calculated, as given in Fig. 18(c). The structural 

minimum 𝑁 = 1000, so load point (3) has been proven to be situated on the constant fatigue life 

curve of 𝑁 = 1000. 

To further verify the accuracy of DSCA, a step-by-step analysis has been conducted for load point 

(3) with load case Ι applied. Some contours obtained with DSCA and SBS have been compared in 

Fig. 19. Comparing the contours of von Mises steady-state stress during loading and unloading stage, 

a similar stress distribution between DSCA and SBS can be observed, with some minor difference 

due to numerical errors. As mentioned in the previous example, the equivalent plastic strain range	Δ𝜀% 

is obtained by subtracting the equivalent plastic strain PEEQ at the step before the last step from the 

PEEQ at the last step for SBS. The distribution of Δ𝜀% obtained with SBS and DSCA are nearly 

identical, as shown in Fig. 19(c) and Fig. 19(f). The largest Δ𝜀% is found at the bottom edge of the 

inner hole. Therefore, an integration point in that region is chosen, with its steady-state stress-strain 

behaviour studied further.  

 

 

Fig. 18. DSCA contours for load point (3): (a) equivalent ratchet strain; (b) equivalent total strain 

range; (c) the number of cycles to failure. 
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Fig. 19. Comparison of contours for load point (3): (a) von Mises steady-state stress during 

loading process obtained with DSCA; (b) von Mises steady-state stress during unloading process 

obtained with DSCA; (c) equivalent plastic strain range	Δ𝜀% obtained with DSCA and the location 

of maximum Δ𝜀%; (d) von Mises steady-state stress during loading process obtained with SBS; (e) 

von Mises steady-state stress during the unloading process obtained with SBS; (f) Δ𝜀% obtained 

with SBS and the location of maximum Δ𝜀%. 

The saturated hysteresis loops for the integration point highlighted in Fig. 19(c) and Fig. 19(f) 

obtained with LMM and SBS have been plotted in Fig. 20(a). The stress is bounded by the yield stress 

at the local temperature because of the Elastic Perfectly Plastic (EPP) model adopted. Due to the 

temperature dependency of material properties, the largest stress for each load points varies, 

depending on the yield stress at certain temperature 𝑇. The lowest stress for each load points are 

identical, which are equal to yield stress at 𝑇 = 0. Comparing load points (1)-(3), it can also be 

observed that strain range rises with increasing temperature and decreasing axial pressure, which 

means that for all three load points, the structural failure is dominant by the thermal load.  

The comparison of maximum plastic strain range Δ𝜀/ obtained with LMM and SBS is presented 

in Fig. 20(b). It is worth noting that the strain range calculated by LMM is slightly smaller than the 

one calculated by SBS. The reason is that in LMM, the strain range is firstly computed by subtracting 

the strain tensors between loading and unloading stage, before calculating the equivalent strain range 

using the result tensors. While in SBS, the equivalent strains at loading and unloading stage are 
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initially computed by ABAQUS, then subtracted to get the strain range values. Therefore, some 

numerical errors would occur using these two different processing strategies. For load points (1)-(6), 

the average difference of Δ𝜀/ between LMM and SBS is 2.96%, proving the precision and robustness 

of the LMM and the UPFRA. 

 

 

Fig. 20. Comparison of (a) saturated hysteresis loops obtained with LMM and SBS; (b) 

maximum plastic strain range obtained with LMM and SBS. 

4. Conclusions 

The concept of constant life diagram has been extended from material level to structure level. A 

Unified Procedure for Fatigue and Ratchet Analysis (UPFRA) has been proposed to generate the 

ratchet boundary and the LCF life boundary for components subjected to arbitrary cyclic thermal-

mechanical load histories. Case studies on two different engineering structures have been performed 

using the proposed numerical procedure. However, there are some limitations in the proposed 

procedure that can be further improved. It is widely acknowledged that material hardening may have 

a strong effect on the fatigue life of structures, leading to less-conservative LCF life boundaries. So 

for future work, the cyclic hardening effect of materials could be considered in the UPFRA using 

Ramberg-Osgood models. The main results and conclusions of this work are summarized as follows: 



 

34 
 

(1) Material ratchetting is activated by non-zero mean stress or a zero mean stress with tension-

compression asymmetry and is considered in a homogeneous cyclic stress field with no 

residual stress involved; while structural ratchetting is considered in an inhomogeneous cyclic 

stress field with residual stress involved and can be demonstrated by an Elastic Perfectly 

Plastic (EPP) model for conservatism and simplification. 

(2) For Bree-like problems, a two-stage procedure is introduced which is comprised of the Direct 

Steady Cycle Analysis (DSCA) algorithm and the Koiter's shakedown theorem; while for 

engineering problems with arbitrary cyclic loads involved, a three-stage procedure is proposed 

which is composed of the shakedown analysis and the UPFRA.  

(3) By iteratively calling the DSCA subroutine controlled by a bisection scheme, the UPFRA has 

been successfully employed in various engineering problems considering complex geometry 

and temperature-dependent material properties with high computational efficiency.  

(4) A series of data points have been chosen for verification with the ABAQUS step-by-step (SBS) 

analysis. The steady-state stress contours, the equivalent plastic strain range contours and the 

saturated hysteresis loops have been plotted, which agreed well with the results obtained with 

the LMM DSCA module, proving the accuracy of the ratchet boundaries and the structural 

constant fatigue life curves obtained with the UPFRA.  

(5) In terms of future work, the cyclic hardening effect of material could be considered 
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