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A stacked frequency approach for inhomogeneous time-dependent MRE:
an inverse problem for the elastic shear modulus
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We derive and analyse a new way to calculate the shear modulusof an inhomogeneous elastic material
from time-dependent MRE (magnetic resonance elastography) measurements of its interior displacement.
Even with such a rich data source this is a challenging inverse problem because the coefficient of the shear
modulus in the governing equations can be small (or potentially zero). Our approach overcomes this by
combining different data sets into an overdetermined matrix–vector equation. It uses finite differences to
approximate space derivatives and a Fourier interpolant intime, and we do not need to assume that the
inhomogeneous material is ‘locally homogeneous’. Crucially, our construction ensures that the computed
value of the (real) shear modulus is real: approximation methods based on the frequency domain version
of the problem often give a complex shear modulus for the elastic case and this can be hard to interpret,
especially if its imaginary part dominates. We carry out careful numerical tests on a one (space) dimen-
sional analogue of the problem, and on experimental MRE datafor an inhomogeneous gel phantom.
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1. Introduction

Magnetic resonance elastography (MRE) is a powerful technique for non-invasive determination of the
biomechanical properties (such as the elastic shear modulus) of tissue. A common experimental scenario
is to use an external mechanical excitation to induce waves in the tissue, and measure the resulting
displacement at fixed sites inside the tissue using phase-contrast MRI. This provides a far richer data
source than surface-based mechanical tests, but accurate reconstruction of the elastic moduli is still a
challenging ill-conditioned inverse problem, with many different methods proposed (see e.g. Manduca
et al. (2001); Park & Maniatty (2006); McLaughlin et al. (2010); Sánchez et al. (2010); Doyley (2012);
Dittmann et al. (2016); Barnhill et al. (2018)).

Two aspects of this problem were recently considered in Davies et al. (2019). One is a derivation and
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analysis of a new method (termed “stacked frequency wave inversion”, or SFWI) to calculate the shear
modulus of an inhomogeneous elastic material from time-harmonic measurements of the material’s
displacement (i.e. the frequency domain version of the MRE problem). The underlying problem is
ill-conditioned because the coefficient of the shear modulus in the governing equations can be zero or
small, and the SFWI approach overcomes this by combining approximations at different mechanical
oscillation frequencies into a single overdetermined matrix–vector equation. The other aspect addressed
in Davies et al. (2019) is how to use the full time signal of measured displacements rather than a single
Fourier component (as is standard) to calculate the shear modulus of a homogeneous material.

Here we derive a new stacked frequency approximation methodfor the full time-dependent and
inhomogeneous problem which automatically gives a real value for the (real, nonconstant) shear modu-
lus in the pure elastic case. This is important because any method which gives a complex value for the
(pure elastic) shear modulus is unlikely to be robust enoughto use for more complicated viscous mate-
rials. Our approach uses finite differences to approximate space derivatives and a Fourier interpolant in
time and does not rely on assuming that the inhomogeneous material is ‘locally homogeneous’.

We consider two variants of the new method, one which uses allthe information present in the time-
signal, and another based on the dominant Fourier componentfrom the measured displacement – this
can be advantageous in experiments with low frequency machine noise. These new methods are tested
extensively on “synthetic” data with added noise and on experimental data. In both cases we assume
that the tissue’s displacement is measured at uniformly spaced points (or as averages over equal-sized
pixels or voxels) inΩL ⊂ Rd for d = 2 or 3, whereL is a typical length scale – in applicationsΩL is a
rectangle or box with sides of lengthO(L), and atM times during a complete period of the underlying
mechanical oscillation (in practiceM = 8).

The displacementU(X,τ) of an elastic material at timeτ of a point originally atX ∈ ΩL satisfies
the linear momentum balance equationρ ∂ 2

τ U = divT (assuming that body forces such as gravity are
small enough to be ignored), whereρ is the material’s density,∂τ denotes the total derivative with
respect toτ and T is the stress tensor corresponding to the displacementU. We assume that: the
displacementU is small enough for a linear model to be valid; the material isisotropic (i.e. there is
not a preferred direction, unlike muscle fibres); and phenomena such as wave attenuation are ignored
(see the end of Sec 2.3 for a discussion of the behaviour of viscous models). In this case the stress
is Tαβ = λ Uγ,γ δαβ + µ̃

(
Uα ,β +Uβ ,α

)
, where ,α = ∂/∂Xα , andλ (X) and µ̃(X) are Lamé material

parameters (̃µ is the shear modulus), and the displacement satisfies the elastic wave equation (EWE)

ρ ∂ 2
τ Uα =

(
µ̃ (Uα ,β +Uβ ,α)

)
,β +

(
λ Uβ ,β

)
,α for α = 1 : d . (1.1)

The EWE admits longitudinal (pressure) and transverse (shear) plane wave solutions, but at the
typical frequencies used in MRE (up to a few hundred Hz), the pressure wave has a wavelength of the
order of several metres, which is undetectable. It is typical to filter the displacement to remove the
gradient part ofU in MRE applications (see e.g. Manduca et al. (2001)), resulting in the shear wave
equation (SWE)

ρ ∂ 2
τ Uα =

(
µ̃ (Uα ,β +Uβ ,α)

)
,β for α = 1 : d , (1.2)

where now divU = 0.
Our MRE reconstruction problem is then to determine the (inhomogeneous) shear modulusµ̃ from

(1.2) using space–time measurements ofU. We first nondimensionalize the SWE (1.2), setting:

x = X/L , t = 2π f τ , µ(x) = µ̃(X)/µ0 , and u(x, t) = U(X,τ) ,
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whereµ0 is a constant of the same order of magnitude asµ̃ , so thatµ(x) is anO(1) quantity. This gives
the nondimensionalized SWE

ω2üα =
(
µ (uα ,β +uβ ,α)

)
,β for α = 1 : d , for (x, t) ∈ Ω1× (0,2π) , (1.3)

where ,α now denotes the partial derivative with respect toxα , an overdot denotes a derivative with
respect tot and

ω = 2π f L

√
ρ
µ0

.

The MRE problem in 1D space (i.e. the 1D analogue of (1.3)) provides a very useful test case
because it behaves in a qualitatively similar way to MRE in higher spatial dimension, but is far easier
and quicker to simulate. We first derive and analyze two variants of the time domain SFWI algorithm
for the 1D MRE problem and carefully evaluate their performance in the presence of added noise. To
do this we need to produce highly accurate displacement datafor the 1D version of the time-dependent
equation (1.3), and this is described at the start of Section2.

Results for the two SFWI algorithms on experimental MRE measurements for a gel phantom are
given in Section 3. As in 1D the solution accuracy is significantly degraded by measurement noise, and
we consider noise further in Section 4, and conclude in Section 5 with some pragmatic suggestions for
MRE practitioners.

2. Approximation in 1D space

As noted in Davies et al. (2019), 1D simulations are very useful in providing qualitatively similar results
to those for higher space dimensions, whilst having the advantage of being much faster calculations. It
is also far more straightforward to produce exact or highly accurate “synthetic” test data in 1D, which
is needed in order to evaluate how well a reconstruction algorithm behaves with increasing noise. The
1D model problem is to findµ(x) given the nondimensionalized frequencyω and measured values of
the time periodic functionu(x, t) such that

ω2 ü= (µ ux)x , x∈ (0,1) , t ∈ (0,2π) , (2.1)

where the subscriptx denotes∂/∂x. We describe “stacked frequency” inversion algorithms forthis time-
dependent inhomogeneous problem in Sec. 2.3, but first show how test data can be obtained efficiently.

2.1 Construction of synthetic data for the 1D problem (2.1)

It is straightforward to calculate an exact solutionu(x, t) of (2.1) whenµ(x) is piecewise constant with
one jump. Suppose that

µ(x) =
{

1, x∈ [0,a]
µI > 0, x∈ (a,1],

for somea∈ (0,1) and let the waveφ(t −ω (x−a)) be incident upon the material forx< a. It travels
through the material undisturbed until it hits the materialdiscontinuity atx = a, which generates a
reflected wave with the same speed (and opposite direction) in x < a and a transmitted wave with a
different speed inx> a. Maintaining continuity ofu and the stressµ ux at x= a gives the solution as

u(x, t) =

{
φ(t −ω (x−a))+KRφ(t +ω (x−a)) , x∈ [0,a]
KT φ(t −ωI (x−a)) , x∈ (a,1],
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whereωI = ω/
√µI and the reflection and transmission coefficients are respectively

KR =
1−√µI

1+
√µI

and KT = 1+KR=
2

1+
√µI

.

The incident wave is assumed to be 2π-periodic in time, and for simplicity we takeφ(t) = cost. This
gives the solutionu(x, t) = vc(x) cost + vs(x) sint , where

vc(x)=

{
(1+KR) cos(ω(x−a)), x∈ [0,a]
KT cos(ωI (x−a)), x∈ (a,1],

and vs(x)=

{
(1−KR) sin(ω(x−a)), x∈ [0,a]
KT sin(ωI (x−a)), x∈ (a,1] .

Note that bothvc(x) andvs(x) solve the ODE

(
µ v′
)′
+ω2v= 0 (2.2)

where′ denotesd/dx, and this can be regarded as an initial value problem (IVP) when the pairs of initial
conditions are

vc(0) = (1+KR) cos(ωa)
v′c(0) = ω (1+KR) sin(ωa)

and
vs(0) = (KR−1) sin(ωa)
v′s(0) = ω (1−KR) cos(ωa) .

This formulation is the most useful way to construct highly accurate numerical solutionsu(x, t) of (2.1)
when the exact shear modulusµ(x) is more complicated than a piecewise constant with a single jump,
because of the wide availability of efficient ODE solvers forIVPs. In standard first order form the ODE
(2.2) fory = (y1,y2)

T with y1 = v andy2 = µ v′ is

y′(x) =
(

0 1/µ(x)
−ω2 0

)
y(x) (2.3)

and this is straightforward to solve numerically with high accuracy to obtain solutionsy(I)(x) andy(II )(x)
with the initial conditionsy(I)(0) = (1,0)T andy(II )(0) = (0,1)T respectively. Any solution of the ODE
(2.2) with specified initial conditions can then be written as a linear combination of the first components
of these solutions. For example,

v(x) = v0y(I)1 (x)+ v1 µ(0)y(II )1 (x) (2.4)

solves (2.2) with initial conditionsv(0) = v0 andv′(0) = v1. Numerical test results indicate that this
approach works well, giving very accurate test datav(x).

Our strategy for obtaining synthetic test data to use for thetime-dependent shear modulus problem
in 1D space is as follows.

• Choose the exactµ(x) > 0 for x ∈ [0,1] which the MRE simulation is to approximate and a
suitable non-dimensionalised frequencyω .

• Use a standard highly accurate ODE solver to evaluate the solutionsy(I) andy(II ) of (2.3) on an
extremely fine spatial mesh. The functionu(x, t) = v(x) cost with v(x) given by (2.4) on this mesh
for given values ofv0 andv1 approximates the solution of the PDE (2.1) with initial and boundary
conditions

u(x,0) = v(x) , ut(x,0) = 0, u(0, t) = v0 cost , ux(0, t) = v1 cost .
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• Choose space–time “observation mesh” sizes∆x= 1/J andh= 2π/M and produce a noisy ver-
sion ofu on this mesh, setting

um
j = v(x j−1/2) cos(tm)+ εm

j , j = 1 : J, m= 0 : M−1, (2.5)

wherexr = r ∆x, tm = mh and eachεm
j ∈ [−ε,ε] for ε > 0 is a pseudo-random error term to

simulate experimental error.

The aim of the reconstruction algorithm is to combine synthetic data values obtained at more than
one “frequency”ω in order to approximate the shear modulus. Our new time domain algorithm is based
on the spatial SFWI derived in Davies et al. (2019) for time harmonic (frequency domain) data and uses
the Fourier interpolant ofu in time. This construction, which follows the approach of Trefethen (2000),
is used for the homogeneous (i.e. constantµ) problem in Davies et al. (2019) and is summarised below.

2.2 Fourier interpolant in time

Suppose thatv∈C[0,2π ] is a 2π-periodic function measured attm for m= 0 :M−1, and setvm= v(tm).
The discrete Fourier transform (DFT) ofv is

{
v̂ℓ : ℓ=−M/2+1 : M/2

}
, where

v̂ℓ =
M−1

∑
m=0

e−iℓtm vm, ℓ=−M/2+1 : M/2

and the inverse DFT is

vm =
1
M

M/2

∑′

ℓ=−M/2

eiℓtm v̂ℓ , m= 0 : M−1,

wherev̂−M/2 = v̂M/2 and the prime on the sum indicates that terms withℓ=±M/2 are multiplied by1
2 .

The Fourier interpolant ofv is V(t) defined by

V(t) =
1
M

M/2

∑′

ℓ=−M/2

eiℓt v̂ℓ

and satisfiesV(tm) = v(tm) for eachm by construction. Differentiating twice in time att = tm gives

V̈(tm) =
1
M

M/2

∑
ℓ=−M/2+1

(
−ℓ2) eiℓtm v̂ℓ , m= 0 : M−1. (2.6)

As noted in Ch. 3 of Trefethen (2000), if the DFT is implemented in a way which assumes a different
ordering of the wavenumbers then the vector of multipliers of the components−ℓ2 will also need to
be reordered. For example, if using MATLAB ’s fft function then the vector of multipliers of the
componentseiℓtm in (2.6) is[0:M/2,-M/2+1:1].ˆ2. * fft(v) .

Note that ifv is a pure harmonic function, i.e.v(t) = A cos(t + c) for A, c ∈ R, thenv̂ℓ = 0 unless
ℓ=±1. For an MRE signal (in which there is experimental noise) the Fourier components withℓ=±1
correspond to the underlying oscillation frequency and will be larger than the others, and we refer to
them as thedominant Fourier components. They are complex conjugates – the positive and negative
fundamental frequencies in the Fourier spectrum.
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2.3 Time-dependent stacked frequency wave inversion method for (2.1)

We now describe and analyze a new approximation algorithm for the inhomogeneousand time-dependent
MRE reconstruction problem (2.1), which is the 1D analogue of a first order hyperbolic PDE forµ . The
displacementu has an underlying time-harmonic oscillation and it is quitelikely that the ‘wind’ (ux in
(2.1)) will change sign, and its sign cannot be determined accurately becauseux is not measured directly,
but has to be approximated from measured values ofu. This makes an upwinding approximation scheme
for (2.1) and its higher dimensional versions inappropriate, and instead we use central differences for
the space approximation, as described in Davies et al. (2019), regardingum

j+1/2 as the average value

of u over the space-interval[x j ,x j+1] at timetm. The gridpoints forµ arex j for j = 1 : J−1, i.e. the
endpoints of interior intervals(x j , x j+1).

Integrating (2.1) over such an interval forj = 1 : J−2 gives

[µ(x)ux(x, t)]
xj+1
xj = ω2

∫ xj+1

xj

ü(x, t)dx≈ ω2 ∆xü(x j+1/2, t) (2.7)

using the midpoint rule. We use central differences forux terms:ux(x j , t)≈
(
u(x j+1/2, t)−u(x j−1/2, t)

)
/∆x

and replaceu by its Fourier interpolant in time. This gives the followingapproximation scheme

aℓj+1 µ j+1−aℓj µ j ≈ ω2 ∆x(−ℓ2) ûℓj+1/2 , j = 1 : J−2, ℓ=−M/2+1 : M/2, (2.8)

where

ûℓj+1/2 =
M−1

∑
m=0

e−iℓtm u(x j+1/2, tm) and aℓj =

(
ûℓj+1/2− ûℓj−1/2

)

∆x
.

Note that the right-hand side of (2.8) is zero whenℓ = 0 (this zero frequency corresponds tou
being constant) and we ignore this mode when writing the equations as a linear system, settinga j =(

a−M/2+1
j , . . . ,a−1

j ,a1
j , . . . ,a

M/2
j

)T
∈ CM−1, 0 ∈ RM−1 to be the zero (column) vector and definingA∈

C(M−1)(J−2)×(J−1) to be the block bidiagonal matrix with entries

A=




a1 −a2 0 0 . . . 0 0
0 a2 −a3 0 . . . 0 0
...

...
. . .

. . .
. . .

. . .
...

0 0 0 0 . . . aJ−2 −aJ−1


 .

Then the approximation (2.8) is the underdetermined linearsystem

Aµ = b (2.9)

for µ = (µ1, . . . ,µJ−1)
T , whereb ∈C(M−1)(J−2) has components−ω2ℓ2∆xûℓj−1/2 for ℓ=−M/2+1 :

M/2, ℓ 6= 0 and j = 1 : J−2, stacked vertically in the appropriate order. Note the difference in structure
from the equivalent linear system for the time-harmonic version of (2.1) in Davies et al. (2019): the
matrix A here has complex (rather than real) entries, and hasM−1 times the number of rows. But the
fundamental issues remain the same: (i) the linear system (2.8) is underdetermined because as a first
order ODE forµ(x), (2.1) is only enough to give the general solution to within an arbitrary constant,
and needs an extra piece of information (such as a boundary condition) to give a unique solution, and
(ii) it is likely to be ill conditioned because theaℓj can be close to zero. For this reason we combineq> 1
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systems like (2.9), each obtained from values ofu(x, t) at different nondimensional frequenciesωk to
produce a least squares (overdetermined) system forµ . Suppose that they individually give the systems
A(k)µ = b(k) for k= 1 : q. Setting

Ã=




A(1)

...
A(q)


 and b̃ =




b(1)

...
b(q)


 (2.10)

gives the least squares formulation
min

µ∈CJ−1

∥∥Ãµ − b̃
∥∥ , (2.11)

where‖ · ‖ is the (complex) 2−norm,‖c‖ =
√

cH c. We first show that the structure of the individual
matricesA(k) guarantees that the least squares solutionµLS of (2.11) isreal. It satisfies

ÃHÃµLS = ÃH b̃ , (2.12)

where the block structure of̃A andb̃ gives

ÃH Ã=
q

∑
k=1

(A(k))HA(k) and ÃH b̃ =
q

∑
k=1

(A(k))Hb(k) .

We look at a single term from each sum (dropping the superscript (k) for convenience). Thejth diagonal
entry of the(J− 1)× (J− 1) tridiagonal matrixAHA is α j |a j |2 whereα1 = αJ−1 = 1 and all other
α j = 2, and hence all diagonal entries are real and non-negative.Each nonzero off-diagonal is equal to
−aH

j a j+1 or its complex conjugate, and

−aH
j a j+1 =

−1
∆x2

M/2

∑′

|ℓ|=1

(
ûℓj+1/2− ûℓj−1/2

) (
ûℓj+3/2− ûℓj+1/2

)
.

Becausêu
ℓ
p = û−ℓ

p it follows that each term in the above sum can be written as

M/2

∑′

|ℓ|=1

û
ℓ
pûℓr = 2

M/2

∑′

ℓ=1

ℜ
(

û
ℓ
pûℓr
)
∈ R .

Thus all components ofAHA (and hence also of̃AH Ã) are real. It can similarly be shown that the
components ofAHb involve sums of the following form:

M/2

∑′

|ℓ|=1

ℓ2û
ℓ
pûℓr = 2

M/2

∑′

ℓ=1

ℓ2ℜ
(

û
ℓ
pûℓr
)
∈R

and so are also real. This means that both the matrix and right-hand side vector in (2.12) are real,
which guarantees thatµLS is real in exact arithmetic (and it is real up to rounding error in numerical
experiments).

A common approach in experimental applications is to just use the dominant Fourier component
with ℓ = 1 (corresponding to the underlying oscillation frequency)in building eachA(k) andb(k) of
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(2.10). In this case the least squares solutionµLS is complex, and it can be hard to understand what it
actually represents (especially as the imaginary part can be dominant, as shown in Fig. 3.4 of Davies
et al. (2019) for a homogeneous material). However there canbe very good reasons for only using the
dominant frequency, such as wanting to prevent lower frequency machine noise from contaminating the
calculation. We note that if the two dominant components from the DFT are used (they are complex
conjugates corresponding toℓ = ±1 in (2.8)), then the least squares solution in this case is again real
(up to rounding error) and we denote it byµ∗

LS.
Papers in the MRE literature frequently refer to the shear modulusµ as being complex, e.g. Sec. 5.2

of Manduca et al. (2001) states that its imaginary part represents “attenuation for a viscoelastic medium”.
This description can be misleading, especially for a multi-frequency approximation. As described in?,
linear viscoelastic materials can be modelled by equationsof motion which include extra time derivative
terms, e.g.

ω2 ü= (µ ux+ν u̇x)x , x∈ (0,1) , t ∈ (0,2π) , (2.13)

might be used instead of (2.1) in 1D, where bothµ(x) andν(x) are real quantities. Taking the DFT
gives the equation

−ω2ℓ2ûℓ =
(
(µ + i ω ℓν) ûℓx

)
x

for theℓth Fourier component, and so the complex coefficientµ + i ω ℓν is playing the same role for the
damped model (2.13) asµ does for (2.1). But this is not the same as starting with the elastic equation
(2.1) and then interpreting the imaginary part of the calculated shear modulus as being due to damping
or attenuation, when it could just be due to an inaccurate algorithm, as illustrated for the single mode
case in Fig. 3.4 of Davies et al. (2019).

We do not consider viscoelastic models further here, and nowevaluate the accuracy of our two
variants of the SFWI algorithm in approximating a knownµ(x) for the elastic case (2.1).

2.4 Numerical results for synthetic 1D data

We now give numerical test results for the two variants of theSFWI approximation of the inhomoge-
neous 1D time-dependent problem (2.1) described above. These 1D results allow us to in quantify the
algorithms’ behaviour in the presence of noise in a way whichcannot be easily done in higher space
dimensions (where it is hard to obtain highly accurate test solutions). The two algorithms are:

SFWI-1: usesM − 1 Fourier components for the matricesA(k) and vectorsb(k) in (2.10), with the
solution of (2.11) denoted byµLS;

SFWI-2: uses the two dominant Fourier components (ℓ=±1) for the matricesA(k) and vectorsb(k) in
(2.10), with the solution of (2.11) denoted byµ∗

LS.

We begin with the same example used in Davies et al. (2019) forthe frequency domain version of
the problem, to aid comparison with that case, and assume that the (exact)µ(x) is piecewise constant
on [0,1] with

µ(x) =
{

1, x∈ [0,a)∪ (b,1]
µI , x∈ (a,b)

(2.14)

with a= 0.35, b= 0.69 andµI = 3, and use the non-dimensionalised frequenciesωk = [40 : 10 : 80].
Results forµLS with J = 64 space meshpoints are shown in Figure 2.1, with each plot giving the results
of 100 simulations at added noise levelε = 0.02 (top) andε = 0.1 (bottom), and results forµ∗

LS are
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qualitatively very similar. Both algorithms perform well on this mesh, even with 10% added noise. In
all cases the imaginary component of the calculated shear modulus is at the level of rounding error, and
is ignored.

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

(x
)

w = [40 : 10 : 80],  J = 64

 = 0.02

0 0.2 0.4 0.6 0.8 1

x

0

1

2

3

4

(x
)

 

 = 0.1

FIG. 2.1. Plot of 100 simulations of calculatedµLS from SFWI-1 (red dotted lines) obtained usingωk = [40 : 10 : 80] when
J = 64 and at noise-levelsε = 0.02 (top) andε = 0.1 (bottom). The exact valueµex is shown as a solid black line.

Both algorithms’ performance degrades surprisingly quickly as the mesh is refined, and Figures
2.2–2.3 are plots forµLS andµ∗

LS respectively, whenJ = 128. The error in the calculated solution is
noticeable even at 2% error (although SFWI-2 works better than SFWI-1), and there is essentially no
evidence of the inclusion whenε = 0.1.

TheL1-norms of the error inµLS andµ∗
LS are respectively defined as

E 1 =
1

J−1

J−1

∑
j=1

∣∣∣(µLS− µex) j

∣∣∣ and E
∗
1 =

1
J−1

J−1

∑
j=1

∣∣∣(µ∗
LS− µex) j

∣∣∣ ,

whereµex is the vector
{

µ(x j)
}J−1

j=1 . Figure 2.4 shows summary plots of theseL1 errors at a range of
values ofε. In all cases the rapid growth in error (as the noise levelε increases) corresponds to the
computed solution being less than the exact solution, as illustrated in e.g. Fig. 2.2. The components ofÃ
are differences whose error is proportional toε/∆x, and so it is not surprising that the error increases as
the mesh is refined. It is well known that noisy MRE data can cause the computed shear modulus to be
severely underestimated (see e.g. Arunachalam et al. (2017)) but it is not obvious why the error grows
so rapidly, and we consider this further in Sec. 4.
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FIG. 2.2. Plot of 100 simulations of calculatedµLS from SFWI-1 (red dotted lines) obtained usingωk = [40 : 10 : 80] when
J = 128 and at noise-levelsε = 0.02 (top) andε = 0.1 (bottom). The exact valueµex is shown as a solid black line.
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FIG. 2.3. Plot of 100 simulations of calculatedµ∗
LS from SFWI-2 (red dotted lines) obtained usingωk = [40 : 10 : 80] when

J = 128 and at noise-levelsε = 0.02 (top) andε = 0.1 (bottom). The exact valueµex is shown as a solid black line.
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FIG. 2.4. Blue dots: plot ofL1-errorE 1 in µLS from SFWI-1 against noise-levelε obtained usingωk = [40 : 10 : 80] whenJ= 64
(top) andJ = 128 (middle). Red dots: plot ofL1-errorE ∗

1 in µ∗
LS from SFWI-2 whenJ = 128 (bottom) at the sameωk (the plot

of E
∗
1 whenJ = 64 is very similar to the top plot). There are 100 simulationsat each value ofε .

0 0.2 0.4 0.6 0.8 1

x

0.5

1

1.5

2

(x
)

w = [40 : 10 : 80],  J = 64,  = 0.1

FIG. 2.5. Plot of 100 simulations of calculatedµ∗
LS (red dotted lines) obtained usingωk = [40 : 10 : 80] in algorithm SFWI-2

whenJ = 64 and at noise-levelε = 0.1. The exact valueµex is shown as a solid black line.
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The tests indicate that SFWI-2 performs as well as, or betterthan, SFWI-1 and we conclude this
section with SFWI-2 results for more complicated syntheticmaterials. Figure 2.5 shows a material
whose shear modulus varies sinusoidally, and this is robustto noise (whenJ = 64). But Figure 2.6
illustrates that other examples are less robust to noise.
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FIG. 2.6. Plot of 100 simulations of calculatedµ∗
LS (red dotted lines) obtained usingωk = [40 : 10 : 80] in algorithm SFWI-2

whenJ = 64 and at noise-levelsε = 0.02 (top) andε = 0.1 (bottom). The exact valueµex is shown as a solid black line.

3. Approximation in 2D and 3D space

In higher dimensions we use measured values ofu(x, t) and the nondimensionalized SWE (1.3) to
determine the shear modulus. The approach is essentially the same as in 1D: we take a finite volume
approximation of (1.3) over each space element (pixels in 2Dand voxels in 3D) and replaceu by its
Fourier interpolant in time to obtain underdetermined linear systems like (2.9). These are then ‘stacked’
into a least squares problem like (2.11), and we again useµLS to denote the solution obtained usingM−1
Fourier components in the higher dimensional analogue of SFWI-1 andµ∗

LS for the higher dimensional
analogue of SFWI-2 (using the two dominant Fourier components). In both cases a similar argument
to that used in the 1D case shows that the least squares solution is again real (in perfect arithmetic) and
the calculated solutions are real up to rounding error.

We use the same central difference approximations for the spatial derivatives in (1.3) as those for
the frequency domain problem described in Davies et al. (2019). We again use a staggered spatial mesh,
with the meshpoints foru being the pixel/voxel midpoints. In 2D the meshpoints for the shear modulus
µ(x) are the midpoints of the interior pixel edges (as shown in Fig. 4.2 of Davies et al. (2019)), and
in 3D they are the face centres of the interior voxels. The calculated shear modulus values are then
averaged over each pixel/voxel (e.g. the value output for each interior pixel in 2D is the average of the
value at four edge midpoints surrounding that pixel).
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We now present results for 3D experimental displacement measurements from an inhomogeneous
gel sample. The results are for a 3D sample, but we also consider them in 2D by ignoring the dependance
of (1.3) onx3.

3.1 3D experimental test data

The two variants of the algorithm are tested on data obtainedfrom an inhomogeneous gel ‘phantom’
matrix which contains four circular cylindrical gel inclusions of different stiffness and diameter 12mm.
The shear modulus of the background matrix and cylinders have been determined by torsional rheometry
in Papazoglou et al. (2012) and are listed in Table 1. These data are also reported in Tzschätzsch et al.
(2016).

Matrix incl. 1 incl. 2 incl. 3 incl. 4
10.8 43.3 5.2 6.0 16.3

Table 1. Shear modulusµ (kPa) for the matrix and four inclusions, determined by torsional rheometry Papazoglou et al. (2012).

MRI displacement measurements are taken with underlying oscillation frequencyf Hz for f =
30 : 10 : 100 usingM = 8, and the voxels are cubes of side 1.5mm. The displacements are measured
on a spatial grid of sizeJ1 × J2 × J3 with J1 = 128, J2 = 80 andJ3 = 25, and we note that some of
the measurements are taken outwith the gel sample in thex1x2 plane – at these points the recorded
measurement is just noise. The measurements all lie within the gel sample in thex3 plane and form a
layer 25 voxels deep, with 23 interior voxels. All our plots show the variation of the calculated shear
modulus withx1 andx2 in a single representative slice in thex3 direction, typically slice 9 out of the
23 interior slices (i.e. slice 10 out of 25 in total). We plot thex2 variable downwards to aid comparison
with Tzschätzsch et al. (2016), and the order of inclusionsis 1: top left; 2: top right; 3: bottom left; 4:
bottom right.

The figures in Fig. 4 of Tzschätzsch et al. (2016) and below indicate that the gel phantom occupies
about 64% of the measured area in thex1x2 plane, and so the mean value of the shear modulus over
the total measured volume isvery roughly 7 kPa. In practice MRI measurements are highly smoothed
before being used to calculate the shear modulus, and the necessity of this is illustrated by Figure 3.1
which shows the 2D slice ofµLS calculated using the 3D analogue of SFWI-1 obtained from rawdata
with no smoothing. The left-hand plot is calculated using all eight measurements (f = 30 : 10 : 100 Hz)
and the right-hand plot uses the four measurements with highest oscillation frequency (f = 70 : 10 : 100
Hz). Whilst the plots clearly show the gel sample and inclusions 1 (top left) and 4 (bottom right), both
calculated values are completely wrong (the average shear modulus over the total measured volume are
0.37 and 0.57 respectively, an order of magnitude away from the actual value of about 7), and the second
is about 50% higher than the first. Note also that the shear modulus of these two inclusions is higher
than that of the underlying sample, but the figure shows them as darker (lower). This is likely to be
because a stiffer material (i.e. higherµ) has a shorter relaxation time, which results in increased signal
noise and hence a worse approximation.

The results in Figure 3.1 are surprising in that the inclusions are visible even without any data
smoothing, although the calculated shear modulus is completely wrong. They also illustrate that pub-
lished results in the MRE literature which use plots alone have the potential to be very misleading.
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FIG. 3.1. Plots of calculatedµLS from the unsmoothed 3D dataset obtained using SFWI-1, shownfor interior voxel slice 9 out of
23 in thex3 direction. The title indicates the average value ofµLS over the full 3D volume (which includes measurements from
outwith the gel sample; see text for details). LEFT: the stacked matrix and vector uses all eight measurements (f = 30 : 10 : 100
Hz); RIGHT: the stacked matrix and vector use the four measurements with highest oscillation frequency (f = 70 : 10 : 100 Hz).

One of the simplest ways to smooth measured data is to filter out ‘sawtooth’ components which
oscillate as±1 between neighbouring cells (intervals, pixels or voxels,depending on the space dimen-
siond). The formula for this is

unew =

(
1+C[d]

d

∑
α=1

δαα

)
u ,

whereδαα is the standard second central difference operator (i.e.δ11φ j ,k,ℓ = φ j+1,k,ℓ−2φ j ,k,ℓ+φ j−1,k,ℓ,
etc.) andC[d] is a dimension-dependent coefficient chosen to eliminate modes of the form(−1) j+k+ℓ.
It is straightforward to verify thatC[d] = 1/(4d). Figure 3.2 shows the result of applying this unsophis-
ticated ‘Laplacian’ smoothing to the measured displacement valuesu before using algorithm SFWI-1
with the four highest frequency oscillations (f = 70 : 10 : 100 Hz) to obtainµLS. Applying it once (left
plot) increases the average shear modulus from 0.57 to 1.0, and applying it twice (right plot) increases it
again to 1.6. These values are still significantly lower thanthe actual value, but are now within an order
of magnitude. The gel phantom is much more clearly delineated than in Figure 3.1, but its features are
smeared out. Applying it for a third time results in a much more smeared image (not shown), and the
average shear modulus is now 2.2.

3.2 3D experimental test data used in 2D calculations

The gel phantom sample is axially homogeneous (it does not vary in the x3 direction), and we now
investigate the effect on the shear modulus of calculating it independently from each 2D slice of data.
To do this we ignore the third equation of (1.3) and all space derivatives with respect tox3. The main
advantage of this approach is that the least squares problems are smaller and significantly faster to solve,
but as observed in Davies et al. (2019), measurements in higher dimensions provide a much richer data
source to solve from.
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FIG. 3.2. Plots of calculatedµLS obtained using SFWI-1 on the 3D dataset after it has been Laplacian smoothed (once for the
left-hand plot and twice for the right-hand plot), shown forinterior voxel slice 9 out of 23 in thex3 direction, with the results
obtained from the four measurements with highest oscillation frequency (f = 70 : 10 : 100 Hz). The title indicates the average
value ofµLS over the full 3D volume.

FIG. 3.3. Plots ofµLS calculated from the 2D analogue of SFWI-1 for slice 10 obtained from the four measurements with highest
oscillation frequency (f = 70 : 10 : 100 Hz). The title indicates the average value ofµLS over the 2D area given in kPa. TOP

LEFT: unsmoothed measurement data; TOP RIGHT: measurement data has been 2D-Laplacian smoothed once; BOTTOM LEFT:
measurement data has been 2D-Laplacian smoothed twice; BOTTOM RIGHT: measurement data has been 2D-Laplacian smoothed
three times.
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The results using the 2D analogue of SFWI-1 are similar to those in 3D, but with slightly higher
average values for the shear modulus (the average is now taken over one slice, rather than the entire
volume). The results do not vary much between slices, but tend to be slightly better for those towards
the far end (higher index), but for consistency we again focus on slice 10 (out of 25). For example,
when all eight measurements (f = 30 : 10 : 100 Hz) are used in the stacked matrix and vector, thenthe
average shear modulus for unsmoothed data is 0.4 kPa, and fordata which has been (2D) Laplacian
smoothed one, two or three times it is 0.76, 1.3, and 2.0 respectively. As in 3D the results appear better
when the lower frequencies are not included, and those usingoscillation frequency (f = 70 : 10 : 100
Hz) are shown in Figure 3.3. One possible reason for the slight improvement in the 2D results over
those from the full 3D data set is that the mechanical oscillations (and hence change in displacement)
may be predominantly in thex1x2 plane.

We now compare these results with the 2D analogue of SFWI-2 inwhich only the dominant Fourier
components are used. As shown in Fig. 3.4, the gel sample appears more clearly delineated in this case
(there is less dominant frequency noise in the surrounding air), but the overall average values are slightly
lower than for the SFWI-1 case.

FIG. 3.4. Plots ofµ∗
LS calculated from the 2D analogue of SFWI-2 for slice 10 (out of25) obtained from the four measurements

with highest oscillation frequency (f = 70 : 10 : 100 Hz). The title indicates the average value ofµ∗
LS over the 2D area given in

kPa. TOP LEFT: unsmoothed measurement data; TOP RIGHT: measurement data has been 2D-Laplacian smoothed once; BOTTOM

LEFT: measurement data has been 2D-Laplacian smoothed twice; BOTTOM RIGHT: measurement data has been 2D-Laplacian
smoothed three times.
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Our 1D simulations indicate that MRE results are more resilient in the presence of noise if the space
mesh is coarsened and Fig. 3.5 shows the same calculations asfor Fig. 3.4 but now obtained using
alternate data points (i.e.∆x1 and∆x2 are doubled). This does yield much higher (i.e. more realistic)
average values ofµ∗

LS, although the reduced resolution makes it harder to see the gel inclusions.

FIG. 3.5. Plots ofµ∗
LS calculated from the 2D analogue of SFWI-2 for slice 10 obtained from the four measurements with highest

oscillation frequency (f = 70 : 10 : 100 Hz). This is the same data sample as used for Fig. 3.4 but the results here only use every
other data point (i.e.∆x1 and∆x2 are doubled). The title indicates the average value ofµ∗

LS over the 2D area given in kPa. TOP

LEFT: unsmoothed measurement data; TOP RIGHT: measurement data has been 2D-Laplacian smoothed once; BOTTOM LEFT:
measurement data has been 2D-Laplacian smoothed twice; BOTTOM RIGHT: measurement data has been 2D-Laplacian smoothed
three times.

These 2D and 3D results confirm that noise is a very serious issue for MRE, and that (much
more) sophisticated smoothing of the displacement measurements will be necessary to obtain reasonable
results. We now investigate the effect of noise in more detail.

4. The effect of noise

Inverse problems arising in image deblurring and denoisingand other applications areas are often mod-
elled by ill-posed operator equations which are then discretized to give large-scale linear systems like

Bz = c, (4.1)
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whereB ∈ Rn×n (modelling the process) andc ∈ Rn (modelling the output) are known, and the aim
is compute an accurate approximation of the ‘input’z ∈ Rn. As noted in Gazzola et al. (2015) (see
also Chung & Gazzola (2019) and Gazzola & Sabaté Landman (2019)), a typical scenario is for the
right-hand sidec to be affected by noise, but the ill-conditioned matrixB is essentially noise-free with
singular values that decay extremely rapidly. If its singular value decomposition (SVD) isB=U Σ VT

for orthogonalU , V and diagonalΣ = diag(σ1, . . . ,σn), then the solution of (4.1) can be written as

z =
n

∑
j=1

uT
j c

σ j
v j

whereu j (respectivelyv j ) is the j th column ofU (respectivelyV). If the noise in the right-hand side

of (4.1) ise (i.e. c = cex+ e) then the solution error in the directionv j is
∣∣∣uT

j e
∣∣∣/σ j , which can be very

large for the many values ofj for which the singular valueσ j is very small. As discussed in Gazzola
et al. (2015), two well-established techniques to overcomethis are to (i) regularize the problem, instead
considering

min
z∈Rn

{
‖Bz− c‖2+λ 2‖Lz‖2} , (4.2)

whereλ > 0 is a regularization parameter andL is a regularization matrix, and (ii) use a Krylov iterative
method for (4.2), stopping afterk≪ n iterations.

The MRE problem (2.11) (in whatever space dimension) has theform (4.1) with B = ÃH Ã and
c = ÃH b̃, which as we have previously seen are both real, andz is eitherµLS or µ∗

LS, depending on
whether the underlying algorithm is SFWI-1 or SFWI-2. However a crucial difference is that the error
in B due to noise is significantly larger than that inc (in the notation of Section 2 it isε2/∆x2 compared
to ε2). Denoting the matrix and right-hand side vector with no noise asBex andcex and the errors due to
noise asδB andδc respectively, thenBex andδB have the same sparsity pattern and the ‘noisy’ solution
satisfies

(Bex+ δB) z = cex+ δc ≈ cex.

As ∆x is reduced the size ofδB increases, which is why the approximate solution size is reduced more
for a finer mesh. We now look at the behaviour of the singular values of B in one and two space
dimensions.

4.1 Singular values of B= ÃH Ã

Fig. 4.1 shows the behaviour of the singular values of the MREmatrixB for the synthetic 1D algorithm
SFWI-1 calculation illustrated in Figs 2.1–2.2 for different values of∆x = 1/J. Added noise clearly
affects the later singular values more as the mesh is refined,but note also that the singular values behave
quite differently to those for image deblurring problems asconsidered in e.g. Gazzola et al. (2015),
whereσ j decays very rapidly withj. The SFWI-2 version is shown in Fig. 4.2, and in this case the
singular values are less affected by noise, despite the two algorithms giving very similar results.

The first 750 singular values for the 2D SFWI-2 calculation considered in the previous section (slice
10 using the four measurements with highest oscillation frequencyf = 70 : 10 : 100 Hz) are shown in
the top plot of Fig. 4.3 for data which has been (2D) Laplaciansmoothedk times fork= 0 : 3 (the MRE
results for this case are given in Fig. 3.4). The bottom plot is obtained by only considering every other
data point (i.e.∆x1 and∆x2 are doubled), and its singular values decay more rapidly (the MRE results
for this case are given in Fig. 3.5).
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FIG. 4.1. Plots of the scaled singular valueσ j/σ1 of B = ÃH Ã shown for the algorithm SFWI-1 version of the 1D synthetic
calculation at the start of Section 2.4. Each plot shows the scaled singular values with no added noise (blue dotted) and when
ε = 0.1 (i.e. 10% added noise).

4.2 Conjugate gradient iteration of (4.2) in 1D and 2D space

The regularized problem (4.2) for MRE is equivalent to the linear system
(
ÃH Ã+λ 2LTL

)
z = ÃH b̃ (4.3)

and we investigate the effect of regularization whenL is the central finite difference approximate Lapla-
cian operator (i.e. in 1D spaceLv j =

(
v j−1−2v j + v j+1

)
/∆x2). Including this term makes the calcu-

lated solution smoother, with more smoothness asλ is increased, but unfortunately it appears to have
no effect on whether or not the 1D algorithm works, with the SFWI-1 results forJ = 64 andJ = 128 at
10% noise looking like a smoother version of the bottom plotsin Figs 2.1–2.2. Using a small number of
iterations of the conjugate gradient (CG) method, described in e.g. Golub & Loan (1996) for (4.3) also
appears to have no discernible effect on the 1D algorithm, whatever value ofλ is chosen, in contrast
to the image deblurring applications considered in Gazzolaet al. (2015). Starting with the initial value
z = 0 and stepping through the CG iterates gives an approximate solution which gradually increases
and then shows no further change. As before, the algorithm works well on a coarse mesh or for low
noise levels, but not whenJ = 128 andε = 0.1. This “end result” for the SFWI-1 version of (2.1) with
ω = [40 : 10 : 80] is shown in Figs 4.4–4.5. Note that the square of the second central difference operator
in each case is multiplied byλ 2/∆x4, and this constant is very large even for relatively small values of
λ .
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FIG. 4.2. Plots of the scaled singular valueσ j/σ1 of B = ÃH Ã shown for the algorithm SFWI-2 version of the 1D synthetic
calculation at the start of Section 2.4. Each plot shows the scaled singular values with no added noise (blue dotted) and when
ε = 0.1 (i.e. 10% added noise).

Because the value ofλ appears to make little difference we only consider theλ = 0 case when
calculating CG iterates for the 2D “data slice” problem considered in Sec. 3.2. As in 1D, stepping
through the CG iterates (from the initial valuez = 0) gives a gradually increasing approximate solution,
and although its actual value is very inaccurate, the inhomogeneities in the gel are more apparent when
watching a movie of the iterates than in a static solution plot. A snapshot for the SFWI-2 version of the
calculation for data slice 10 (out of 25) obtained from the four measurements with highest oscillation
frequency (f = 70 : 10 : 100 Hz) which have been Laplacian smoothed twice are given in Fig. 4.6: the
first three plots show different CG iterates, and the full solution of (4.3) withλ = 0 is shown in the
bottom right (this is the same plot as the bottom left of 3.4).

5. Discussion and conclusions

We have described and analysed two new methods for time-dependent MRE: algorithms SFWI-1 and
SFWI-2. Both of them automatically give a real value of the computed shear modulus (a real quantity),
which is an important property not shared by methods which use a single dominant DFT component.
There is little difference in the algorithms’ performance in the presence of ‘random’ errors, but we antic-
ipate that the SFWI-2 version might be more useful in practical situations in which the experimental
equipment introduces a systematic low-frequency vibrational noise compared to the mechanical forcing
frequencyf .
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FIG. 4.3. The first 750 scaled singular valuesσ j/σ1 of B= ÃH Ã for the 2D data slice 10 obtained using algorithm SFWI-2 for
the four measurements with highest oscillation frequency (f = 70 : 10 : 100 Hz). The displacement data points are (2D) Laplacian
smoothedk times (labelled asSk in the caption) fork = 0 : 4. TOP: uses the full 2D data sample withN1 = 128 andN2 = 80;
BOTTOM: uses every other data point (thus doubling∆x1 and∆x2 and nowN1 = 64 andN2 = 40).
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FIG. 4.4. Plot of calculatedµLS from CG iteration 30 of (4.3) whenJ = 64 and at noise-levelsε = 0 (blue dash) andε = 0.1
(maroon solid). The exact valueµex is shown as a black dotted line. TOP PLOT: λ = 0; BOTTOM PLOT: λ = 0.1.
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FIG. 4.5. Plot of calculatedµLS from CG iteration 100 of (4.3) whenJ = 128 and at noise-levelsε = 0 (blue dash) andε = 0.1
(maroon solid). The exact valueµex is shown as a black dotted line. TOP PLOT: λ = 0; BOTTOM PLOT: λ = 0.05.

Experimental tests indicate that both algorithms work verywell at low values of noise, but the error
in the computed shear modulus grows quickly with increasingnoise. The solution error caused by a
specific noise level depends on the interval/pixel/voxel size used for the displacement, and when there
is a large solution error then it corresponds to the computedshear modulus value being far too small
(this is well-known in MRE, as noted in e.g. Arunachalam et al. (2017)). The figures in Sections 3 and
4 indicate that solution plots for the gel phantom typicallyindicate the position of the inclusions even
when the computed shear modulus is very inaccurate. The reason for this is not clear, but it means that
MRE results which are given solely as pictures (i.e. withoutany numerical values) should be treated
with caution. Note that the computed values obtained from the two stiffest inclusions are lower than for
the ambient material, when they should actually be higher. This is likely to be because the underlying
stiffer material has a shorter MRI relaxation time, giving increased measurement noise, and because
the approximation is so sensitive to noise larger than some threshhold value this results in a far worse
(lower) approximation in these inclusions.

Of course a real material such as tissue or the gel phantom will not be purely elastic, and so it cannot
be modelled exactly by an equation like (1.1) or (1.3). This means that there will inevitably some
discrepancy between the material’s shear modulus and the equations that are being used to calculate it,
and this will be a source of error. However the experimental results for the gel phantom (in both 2D
and 3D) behave very similarly to the results for the 1D ‘toy’ problem considered in Section 2, and in
this case the “data measurements” accurately solve the 1D equation (2.1), with synthetic noise added in
afterwards. This leads us to conjecture that using a purely elastic model is not the main cause of large
solution errors in the presence of noise. We are currently investigating solution algorithms for viscous
models like (2.13) and its higher dimensional analogue.

Another aspect that we have not considered is how the displacement data can be reliably filtered to
remove the gradient term from (1.1) in order to obtain (1.2).This is not obvious, especially since divu
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FIG. 4.6. Plots ofz = µ∗
LS calculated from (4.3) for the 2D analogue of SFWI-2 for dataslice 10 obtained from the four measure-

ments with highest oscillation frequency (f = 70 : 10 : 100 Hz) which have been Laplacian smoothed twice. Thetitle gives the
average value ofµ∗

LS over the 2D area, in kPa. TOP LEFT: CG iteration 300; TOP RIGHT: CG iteration 500; BOTTOM LEFT: CG
iteration 1000; BOTTOM RIGHT: full solution of (4.3).

can only be obtained as a fairly crude approximation from thedisplacement data, and we are currently
investigating ways of dealing with the termλ uβ ,β in (1.1). However, the similarity of solution behaviour
in higher space dimensions to the 1D case leads us to believe that ignoring the divergence term in (1.1)
is also not the main cause of error.

The results in Section 4 indicate that MRE is a different typeof inverse problem to those of image
processing considered by e.g. Gazzola et al. (2015), and that regularization or (CG) iteration techniques
do not improve the MRE solution. But looking at a movie of the CG iterates can indicate areas of
interest in the sample, and we would recommend this as a useful tool for practitioners. Our main
recommendations are that displacement data measurements will need to be smoothed in order to obtain
any sort of solution accuracy (and more smoothing is needed than the simple Laplacian smoothers
considered here); and that the analogues ofA andb in (2.9) should contain the complex conjugates of
all Fourier components that they use (this is achieved by both SFWI-1 and SFWI-2). At first sight
these two suggestions may appear hard to reconcile – if smoothing involves projection onto a spatial
subspace then the optimal projection may be different at different time-steps (or Fourier components).
However, the SFWI-2 version of the algorithm can always be implemented by applying smoothing to
the dominant Fourier component of the displacement, and using this smoothed displacementand its
complex conjugatein theA andb which are then stacked in (2.10).
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